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ABSTRACT. We first present a filtration on the ring L,, of
Laurent polynomials such that the direct sum decomposition of
its associated graded ring grL, agrees with the direct sum decom-
position of grL,, as a module over the complex general linear Lie
algebra gl(n), into its simple submodules. Next, generalizing the sim-
ple modules occurring in the associated graded ring grL,,, we give
some explicit constructions of weight multiplicity-free irreducible
representations of gl(n).

1. Introduction

In this section, we give a brief summary of our results.

1.1. The ring of polynomials

The ring P, = C[z1,...,x,] of polynomials in n indeterminates over
the complex numbers C is a Z-graded algebra

P, = pm (1.1)
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10 LAURENT POLYNOMIALS

where Py(lm) is the space of homogeneous polynomials of degree m. As a
vector space, P, becomes a module over the complex general linear Lie
algebra gl(n) = gl,,(C) under the action

A= Zaijxi;{j for A= (a;;) € gl(n) and f € P, (1.2)
ij

Then, the direct sum decomposition (1.1) of P, as a graded ring agrees
with the decomposition of P, as a gl(n)-module into its simple submodules
P,(Lm). They are the finite dimensional representations of gl(n) labeled by
Young diagrams with single rows.

1.2. The ring of Laurent polynomials

The first goal of this paper is to obtain an analogous result of the
above observation for the ring of Laurent polynomials

+1 41 +1
L,=Clai 25 ,...,25, |

It turns out that a filtration and its associated graded structure give us
an answer. Note that (1.1) can be seen as the graded ring associated with
the Z-filtration of P, given by degree.

We will define a filtration on L,, by a partially ordered monoid con-

structed from integers and subsets of {1,2,...,n}
L, = U Lfl(mJ)
(m,J)ELXPy

and show that the direct sum decomposition of its associated graded ring

grL, = @ Ls(m,J)/LE(mJ)
(m,J)EZXPy,

provides the decomposition of grL,, as a gl(n)-module, into its simple
submodules.

Extending the space with the action (1.2) of gl(n) from P, to Ly,
we identify Laurent monomials x¥ = 21252 ... zk» with integral points
k = (k1,ko...,ky) in R™. Note that they are weight vectors with respect
to the Cartan subalgebra of gl(n) consisting of diagonal matrices. Since
this action preserves the degree of monomials, we can focus on integral
points on the hyperplane k1 + - - - + k,, = m for each m € Z.

One of main difficulties in studying the gl(n)-module structure of L,

is that the symmetric behavior of raising and lowering operators we had
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ko

FIGURE 1. The action of gl(2) on 2} 252 with k + ko = 1.

when working with P, is not trivial anymore. For example, when n = 2
as in Figure 1,
1 0 )

0 1 m—ks k
—ko 2 m+1—ko ko—1
[O ol T TR = koxy Tyl .

)

[O 0} B

The cases k1 = 0 and ko = 0 divide the line ki + ko = m into three parts.
The monomials with k; > 0 and ko > 0 can be obtained by applying some
elements of gl(2) to monomials with k1ks < 0. However, monomials with
k1ko < 0 cannot be obtained from the ones with k1 > 0 and ko > 0.

More generally, the planes k; = 0 divide the hyperplane ki + ko +-- -+
k, = m into regions labeled by the signs of the coordinates k;. Then, for
each 4, we can obtain weight vectors xX with k; > 0 starting from the
ones with k; < 0 by successively applying some elements of gl(n), but the
opposite way is not possible. See Figure 2.

Therefore, our indecomposable submodules in L,, and simple modules
obtained from their quotients are labeled by degree m of xX and subsets
J of {1,2,...,n} indicating the position of possible negative components
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FIGURE 2. The action of gl(3) on 28 25225 with ky + ko + k3 = m (m > 0).

in k. Their structures depend heavily on m and the cardinality of J. We
will give a clear case-by-case analysis of them.

1.3. Representations of the general linear Lie algebra

Our next goal is to provide explicit constructions of weight multiplicity-
free irreducible representations of gl(n) obtained by twisting the ac-
tion (1.2). For a general theory on weight multiplicity-free representations
of simple Lie algebras, see 1] and references therein.

Motivated by works on weight modules of the Lie algebra of diffeo-
morphisms of the n-dimensional torus (see, for example, [3,4,6]), for each
a=(ai,...,ay) € C", we will define a representation LS of gl(n) on the
vector space Ly, (see Definition 3.2). Then, we investigate two families of
its submodules, L (m, j) and V,*(m, J), parameterized by integers m, j,
and subsets J of {i : a; = 0}. We can obtain explicit simple gl(n)-modules
from the decomposition of the quotient modules

Ly (m,j)/ L (m,j = 1) = € W(m,J)
Ji| J|=j
where W (m, J) are simple modules defined by
Wi(m, J) = (V¥ (m, J) + Ly (m, j — 1)) /L3 (m, j — 1).
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Among these simple modules, there are highest weight modules with
highest weights of the form 1 € h* where

A=(-1,...,-1,2,0,...,0) € C"

including the finite dimensional ones having integral dominant weights
with A = (k,0,...,0) and (—1,...,—1,¢) for k > 0 and ¢ < —1.

