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ABSTRACT. Let P be a finite partially ordered set. In our
previous paper, we defined the sectional geometric genus g;(P) of P
and studied g;(P). In this paper, by using this sectional geometric
genus of P, we will give a criterion about the case in which P has
no order.

Introduction

In our previous paper [1]|, we studied polynomial functions. In par-
ticular, we generalized the notion of the ith sectional geometric genus of
polarized varieties, which is an important invariant of polarized varieties
(see [2, Definition 3.2]), to the case of polynomial functions. Here we note
that if ¢ = 1, then the first sectional geometric genus of any polynomial
function in two variables associated with a polynomial function A is equal
to the sectional genus of h which was defined by Ooishi [5, Definition 1.3]
(see Remark 2). By using this invariant, we proved the following theorem
about partially ordered sets (see [1, Theorem 4.1]).

Theorem 1. Let P be a finite partially ordered set, and let ¢ be an integer
with 1 < i < d(P). Then g;(P) = 0 if and only if I(P) > d(P) — i, where
d(P) =4(P) and l(P) denotes the length of P (see Definition 6 (3)).

As a corollary, we can get the following result which gives a neccesary
and sufficient condition for being totally ordered.
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Corollary 1. Let P be a finite partially ordered set. Then g1(P) =0 if
and only if P is a totally ordered set.

In this paper, by using the sectional geometric genus of a finite partially
ordered set P, we will give two criterions about the case in which P has
no order (Theorems 5 and 6).

1. Preliminaries

Notation 1. For a real number m and a non-negative integer n, let

mm—=1)---(m—n+1) ifn>1,
[m] 1 if n=0.

Then for n fixed, [t],, is a polynomial in ¢ whose degree is n.
For any non-negative integer n,

| n], ifn>1,
n! =
1 ifn=0.

Assume that m and n are non-negative integers. Then we put
(m) o [TZ# if m >n,
n)’ 0 if m <n.

(T;) —1 ifm>0.

Definition 1 (see [4, §1]). (1) Let f : Z — Z be a function. Then f is
called a polynomial function if f satisfies the following.
(A) There exist an integer N1 and a polynomial P(n) € C[n| such that
f(n) = P(n) for every integer n with n > Nj.
(B) There exists an integer No such that f(m) = 0 for every integer m
with m < Ns.
In this case we put Pf(t) := P(t) because P(t) depends on the function f.
We call this polynomial Py(t) the polynomial associated with f.
(2) Let ¢(t) € C[t,t~!] and we put ¢(t) = >, a;t". Then we put

d(¢) := max{k | ar # 0}.

(3) Let f be a polynomial function such that Py(t) # Ocp. Then we
put d(f) := d(Py).

We note that
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Remark 1. Let f be a polynomial function. Then P(t) € Q[t] (see
[1, Remark 2.1 (1)]).

Notation 2. (1) Let f : Z — Z be a function. We put

Vin) =Y f(i) and Fp(t):=Y_ f(n)t"

i<n nez

(2) PF denotes the set of polynomial functions, and
PF>0 .= {g(t) € PF | g(t) =0 for V¢ < 0}.

Notation 3. Let f:Z x Z — Z be a function in two variables. We put
fi(@) == f(2,0) and fa(y) := f(0,y).

Definition 2. Let h(z) be a polynomial function in . Then a function
f:7Z x7Z — 7 is called a polynomial function in two variables associated
with h(x) if the following hold.
(1) fil@) = h(a).
(2) There exists an integer N such that fa(y) = 0 for every integer y
with y < N.

The following lemma is well-known:

Lemma 1. Let p(t) € C[t] be a polynomial in t such that p(t) # Ocyy
and p(n) € Z for any integer n, and let k be the degree of p(t). Then for
every integer d with 0 < k < d there exists a unique sequence of integers
(bo, b1, ...,bgq) such that the following holds.

Notation 4. Let h(t) € C[t] be a polynomial in ¢ such that h(t) # Ocyy
and h(n) € Z for every integer n. We put k = degh(t), and let d be an
integer with k < d. Then by Lemma 1, there exists a unique sequence of
integers (bg, b1, . ..,bq) such that the following holds.

h(t) = bo(tzd> —b (t;d_z 1) o (—1) %y

Here we put e?’d(h(t)) = b;, and if k = d, then we put e;(h(t)) := ef’d(h(t)).
Here we note that if & < d, then ekd

J“(h(t)) = 0 for every integer i with
0<i<d—k—1.
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Definition 3. (1) Let h(t) € C[t] be a polynomial in ¢ such that h(t) #
Oc( and h(n) € Z for every integer n. We use Notation 4. Then for every
integer ¢ with 0 < i < d(h), we define the ith sectional H-arithmetic genus
2 (h) of h(t) as follows.
i
X (h) ==Y (=1 ej(h(t)).
j=0

(2) Let f : Z — 7Z be a polynomial function, and let P(t) € Q[t] be
the polynomial associated with f such that Py(t) # Ogjy. Then, for every
integer @ with 0 < ¢ < d(f), we define the ith sectional H-arithmetic genus

XA (f) of f as follows.
Xi'(f) = xi'(Py).

