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Morita equivalence of semirings with local units
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ABSTRACT. In this paper we study some necessary and
sufficient conditions for two semirings with local units to be Morita
equivalent. Then we obtain some properties which remain invariant
under Morita equivalence.

1. Introduction

The classical Morita theory for rings has been recognized as one of
the most important and fundamental tools in studying the structure of
rings. In 1958 Morita [13] established the Morita equivalence theory for
rings with identity. In 1983, Abrams |1| made a first step in extending
the theory of Morita equivalence to rings without identity. He considered
rings with a commuting set of idempotents such that every element of the
ring admits one of these idempotents as a two-sided identity and studied
the equivalence of the categories of all unitary left modules of these rings.
Anh and Marki [4] further generalized Abrams’ result to rings with local
units by weakening the condition of commutativity of idempotents. In the
year 2011, Katsov and Nam [10] transferred the ring theoretic approach
of Morita equivalence to semirings with identity. In [15], Sardar et al.
connected Morita equivalence of semirings with a new and equivalent
version of Morita context for semirings. Later Katsov et al. [11], Sardar
and Gupta [16,17] independently studied some properties of semirings
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which remain invariant under Morita equivalence. The aim of this paper
is to extend the theory to cover a wider range of semirings namely the
semirings with local units in the sense that any two elements of the semiring
have a common two sided identity. In order to develop this theory we
consider the category R-Sem consisting of all unitary left R-semimodules
M i.e., semimodules g M such that RM = M, where R is a semiring with
local units and say two such semirings R and S to be Morita equivalent
if the categories R-Sem and S-Sem are equivalent. Since for a semiring
A with identity, A-Sem coincides with the category A-SEM of all left
A-semimodules, our notion of Morita equivalence coincides with that of
semiring with identity [10]. Consequently, some of the results of Katsov et
al. [10] are encompassed in their counterparts obtained here. We organize
the paper as follows. In Section 2 we recall some necessary preliminaries
on semirings and semimodules. In Section 3 we define locally projective
unitary R-semimodule and present some characterizing properties of locally
projective generators in semimodule categories. In Section 4 we develop
some tools to investigate some necessary and sufficient conditions for
R-Sem and S-Sem to be equivalent. Analogously to the case of semirings
with identity we show that two semirings with local units R and S are
Morita equivalent if and only if there exists a unitary Morita context
(R, S, P,Q, T, 1) with 7, u surjective. We also identify the semirings with
local units which are Morita equivalent to semirings with identity (cf.
Prop. 4.14). Finally we conclude the paper by studying some properties
of semirings preserved under Morita equivalence in Section 5.

2. Preliminaries

A semiring' 6] is a nonempty set R on which operations of addition
and multiplication have been defined such that (1) (R, +) is a commutative
monoid with identity element 0, (2) (R, -) is a semigroup, (3) multiplication
distributes over addition from either side, (4) Or =0 =r0 for all r € R. A
left R-semimodule over a semiring R is a commutative monoid (M, +,0xr)
together with a scalar multiplication from R x M to M, denoted by
(r,m) — rm, which satisfies the following identities: (1) (r 4+ r")m =
rm +r'm, (2) r(m+m') = rm +rm/, (3) (rr')m = r('m), (4) rOpy =
0py = Om for all r,7" € R and m,m’ € M. Right R-semimodules and
R-S-bisemimodules are defined analogously. We will distinguish left and
right R-semimodules by writing p M and Mp, respectively. Let M and N

! Although Golan called it a hemiring, we call it semiring in the present article.
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be two left R-semimodules. Then a monoid homomorphism f : M — N is
called a left R-homomorphism if f(rm) = rf(m) for allr € R and m € M.
The set of all R-morphisms from M to N is denoted by Hompg(M, N), in
particular Endg (M) denotes the set of all R-morphisms from M to itself.
Right R-homomorphisms and bisemimodule homomorphisms are defined
analogously.