2. A filtration on L,, and simple modules in grL,,
In this section, we impose a filtration on the ring
L, =ClzE!, ... 2F!

of Laurent polynomials in n indeterminates over the complex numbers
C, and then show that the graded structure of its associated graded ring
is compatible with the module structure of L, over the complex general
linear Lie algebra gl(n) = gl,,(C).

Recall that gl(n) is the Lie algebra of n x n complex matrices with
the usual matrix addition and the Lie bracket given by the commutator
of two matrices. We will write U,, = U(gl(n)) for the universal enveloping
algebra of gl(n).

2.1. Submodules of L,

The complex vector space L, is spanned by monomials

k k1 k‘z‘

— kn
X =Ty Ty

..:L‘n

for k = (k1,ka, ..., k) € Z™. We define some subspaces of L.

Definition 2.1. Let m be an integer, j be an integer with 0 < j < n,
and J be a subset of {1,2,...,n}.

1) Let V,,(m,J) be the subspace of L,, spanned by all the monomials

ek ke such that

Zki:m and {i:k; <0} C.JL
i=1

2) Let L,(m,j) be the sum of the subspaces V;,(m, J) of L,

over all subsets J of {1,2,...,n} having j elements.
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It follows directly from the definition that
Va(m, Ji) CVy(m, Jo) forall J; C Js.

Then, we have
Lp(m,j —1) C Lp(m, j)

and their quotient can be expressed as
L )/ alinsi =1 = (3 Valm,)) Latimes = 1)
J:|J|=j
— Z (Va(m, J) + Lp(m,j — 1)) /Ln(m, j — 1).
J:|J|=j

Definition 2.2. For an integer m and a subset J of {1,2,...,n} having
Jj elements, we let W, (m, J) denote the subspace

Wa(m, J) = (Va(m, J) + Lp(m, j = 1)) /Ln(m,j — 1)
of the quotient space L, (m,j)/L,(m,j —1).

The spaces V,,(m,J), Ly,(m,j), and W, (m,J) are special cases of
the ones defined in Definition 3.5 and Definition 6.1 with a = 0 and
I, ={1,2,...,n}, and they are modules over U,, with respect to

0
A . f = Zaijxiax{;
]

for A = (ai;) € gl(n) and f € L,. See Theorems 4.4, 4.5, 5.4, and 5.5.
Moreover, Wy, (m, J) are simple modules. See Theorem 6.2.

Lemma 2.3. For m € Z and a subset J of {1,2,...,n} having j elements,
as a U,-module,

Wa(m, J) = Va(m, J)/ Y Va(m,J')
J/
where the summation is over all subsets J of J having j — 1 elements
Proof. Note that
Wi(m, J) = (Va(m, J) + Ln(m,j — 1)) /Ln(m,j — 1)
= Vo(m, J)/ (Vo(m, J) N Ly(m, j —1)).

Then, the statement follows from the following observation

Vo(m, J) 0 Ly(m,j —1) = > Va(m,J')
i

where the sum is over all subsets J’ of J having j — 1 elements. 0J
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2.2. Filtration by a partially ordered monoid

Let 9, be the set of all subsets of {1,2,...,n}. On the set Z x %,
we define the partial order (my, J1) < (mag, J2) if m1 < mg and J; C Ja,
and the multiplication

(m1, J1) * (m2, J2) = (m1 + ma, J1 U J2).

With < and *, Z x 9,, becomes a partially ordered monoid with the
identity (0, 2), and using this monoid we want to impose a filtration on
L,,. For basic properties of a filtration of a ring given by a partially ordered
monoid, we refer to |2, §1.12].

Definition 2.4. For each (m,J) € Z x 2,,, we define
LD = 3" Vi(ma, 1) and L™ = 3" V(mg, o)
(m1,J1) (ma2,J2)
where the first summation is over all (my,.J;) such that
(m1,J1) < (m,J),
and the second summation is over all (mg, J2) such that
(ma, J2) < (m,J) but (mg, J2) # (m,J).

Proposition 2.5. The family {L\(m D (m,J) € Z x %,} of subspace
of L, defines a filtration on L, by the partially ordered monoid Z x 2.

Proof. We need to check the following conditions (see |2, §1.12]).
1) 1eL5%9,
2) for all (ml, J1) < (ma, J2),

Lé(ml,h) C Lé(mz,Jz)7
3) for all (mq,J1) and (mq, J2),

Lﬁ(mhh)Lﬁ(mz,Jz) C Lﬁ(mhh)*(m%h)’

4) the union of all such subspaces is equal to L,

U ™) =L,
(m, J)ELX Py

All of them follow directly from the definitions of L™ and Vi (m, J).
L
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For (my, J1) and (ma, J2) in Z x 2, we have

Lf(ml"h)L;(mQ"b) + L,f(ml"h)Lfl(m%b) - L;(mlel)*(mvaQ)

(mr‘]) /L;(mv‘])

and therefore the quotient spaces Ly form the homogeneous

components of the associated graded ring of L,,.