Definition 4. Let h(x) be a polynomial function in x such that h(z) #
Og[e], and let f : Z x Z — Z be a two variable polynomial function
associated with h(z). We use Notations 2 and 3. For every integer ¢ with
0 < i < d(h), the ith sectional geometric genus g;(f) of f is defined by
the following:

gi(f) = (=1)" (xi" (h) = V f2(0) + V fa(—0)) .

Remark 2. Let f:7Z x Z — Z be a polynomial function in two variables
associated with a polynomial function h(x). If i = 1 and d(h) > 1, then
91(f) = gs(h), that is, g1(f) is the sectional genus of h (see [1, Remark

3.4 (1)]).

Definition 5. From now on, a partially ordered set is called a poset for
short in this paper.
(1) Let P be a finite poset. We put

d(P) := §(P)
and for every n € N
QP,n) =t{oc: P—={1,....n} | o(x;) < o(x;) if z; < x;.}.

Then Q(P,n) is a polynomial in n whose degree is d(P) (see [6, 3.12]).
This is called the order polynomial of P.

(2) Let P be a finite poset and let (P, n) be the order polynomial
of P. We put

{Q(P,:U) if € Z with 1 < =,

0 otherwise.
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Then Ap is a polynomial function, and we define a polynomial function in
two variables fp(z,y) associated with hp(z) as follows.

fr(x,y) == hp(z) - p(y),

where

0 otherwise.

We call fp(x,y) the generalized polynomial function associated with P.
We note that d(P) = d(hp).

(3) For every integer i with 0 < i < d(P) we put xZ (P) := xH (hp)
and g;(P) := g;(fp), which are called the ith sectional H-arithmetic genus
and the ith sectional geometric genus of P respectively. We note that
91(P) = gs(hp) (see Remark 2).

Definition 6. (1) Let P be a finite poset, and let C' be a subset of P.
Then C'is called a chain of P if any two elements of C' are comparable.
(2) Let P be a finite poset, and let C' be a chain of P. Then we put
I(C):=4(C)-1.
(3) Let P be a finite poset. Then we put

[(P) := max{l(C) | C is a chain of P},

which is called the length of P.
(4) Let n be a natural number and let %,, be the set of all permutations
of {1,...,n}. For 0 € ¥,, with

<1 2 .. n)
g = ,
al a2 “ e an

1 2 -« n
[a,...,a,] := .
a/l a2 e an

(5) Let P be a finite poset. We put P = {z1,...,74p)} and

we put

AP):={p:P—={1,...,d(P)}|
p is a bijection such that p(x;) < p(x;) if x5 < x;}.

(5.1) We fix an element u € A(P). Then we put

L(Pip) = {[o o (1),...,po 0 (d(P))] | o € A(P)}.
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By definition, we get that £(P;u) C Xgp). We call the set £(P; ) the
Jordan-Holder set of P with respect to p (see |6, 3.13]).
(5.2) For w € ¥,, with 7 = (ay,...,ay), we put

D(m) :={a; | a; > aj+1} and O(m) :=§D(m).
For a natural number n and a subset S C {1,...,n — 1}, we put
D,(S):={mreX, | S=D(m)}.

Let u,pu/ € A(P) with p # p/. Then by [6, 3.13.1 Theorem]|, we
obtain the following. For any subset S C {1,...,d(P) — 1}, 4(Dgp)(S) N
L(P;p)) = 4(Dgcpy(S) M L(P; 1)) In particular, we get that for every
integer ¢ with 1 <i < d(P)—1

t{m e L(Pp) | 6(m) =i} =t{m € L(P; 1) | o(m) = i}.