Theorem 2.6. With the filtration {Ls(m"]) i (m,J) € Z x 2, } imposed
on Ly, the direct sum decomposition of the associated graded ring

grL, = @ Lfl(m,J)/Li(m,J)
(m,J)EZXPy,

agrees with the decomposition of grL,, into its simple submodules over
Uy,. In particular, for each (m,J) € Z x %,,, as a U,-module,

Li(m,J)/Lg(va) =W, (m,J).

Proof. For an integer m and a subset J of {1,2,...,n} having j elements,
let us define

S=V,(m,J) and T = Z Vo (m, Ji) + Z Vi (ma, J)

Ji1CJ mi<m

where the first summation for 7" is over all proper subsets J; of J, and
the second summation is over all m; strictly less than m. Then, we have

SNnT

Va(m, J) 0 [ D7 Vilm, J) + > Vi(ma, J)

J1CJ mi<m

= Va(m, J)N (> Valm, J)
JiCJ

= > Vu(m,J)
7

where the last summation is over all subsets J’ of J having j — 1 elements.
Note that

S+T=L5™) and T=rL5m7)
and then, by the usual module isomorphism theorem (S +17')/T = S/(SN
T'), we obtain

Lfl(m’J)/LfL(mJ) ~ Vn(m, J)/Zvn(m,J’) (2.1)
J/
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where the summation is over all subsets J' of J having j — 1 elements.
Now, using the realization of W,,(m,J) given in Lemma 2.3, we have

LTgL(m,J)/LfL(mV‘]) =~ Wn(m7 J) -

In § 6, we will investigate the simple modules W,,(m,J) in a more
general setting.

3. Modules L%(m,j) and V,*(m,J)

In this section, generalizing L, (m,.J) and V,,(m, J) discussed in the
previous section, we define some submodules of L, over the universal

enveloping algebra U, of gl(n) parameterized by o = (a1, ..., ;) € C™.
Notation 3.1. 1) For a finite set S, we will write |.S| for the cardinality
of S.
2) For a = (a1,...,a,) € C", we write a[¢] for the fth component ay
of a. Then, for ¢, 3 € C™, we let a = 3 be the elements in C" such
that

(a£B)[l] =all] £8[¢] forl1<l<n.

3) We write e; for the element in Z" whose jth entry is one and all
the other entries are zero.

1 il =y,
€ 1] = { 0 otherwise.

4) For k € Z", let xX be the monomial

k([n]

kKR

X = X

in L. In this setting, we denote the negative part of k by
k"9 = {¢:k[(] < 0}.

We let E,p € gl(n) be the n x n matrix with one in (a,b) and zero
elsewhere.

Definition 3.2. For each a € C", E,; acts on the monomials x¥ in the
algebra L,, of Laurent polynomials as

Eu-xX = (k[b] + afb]) xKFTea—e for 1 <a,b<n.

With this action, the space L, gives rise to a U,-module, which we will
denote by L%, and for f € L,, we write (f) for the cyclic submodule of
L& generated by f.
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Informally, we may think of the above action as

Eyu- - f = x*axaa—xaf for f € L,
oxyp

and then the action in the definition can be considered a generalization
of the action (1.2) of gl(n) on the polynomial ring which provides all the
finite dimensional representations of gl(n) labeled by Young diagrams
with single rows. See Theorem 5.4 (2).

Lemma 3.3. For « and 8 € C", if « — 3 € Z" then, as a U,,-module,
Ly is isomorphic to e

Proof. It is enough to show that the linear map ¢ from L,, to L,, sending
xk to xkTo=B for k € Z" gives a Up-module map from LS to LB 1t
follows from

(Eqp - x*) = (k[b] + a[b]) x*Tee—e x x*F
= {(k+a— B)[t] + Blb]y xHe-Dtene
= Egp - x* 7P = By - (x*)
forall 1 <a,b<n. ]
With this lemma, we can focus on the following choice of a.

Notation 3.4. Once and for all, we fix a € C™ the entries of whose real
parts satisfy
0 < Re(af)]) <1 forall 1 <4< n,

and the following subset of {1,2,...,n}
I ={l: alf] =0}.
With this choice of a, we note that for k € Z",
k[{] + a[f] =0 for some ¢ (3.1)
only when k[/] = a[(] = 0.

Definition 3.5 (Submodules L& (m,j) and V,*(m, J)).
1) For integers m and j with 0 < j < |I4], we let LS (m,j) be the
subspace of LS spanned by all the monomials x¥ such that

Y k[f]=m and [K"9NIal <]
/=1
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2) For a subset J of I, with |J| = j, we let V,*(m, J) be the subspace
of L%(m, 7) spanned by all the monomials xX in L%(m, j) such that

(K™ N 1) C J.
Example 3.6. Let n =4, a = (0,1/2,0,0), and therefore 1o, = {1,3,4}.

1) Let j = 2. From the condition |[k™9 N {1 3,4} < 2, the space

L%(m, j) is spanned by all the monomials x* = x’flx§2x§3xi‘* in Ly,

such that
i) k1 +ke+ks+kyg=m and i) ky > 0or ks >0 or ky >

2) Let J = {1,4}. From the condition (k™9 N {1,3,4}) C {1,4},
V.*(m, J) is the subspace of L& (m, j) spanned by all the monomials
of degree m with k3 > 0.

See more examples in Example 4.2. The following is easy to check.

Lemma 3.7. If J = & (therefore j = 0) or J = I, (therefore j = |I4]),
then
V.X(m,J) = Ly(m,j).

From Definition 3.5, it immediately follows that

L¥(m,j—1) C LY(m,j) and L (m,j)= > V&(m,J) (32
J:|J|=j

where the summation runs over all subsets J of I, with |J| = j. Also, for
two subsets J; and Jo of I,, we have

V.X(m,J1) C V¥X(m, Jy) for Jy C Ja; (3.3)
Vna(m, JiN JQ) = Vna(m, Jl) N V,f‘(m, JQ)

Now we show that V,*(m, J) and LY (m, j) are indeed modules over
Up,.

Proposition 3.8. V,%(m,J) and L% (m, j) are Uy,-submodules of L%.
Proof. For a monomial xP € V,%(m, J), we need to show
Eup, - xP = (p[b] + a[b]) xPTea—e

are in V,%(m, J) for all 1 < a,b < n. Since the action of Ey, preserves
the degree of monomials, writing q = (p + e, — €p), it is enough to show
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that for a # b if (p™9 N Iy) C J, then (q"9 N 1,) C J or the coefficient
(p[b] + a[b]) is zero.

For this, because the only element which is not in p™® but can possibly
appear in q"% is b, it is enough to consider the case

bgp"Nnl, and beq"Nli,.

This happens only when p[b] = 0 and in this case, since b € I, we have
alb] = 0. Therefore, the coefficient (p[b] + a[b]) is zero. Consequently,
we have Eg, - xP € V*(m,J) for all 1 < a,b < n, and V,%(m,J) is a
submodule of LY. Now from (3.2), L%(m, j) is a submodule of L. [

4. Structure of V*(m, J)

In this section, we investigate the structure of V,*(m, J). We first give
a technical lemma.

Lemma 4.1. For two distinct monomials xP and x9 in L&(m, j) such
that

(@"“Nla) € (P"NIa),
there exists X € U,, such that X - xP = x9.
Proof. For simplicity, we let p[¢] = ps, q[f] = q¢, and a[f] = oy for all /.
Consider the difference p —q = (p1 —q1,...,pn — qn) € Z". Since xP and

x4 have the same degree m, we have Y, (p¢ — ¢¢) = 0 and therefore we
can separate the positive and negative parts of p — q

r= > (-a)= Y. (@—po)

L:pp—qe>0 l:pp—qp<0

With Notation 3.1, we define 1 < 51 <s9 <+ <s <mand 1<t <
to < -+ <t < nso that

T T
dew= > (r—a)er and > ey = > (q—pe)es
k=1 L:pe—qpe>0 k=1 C:pp—qe<0

where the summations are over ¢ such that py — ¢, > 0 and py — gy < 0
respectively.
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Setting po = p and py = px—1 + €, — e, for 1 < k < r, we have
Ey, s, - xPk—1 = wpxP*. Furthermore, from

r
p’f‘ :p0+z etk _esk)

=Ppo+ Z —poer— Y, (pe—aes

lipy— QZ<0 lipe—qe>0
=po+(a—p)=aq,
by setting Y = [[;_; Et,s, € Un, we obtain

Y xP = xp(wlxtlx;)(wga:bx;;) .. (wrxtrx;l)

_ (H wk) . (H wk) @

where the coefficient is

.
[Twe= JI @et+adpe—1+a0) (o= (pe— g — 1) + ).
L:pp—qe>0

For each ¢ in the above product, if ¢ ¢ I, then ay # 0, and therefore
the corresponding factor is not zero by (3.1). Now let ¢ € I, and therefore
ay = 0. To derive a contradiction, suppose (py — ¢) in the £th factor of the
above product is zero for some 0 < ¢ < (pr — q¢ — 1). Then, from p; = ¢,
we have

0<pe<(pe—qe—1) (4.1)
and therefore ¢y < —1. On the other hand, from the given hypothesis

(@9 Nly) € (P"9NIy), we know that p; < 0 whenever g < 0, which
contradicts to (4.1). Therefore, we have [ [ _, wi # 0 and with the element

r
_ -1
X = Hwk Etksk
k=1

we see that X - xP = x4, O]

Example 4.2. 1) Let a = (1/2,4,0), I, = {3}, and J = @. If m = 4
then from the condition

k"9 N {3} C @,

V.%(m, J) is spanned by all the monomials 371 xz 333 of degree 4 with
ks > 0.
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Note that xP = z} and x% = 2125 %23 in V,%(m, J) satisfy the condition
in Lemma 4.1. From

P—q= (3727 _5) = (37270) + (anv _5)
we define the element Y = FE31 - E31 - E31 - E39 - E39 € U, to obtain
Y - xP=(2+1/2)(3+1/2)(44+1/2)(—1+14)(0+ 7) x<.