So when we use results concerned with §(7) (for example, Proposition 1
below), we describe the Jordan-Holder set as £(P) instead of L(P;u) for

we A(P).
Proposition 1. Let P be a finite poset and let hp(x) be the following:

hp(x) = {9<va> ifx>1,

0 otherwise.
Then
th (t) _ Z t1+6(7r) (1 o t)—d(P)—l‘
TEL(P)
Proof. See |6, 3.15.8 Theorem]|. O

Notation 5. Let P be a finite poset, and let fp(z,y) be the generalized
polynomial function associated with P. By [1, Theorem 2.1 and Remark
2.4] there exists a polynomial ¢(t) € Z[t] such that

(1)
(1—t)®

where d = d(hp) + 1. Here we put Fy,(t) := Fj (1), ¢sp(t) := ¢(t), and

d(¢rp)
Drp(t) = Z a;t?,
=0

FhP (t) =

where a; € Z for every j. Let a;(P) := a;.
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Remark 3. We note that hp(t) € PFZ0, Py, (t) # Ogyy, and fp(0,m) =
fp(1,m) = 0 for every integer m with m # 0. Hence by [1, Theorem 3.2]
we get the following:
(1) For every integer i with 1 < i < d(P)
(¢ _ e
()= (S () i 1< d(o,),
9i(P) =
0 if d(ey,) < i.

(2) Since fp(x,y) satisfies the assumptions in |1, Corollary 3.2|, we
get ¢g;(P) > 0 for every integer ¢ with 1 < ¢ < d(P). Moreover if
i = d(P), then g4 p)(P) = 0 by Proposition 1 and (1) above.
2. Main results

In this section, by using the sectional geometric genus of a poset P, we
are going to give two criterions about the case in which P has no order.

Theorem 2. Let d and k be nonnegative integers and S(a,b) the Stirling
number of the second kind, where a and b are nonnegative integers. Then
for every integer j with 0 < j < d we have

MAth) = (=) F(d = j)1S(k + 1,d + 1 - j).
Proof. By Lemma 1 and Notation 4 we have
e (") 1)
=0 =3/

Using this equation (1), we have

d
B )il gk (=t+d—j)(-t+d— ]—1) (=t+1)

B , (t—d+j)t—d+j+1)---(t—1)
—z;(—l)]( 1)4=Teh (k) =)
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Hence we have
d t—1
_ k,d -
(—1)Feh = "l (tk)<d _j>. (2)
Jj=0

Moreover by (2) we have
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On the other hand, by [6, (1.94d)| we get

k+1
t
=Nk -+ DIS(E+1,k+1 -5
D (b= DS L+ D)

k
t
= k—7+DISk+1,k+1—3
Sh-g+ s k-9, )
7=0
because S(k +1,0) = 0.
Therefore we get e];flk_i_j(tk) = (=14 Fk - NSk +1,k+1—j) for
every integer j with 0 < j < k. Hence we get ef’d(tk) = (—1)¥*(d -
JNS(kE+1,d+ 1 — j) for every integer j with d — k < j < d. On the other
hand, we have e?’d(tk) =0=(-1)%kd—-HIS(k+1,d+1— j) for every
integer 7 with 0 < j < d—k — 1. So we get the assertion. 0J
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Corollary 2. Let d be a nonnegative integer and S(a,b) the Stirling
number of the second kind. Then for every integer j with 0 < j < d we
have

ej(th) = (d—NIS(d+1,d+1—j).

Theorem 3. Let d be a nonnegative integer and h(t) € C[t] be a polyno-
mial h(t) = ZZ:O cxth in t such that h(n) € Z for every integer n, where
cqg # 0. Then for every integer i with 0 < i < d the following equality
holds.

d 7

= (~Dicg ) (-1 (d—)NSd+1—1,d+1~j)

1=0 §=0

Proof. First we note that t* = Z;lzo(—l)j 4tk (t+d ]) Then

. E . ]kd E t—i—d—j
o= Yt Zkgg ("5
d d .
_ (_1)j{ c eg,d(tk)} t+d—>]
Grlfrel i)
d .
dld d—1 t+d—j

So we get e;(h(t)) = sz:o cd_le?_l’d(td*l) (see Notation 4). Hence
i (.
Xt (h) =) (-1) {Z cae] Mt l)}
=0 1=0
By using Theorem 2 we have

i

Xi(h)=> (-1 {chl “d—5)S(d —l+1,d+1—j)}

7=0

d i ‘

= (~Dicg ) (-1 (d—)NSd+1—1,d+1~j)
=0 Jj=0

Therefore we get the assertion. O
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By Theorem 3 we see that if A(t) = t¢, then

xI(h) = i(—l)j(d —NS(d+1,d+1—j).
=0

In this case, we can also prove the following theorem.
Theorem 4. Let d be a nonnegative integer and S(a, b) the Stirling number

of the second kind, where a and b are nonnegative integers. Let h(t) = t%.
Then for every integer i with 0 < i < d we have

W (h) = (~1)(d - i)1S(dd — i).

Proof. We prove this by induction on 1.

(i) If i = 0, then x2 (h) = eo(t?) = d!S(d + 1,d + 1) = d!S(d, d) and this
shows that it is true for the case of ¢ = 0.