Therefore there is X € U,, such that X - xP = x4,
2) Let @ = (0,0,0), I = {1,2,3}, and J = {1,3}. If m = —2 then
from the condition
k"9 n{1,2,3} C{1,3},

V,*(m, J) is spanned by all the monomials :zlflxl;%g:’ of degree —2 with
ko > 0.

Note that xP = z'z;' and x4 = zyz325° in V,*(m, J) satisfy the
condition in Lemma 4.1. From

p—q=(-2,-2,4)=(0,0,4) + (—2,-2,0)
we define Y = Eq3- E13 - Eag - Ea3 € U,, to obtain
Y - xP=(-440)(-3+0)(—2+0)(—1+0)x9.
Therefore, there is X € U, such that X - xP = x9.

Now we investigate the structure of V,*(m, J) for o # 0.

Theorem 4.3 (Structure of V,*(m, J) with nonzero ).
Let a # 0 and J = {{1,...,{;} C I4. Then, V,*(m, J) is the cyclic
submodule of L¢ generated by

_ -1 -1 -1, m+j
Xjp = &g Ly oLy Ty for some t € {1,2,...,n}\ I4.

Proof. Since a # 0, there exists ¢ such that a[t] # 0. Write xP for x;;
and let x9 be an arbitrary monomial in V,*(m, J). Since (q" N Io) C
(p"9 N1y) = J, we can apply Lemma 4.1 to obtain X € U,, such that
X - xP = x9. Therefore, xP generates the module V,*(m, J). O

Next we consider the other cases with o = 0. Let us fix

J:{El,...,fj}QIa:{1,2,...,n}.
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Theorem 4.4 (Structure of V.2(m, J) with nonnegative degree m).
1) If m>0and 0 < j<n—1, then V,2(m,J) is the cyclic submodule
of L?L(m,]) generated by

Xt = a:e_llxe_; e x[jlx;nﬂ for some t € {1,2,...,n}\ J.
2) If m > 0 and j = n (therefore, J = {1,2,...,n}), then

VO(m,{1,2,...,n}) = L2(m,n) = L%(m,n — 1)

=Y V(m,J)
~

where the summation is over all the subsets J' of {1,2,...,n} with
|J|=n—1.

Proof. For Statement (1), we first note that x;; € V,9(m, J). Write xP
for x7; and let x be an arbitrary monomial in V,9(m, J). Since q"%9 C
p"% = J, applying Lemma 4.1, we see that there exists X € U, such that
X - xP = x9. Therefore, x4 belongs to the module generated by x; and
we have V.0(m, J) = <XJt>

For Statement (2), if x7 xé” -2k is a monomial in L9(m, n), then not
all k;’s can be negative, because the degree m is nonnegative. Therefore,
L%(m,n) = L%(m,n — 1). The other equalities follow from Lemma 3.7
and (3.2). O

Theorem 4.5 (Structure of V.2(—m, J) with negative degree —m).
Let 1 <m < n.
la) If j = 0 (therefore, J = @), then

VO(—m, @) = L%(—m,0) = {0}.

1b) If 1 < j < m, then V,2(—m, J) is the cyclic submodule of L (—m, 5)
generated by

le) f m+1<j<n-—1,then V.°(—m,J) is the cyclic submodule of
L%(—m, j) generated by

1 -1 _—1_j3—m

-1
XJt =Ty Ty, Ty Ty T for some t € {1,2,...,n}\ J.
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1d) If j = n (therefore, J = {1,2,...,n}), then

VO(—m,{1,2,...,n}) = L°(—m,n) = LY (—m,n — 1)
= ZV,,?(—WL, J/)
J/

where the summation is over all J’' C {1,2,...,n} with |[J'| =n—1.
Now let m > n.
2a) If j = 0 (therefore, J = &), then

VO(—m, ) = L%(—m,0) = {0}.

2b) If 1 < j < n, then V,9(—m, J) is the cyclic submodule of L9 (—m, 5)
generated by
-1 -1 -1 j-1-
XJ =T, T, ~-:z:£j_71xzj "
Proof. Statements la) and 2a) follow directly from Definition 3.5. For
Statement 1d), note that if xX € L9(—m,n) then >, k[{] = —m > —n
and therefore there should be at least one ¢ with k[¢] > 0. This implies that
L%(—m,n) = LY(—m,n—1). Now the statements follows from Lemma 3.7
and (3.2). The other statements can be shown similarly to Theorem 4.3
and Theorem 4.4 (1). O

Remark 4.6. Let xP be the generators x; or x;; of the cyclic modules
V.%(m, J) given in Theorem 4.3, Theorem 4.4, and Theorem 4.5. We remark
that these generators are not unique. This is because, when applying
Lemma 4.1, if

@9 NIy = (P NIy, (4.2)
then we can exchange the roles of xP and x9. Therefore, every monomial
x4 € V,*(m, J) satisfying (4.2) can also generate the module V,*(m, J).
5. Structure of L (m, j)

In this section, we investigate the structure of L (m, j). Let us begin
with another technical lemma.

Lemma 5.1. For an element f = >_!_, ¢;x%i of L% with distinct mono-
mials and nonzero coefficients, the cyclic module generated by f includes
the cyclic modules generated by the terms of f

(x¥i) C (f) for all 4.
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Proof. We want to prove the statement by induction on the number r of
the terms of f. If » = 1 then we have nothing to prove. Suppose r > 2.
We first note that, since x¥ are distinct, they are weight vectors with
different weights under the action of the Cartan subalgebra b of gl(n)
spanned by F,, for 1 < a < n. Let w; be the weight for the monomial
x¥: Then, there is an element H € § such that

g=wi(H)f—H-f= Z (wi(H) — w;(H)) ¢;x*i
iw; (H)#wi (H)

is a non-zero element in (f). Also, since the number of terms in g is less
than r, by the induction hypothesis the cyclic modules generated by the
terms of g are included in (g). This shows that for ¢ with w;(H) # wy(H)
we have (x¥) C (f).

Now we note that

h=f-— Z eixKi = Z eixki,

w; (H)#w (H) w; (H)=w1(H)
is a nonzero element in (f). Since the number of the terms of h is less
than r, again by the induction hypothesis, the cyclic modules generated

by the terms of h are included in (h). Therefore, (f) contains (x*¢) for i
with w;(H) = wi(H) as well. O

As an immediate consequence of the above lemma, we obtain the
following result for the special case of Theorem 4.5 with J = {¢} for
1<l < n.

Proposition 5.2. For m > 1 and 1 < ¢ < n, V,°(—m, {¢}) is a simple
submodule of L9 (—m, 1) generated by z,; ™.

Proof. From Theorem 4.5 1b) and 2b),
Vo (=m, J) =z, ™) € Ly(=m, 1).

For a nonzero f € V.2(—m, J), writing f = 3, ¢;x¥, let us consider the
submodule of V,9(—m, J) generated by f. By Lemma 5.1, it contains the
cyclic submodules generated by x¥i.

(x}) C (f) CVO(—m, ).

On the other hand, for each i, since (k' N{1,2,...,n}) C {¢} and
the degree of xXi should be —m < 0, we have k;[¢] < 0 and k;[¢'] > 0 for
¢ # (. By Remark 4.6, each of these monomials can generate the whole
module V.2(—m,J). Therefore, we have (f) = V.9(—m,J) and conclude
that V,%(—m, {¢}) has no nonzero proper submodules. O
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Now, we investigate the structure of L% (m, j) for a0 # 0.

Theorem 5.3 (Structure of LS (m, j) with nonzero a).
1) If @ # 0 and 0 < j < |Io], then LE(m, j) is indecomposable.
2) In particular, if & # 0 and j = 0, then L& (m,0) = V,*(m, @) is a
nonzero simple module over U,,.

Proof. For Statement (2), from Lemma 3.7, L& (m,0) = V,%(m, &), and by
Theorem 4.3 it is generated by x4 ; = 27" for some t € {1,2,...,n} \ Ia.
Let f be a nonzero element of V,%(m, @), then we can write f = Y _I_, ¢;xki
with nonzero coefficients such that k"’ NI, = @ for all 4. By Lemma 5.1,
the monomials x¥ belong to (f). On the other hand, by Remark 4.6,
each of these monomials generates V,*(m, &). Therefore, (f) = V,*(m, @).
This shows that LS (m,0) = V,*(m, @) is simple.

For Statement (1), we will show that every nonzero submodule M of
L& (m, j) contains V,*(m, &), which is nonzero by Statement (2). For a
nonzero f € M, let ¢xP be a nonzero term of f. Then, by Lemma 5.1,
(f) includes (xP). On the other hand, since every monomial x4 = z}" for
t ¢ I, satisfies the condition

@ =(q"9N1y) C(p"YNIy),

we can apply Lemma 4.1 to obtain X € U, such that X - xP = x9.
Therefore, we have x4 € (xP) C (f) C M, and therefore V,*(m, @) C M.
This shows that L& (m, j) cannot be written as a direct sum of its proper
nonzero submodules. O

Next, we consider the other cases with a = 0.

Theorem 5.4 (Structure of L9 (m,j) with nonnegative degree m).
1) If m >0 and 1 < j < n, then LY(m, j) is indecomposable.
2) In particular, if m > 0 and j = 0, then L9 (m,0) = V.%(m, @) is the
cyclic module generated by

m
X@,l — .Tl .

It is a finite dimensional simple module over gl(n) of dimension
(m+1).

Proof. For Statement (2), observe that for m > 0, L2(m,0) is the space
of homogeneous polynomials of degree m,

Ly (m,0) = Sym™(C"),
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and that z7* is the highest weight vector with respect to the standard
Borel subalgebra of upper triangular matrices in gl(n).

For Statement (1), if j = n, then L9 (m,n) = LY(m,n — 1) by Theo-
rem 4.4 (2) and therefore we can assume 0 < j < n — 1. This case can be
shown similarly to Theorem 5.3 (1). O

Theorem 5.5 (Structure of L%(—m, j) with negative degree —m).
1) If m > 1 and j = 0, then L (—m, j) = V.°(—m, @) = {0}.
2) If m > 1 and j = 1, then LY(—m,j) decomposes into simple sub-

modules
EB V2 (=m, {£}).