(ii) Assume that it is true for the case of i = k — 1. So we have

ol
—

(—=1)7e;(t?) = xH 1 (h) = (—1)" 1 (d - k+1)!S(d,d—k+1). (3)

<.
Il
o

Next we consider the case of i = k. Then by Corollary 2, [6, (1.93)]
(3)

and

k—

—_
—

k
Xk (h) = Z(*l)jej(td) = (—1)%ex(t) +

= (—1)*d—-E)S(d+1,d+1—k)
+ (=D Yd =k +1)1S(d,d+ 1 — k)
= (- Yd -k {-S(d+1,d+1—Fk)
+(d—k+1)S(d,d+1—k)}
= (D)"Y d - k) {-(d+1-k)S(d,d+1—k)
—S(d,d—k)+ (d—k+1)S(d,d+ 1 —k)}
= (=1)*(d - k)S(d,d — k).

0

I
=)
<

So we get the assertion. [

The following corollary of Theorem 4 has been proved in [3] by a
different method.
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Corollary 3 (Kaki). Let P be a poset such that P has no order. Then
for every integer i with 0 < i < d(P) we have

9i(P) = (d(P) —9)!S(d(P), d(P) - i).

)
Proof. Here we note that hp(t) = t“?) in this case. By Theorem 4 we
have x? (P) = x (hp) = (~1)'(d(P) - 1)!S(d(P), d(P) i). On the other

hand,
V2(0) =Y faly) = D> _ he(0)p(y) = hp(0)p(0) = hp(0) = 0
y<0 y<0
and
Via(=i) =Y faly) = Y he(0)p(y)
Y<—1 Y<—1
[ hp(0)p(0),  ifi=0,
—10, ifi>1
=0.
Therefore by Definition 4 we get the assertion. O

Theorem 5. Let P be a finite poset. Then the following are equivalent
each other.
(i) P has no order.

(i) gapy—1(P) #0.
(iii) gd(P) 1(P) =1

Proof. By Theorem 1 we see that gy py_i(P) # 0 if and only if I(P) <
d(P) — (d(P) — 1) = 1. Hence gg(p)—1(P) # 0 if and only if I(P) = 0. So
we get the equivalence (i) and (ii) because {(P) = 0 means that P has no
order.

On the other hand, by Corollary 3 we see that

gap)—1(P) = S(d(P),1) =1

if P has no order. Therefore (i) implies (iii). Since (iii) implies (ii), we get
the assertion. ]

Theorem 6. Let P be a finite poset. Then
9i(P) < (d(P) —i)!S(d(P),d(P) — i)

holds for every integer i with 0 < i < d(P) — 1. Moreover this equality
holds for some i with 0 < i < d(P) — 1 if and only if P has no order.
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Proof. Here we note the following

Claim 1. Let P be a finite poset. Then P has an order if and only if
o & L(P), where

aE! 2 ... d(P)—1 d(P)
U_<d(P) ad(P)y—1 - 2 1 )

Proof. First we note that Sy py = L(P) if P has no order. Hence o € L(P)
if P has no order. So it suffices to show that o ¢ L£(P) if P has an order.
Assume that P has an order. Then there exist elements x;, x; € P such
that x; < z;. For any 6 € L(P), there exist u,m € A(P) such that
§ = mop~t. On the other hand, we have u(z;) = a; < by = p(z;) and
m(x;) = az < by = w(x;). Then we have 6(a1) = az < by = 6(by). Since
o does not satisfiy this property, we see that o € L(P) and we get the
assertion of this claim. O

Using this claim, we can prove the following.

Claim 2. Let ) and R be finite posets with d(Q) = d(R). Assume that
@ has no order and R has an order. Then g;(Q) > g;(R) for every integer
i with 0 <1 <d(Q)—1=d(R)— 1.

Proof. We use Notation 5. First of all, we note that £(Q) = Sy(q). We
see from Proposition 1 that d(¢y,) = d(Q). So by Remark 3 (1) we have

NOES ("7 Da@

k=i+1

for every integer i with 0 <7 < d(Q) — 1. We note that aq)(Q) > 0 by
Proposition 1 and Claim 1.

On the other hand, L(R) C Sgr) = Sa(q) = £(Q) holds by assumption.
We see from Proposition 1 and Claim 1 that d(¢y,) < d(R) = d(Q). We
note that by Proposition 1 we obtain ax(Q) > ar(R) for every integer k
with 0 < k£ < d(Q) = d(R). Hence we see from Proposition 1 that

d(Q) d(osp)
Q) —g(R) = 3 (k;1>aMQ)— S (kgl)auR>
k=i+1 k=i+1
= ad(Q)(Q) > 0.
Therefore we get the assertion of Claim 2. O

By Claim 2 and Corollary 3, we get the assertion of Theorem 6. [
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