3) If m>1and 2 < j<n, then Lg(—m,j) is indecomposable.

Proof. Statement (1) is straightforward to check. For Statement (2),
from (3.2) and Theorem 4.5 1b) and 2b), the module L%(—m, 1) is the
sum of the cyclic modules V;%(—m, {¢}) = (z,™), which are simple by
Proposition 5.2. Also, for £ # ¢', by (3.3),

Vi (=m, {6) NV (=m, {0}) = V) (=m, {6} N {})

which is V,9(—m, @) = {0} by Statement (1). Hence we obtain the direct
sum expression.

For Statement (3), we first consider the case 2 < j < n — 1. In order
to derive a contradiction, suppose L2(—m,j) = M EDN for some sub-
modules M and N. From (3.2), LY(—m, j) is generated by the generators
of V.9(—m, J) given in Theorem 4.5. We denote these generators x; or
xj+ by gs. For each of these monomials g; € LY(—m, j), if g5 = h1 + ha
with hy € M and hy € N, then g; appears in hy or he. Therefore, by
Lemma 5.1, gs belongs to (h1) C M or (hg) C N.

If all these g; are in M (or N), then L2 (—m,j) = M (or N). If some
of them are in M and some of them are in N, then we claim that there
are J and J’ such that g; is an element in M, g is an element in N, and
JN.J # @. Suppose there are not such .J and J’. Then we can partition
{1,2,...,n} into two nontrivial parts Sy and Sy with n; elements and
ng elements such that we have the disjoint union

{Jc{L2,....on}: =4 ={J CSu:|J[ =7} U{J CSn:|J| =j}

where J C Sy if and only if g; belongs to M; J C Sy if and only

if g; belongs to N. Note that it contradicts to (?) > (T;I) + (732) for
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2 < j < n — 1. Therefore, we conclude that there are J and J’ such that
JNJ # @. Now from (3.3) we have

VO(—m,JnJ)cVOo(—m,J)c M
and
VO(—m,JNJ) CcVOo(~m,J)CN.

Therefore, V.2(—m, JNJ') # {0} and M NN contains a non-trivial element.
Hence, L9(—m, j) is indecomposable.

Next, let us consider the case 7 = n. First, if 1 < m < n then from
Theorem 4.5 1d) we have LO(—m,n) = L%(—m,n — 1) and therefore it
goes back to the previous case. Second, if m > n then L%(—m,n) =
VO(—m,{1,2,...,n}) by Lemma 3.7 and its generator is X{12,..n} =
eyt b anm =™ by Theorem 4.5 2b). If LO(—m,n) = M @® N, then
X{1.2,...n} = h1 + ho for some hy € M and hy € N, and the monomial
X{1,2,..n} appears in hy or hy. By Lemma 5.1, (x{15 n3) € (M) € M
or (Xq12,..n}) € (h2) € N. This shows that M or N should be equal to
LO(—m, ) Therefore, L%(—m, j) is indecomposable. O

6. Simple modules W(m, J)

In this section, we investigate some submodules of the quotients
We will assume LG (m, j) = {0} for j < —1.

Definition 6.1. For m € Z and a subset J of I, with cardinality j, we
define the following submodule of the quotient L (m, j)/L%(m,j — 1)

Wit(m, J) = (Vi¥(m, J) + Ly (m, j — 1)) /L3 (m, j = 1).
We note that
Wik (m, J) = Vi¥(m, J)/ (V¥ (m, J) 0 Ly (m, j — 1))
and

Ve (m,J)NLY(m,j—1) Zva m,J")

where the summation runs over all J' C J with |J'| = j — 1.
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In § 5, we saw that nontrivial modules
Ly (m,0)/ Ly (m, —1) = L7(m, 0) = V;*(m, @)

are simple, and that for m > 1 the following quotient decomposes into
simple submodules:

LO(—m,1)/L0(— @vo m, {(}).

Let us generalize these observations.

Theorem 6.2. Let m € Z.
1) For J C I4, the module W(m, J) is simple.
2) For 1 < j < |Ia|, the quotient module L% (m,j)/ LY (m,j — 1)
decomposes as

L¥(m,j)/ Ly (m,j—1) = @WamJ
J:|Jl=j

where the direct sum is taken over all subsets J of I, with cardinal-

ity 7.
Proof. For Statement (1), for any nonzero element f € W%(m,J), we
want to show that (f) = W,*(m,J). From the definition of W& (m, J), we
can assume that

f=F+L3(m,j—1)
where f = Y1, e;ixX € V,*(m, J) having distinct monomials x¥i in
V,*(m, J) with k' NI, = J. From Lemma 5.1, (f) includes the cyclic
modules (x¥i). On the other hand, by Theorem 4.3, Theorem 4.4, Theo-
rem 4.5, and Remark 4.6, each xXi generates the module V.%*(m, J). This
shows that (f) = W(m,J).
For Statement (2), with (3.2) we see that

k

L8, 4)/ L% (m.j — 1) = (Z vamJ)/LO‘( -1

J:|J|=j
=( 3 vn°‘<m,J>+L;7<m,j—1))/Lf:<m,j—1>.
7=
Therefore, we have

Ly (m, §) /L (m,j—1) = > Wm,J)
J:|J|=j
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where the summation is over J C I, with |J| = j. Now, suppose we have
f € W,?‘(m, J1) N W (m, Ja)

with distinct subsets J; and Jy of I. Then, we can assume that f =
f+L¥(m,j—1) where f = >""_, ¢;x¥i with distinct monomials x¥i such
that k'Y N I C J1 N Js for all i. Since |J; N Jo| < j, this shows that f €
L%(m,j—1) and therefore f is zero in the quotient L (m, j)/L%(m, j—1).
Therefore, we obtain the direct sum expression in the statement. O

Next we investigate the cases when W, *(m,J) are highest weight
modules.

Theorem 6.3 (Highest weight vector in W,&(m, J)).

1) For an integer 1 < ¢ < n, if & € C™ is such that a[f| = ¢ is nonzero
and a[f'] =0 for all ¢/ # £ and J = {1,2,...,0 — 1} C I, then
for every m € Z the module W (m, J) is a highest weight module
having a highest weight vector

(op eyt a2 ) + LY (m, € - 2)
with highest weight
(=1,=1,...,—1,m+£—1+¢,0,...,0).

2) Let a = 0 and therefore I, = {1,2,...,n}. For 1 < ¢ < n, if
J ={1,2,...,¢ — 1} then for m € Z such that m +¢—1 > 0
the module W2(m, J) is a highest weight module having a highest
weight vector

(atay e taY) £ LO(m, - 2)

with highest weight
(-1,—-1,...,—1,m+¢—1,0,...,0).

In particular, if £ = 1 and J = @ then for m > 0, the module
W9 (m, ) is a (m + 1)-dimensional module with highest weight
(m,0,...,0).

3) Let @ = 0 and therefore I, = {1,2,...,n}. For 1 < ¢ < n, if
J={1,2,---,¢} then for m € Z such that m+¢—1 < 0 the module
WP9(m, J) is a highest weight module having a highest weight vector

(zy eyt -xz_lle”M*l) + L%(m, ¢ —1)
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with highest weight
(-1,—-1,...,—1,m+¢—-1,0,...,0).

In particular, if £ =n and J = {1,2,...,n}, then for m < —n the
module W2(m, {1,2,...,n}) is a ﬁnite dimensional module with
highest weight

(-1,—-1,....,—1,m+n—1).

Proof. We first notice that the given elements x¥ + L& (m,j — 1) generate
W*(m, J) where j = |J| (see Theorem 4.3, Theorem 4.4, and Theorem 4.5).
It is straightforward to verify their weights under the action of the Cartan
subalgebra of gl(n) generated by E,, for 1 < a < n. Therefore, now it is
enough to show that

Eap- (<5 + L& (m,j — 1)) = (k6] + ex[o]) (zazy )x* + LS (m.j — 1)
— L%(m,j—1) (6.1)

in W¥(m,J) forall 1 <a <b<
For Statement (1), if a <b and b > ¢+ 1, then since k[b] = a[b] =0
we have

Ey - (a:fl T, 1£L‘T+£ 1) (0+0)(x T, 1)($f1 T, 1x2n+e 1) = 0.
Ifa<band b </, thena</—1and
Eap - (a7 a2t = (k[b] + b)) (zhay )yt ea 2t

where k[b] = —1 and afb] = 0if b < £ —1; and k[b] = m + ¢ — 1 and
afb] = ¢ if b = £. Writing x4 for the monomial in the right hand side, we
see that q[a] = 0 because a < ¢ —1 and therefore |q"*Y N 1,| < £ — 1. This
shows that x4 € L& (m, ¢ — 2) and therefore (6.1) is true.

For Statement (2), the first part can be shown similarly to the previous
case. The second part with the conditions £ = 1 and J = @ follows directly
from Definition 6.1 with L%(m, —1) = {0} and Theorem 5.4 (2).

For Statement (3), if a < b and b > £ + 1, then since k[b] = a[b] =0
we have

Eup- (27t a2 ™) = (040)(wlay (et o e T e ) = 0.
If a < band b < ¢, then since a[b] = 0 we have

Egp - (a7t a a0y = kp)(alay ) (ot a2 T
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where kb] = —1if b < £ —1 and k[b] = m + ¢ — 1 if b = {. Again,
by denoting the monomial in the right hand side by x4, we see that
qla] = 0 because a < £ — 1, and therefore |q"® N I | < ¢. This shows that
x4 € LY (m, ¢ — 1) and therefore (6.1) is true. O

We note that the highest weights of W,*(m, J) given in Theorem 6.3
are integral dominant (see, for example, |5, §3]) only when
i) a=0,J =9, and m > 0;
i) a=0,J={1,2,...,n}, and m < —n.
Indeed, one can easily check that these are the only cases when the modules
W*(m, J) are finite dimensional.
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