A semiring R (semimodule P) is called additively cancellative |7| if
a+ x = a+yimplies x = y for all a,z,y € R (respectively a,z,y € P)
and called additively idempotent |7] if a +a = a for all a € R (respectively
a € P). If for each element a of a semiring R (semimodule P) there exists
an element b € R (respectively b € P) such that a4+ b+ a = a the semiring
(respectively semimodule) is said to be additively regular [6]. A semiring
R (semimodule P) is said to be zero-sum free [7] if a +b = 0 implies
a=">b=0 for all a,b € R (respectively a,b € P). A nonempty subset I of
a semiring R is called an ideal [6] of R if i + j € I and ri,ir € I for any
i,j € I and r € R. A semiring (semimodule) is said to be Noetherian |6]
if any ascending chain of ideals (respectively subsemimodules) terminates.

Now we recall some preliminaries related to k-ideals and h-ideals. An
ideal I of a semiring R is called a k-ideal [8]| (also called subtractive
ideal in [6]) of Rif forz € I,y € R,x+y € I impliesy € I. A
subsemimodule N of a semimodule P is called a k-subsemimodule® (called
subtractive subsemimodule in [6]) of P if forx € N, y e P, c +y € N
implies y € N. An ideal I of a semiring R is called an h-ideal [8] of
R if for y1,y2 € I, z,2 € R, x+y1 +2 = y2 + z implies x € I. A
subsemimodule N of a semimodule P is called an h-subsemimodule [14] of
Piffor y1,y2o € N, z,2 € P, x +y; + 2z = ya + 2 implies € N. The k-
closure [8] of an ideal I (a subsemimodule N) is denoted by I (respectively
N) and is defined by I = {x € R | x + i € I for some i € I} (respectively
N={r e P|z+pé€ N for some p € N}). The h-closure [8] of an ideal T
(a subsemimodule N) is denoted by I (respectively N) and is defined by
I={zxeR|z+y +2z=1ys+zforsome y,yo € I, z € R} (respectively
N={ze€P|x+p +2z=ps+ 2z for some p;,ps € N, z € P}).

An ideal I of a semiring R defines a congruence By on R, called the
Bourne congruence [6], given by rByr’ if and only if there exist a,a’ € T
satisfying r +a = 1’ 4+ @’. Similarly I defines another congruence Z; on R,
called the lizuka congruence [6], given by rZ;r’ if and only if there exist
a,a’ € I and s € R satisfying r +a+s =1 +a’ + s. A congruence p on a
semiring R is called a ring congruence [5] if the factor semiring R/p is a

n the present article subtractiveness is replaced by k.
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ring. A subsemimodule N of a semimodule P defines a congruence By on
P, called the Bourne congruence [6], given by pBnp’ if and only if there
exist a,a’ € N satisfying p +a = p’ + d’. Similarly N defines another
congruence Zy on P, called the lizuka congruence |6], given by pZnp' if and
only if there exist a,a’ € N and p” € P satisfying p+a+p”" =p +d +p".
For preliminaries on category theory we refer to 2], [9] and [12].
We adopt the following notions from Anh and Marki [4].

Definition 2.1. Let R be a semiring and E(R) be a set of idempotents
of R. Then R is said to be a semiring with local units if every finite subset
of R is contained in a subsemiring of the form eRe where e € E(R) or
equivalently if for any finite number of elements r1,7r9,...,7r, € R, there
exists e € E(R) such that er; = r; = r;e forall i = 1,2, ..., n. In this case
E(R) is a set of local units (slu) of R.

Here we give some examples of semirings with local units.

Example 2.2. 1. Suppose L is a distributive lattice with the least element
0 but with no greatest element'. Consider L together with the addition
+ and multiplication - defined by a + b = sup{a,b} and a-b = inf{a,b}
respectively, for a,b € L. Then (L, +, -) is a semiring with additive identity
0 but with no multiplicative identity. But it is a semiring with local units,
as for any two elements a,b € L, by the absorption law, a - (a +b) =a =
(a+b)-aand b-(a+b)=b=(a+0b)-b,ie., a+ b acts as the common
two-sided identity of a and b.

2. Let S be a semiring with identity, X be an infinite set and R =
{f | f+ X — S has finite support}. Then R together with the operations
(f +9)() = f(x) + g(z) and (fg)(x) = f(x)g(z) for f,g € R and
x € X is a semiring without multiplicative identity. But it is a semiring
with local units in view of the following reasons. Suppose f,g € R with
finite supports supp(f) and supp(g) respectively, define h : X — S
by h(z) = 1 if x € supp(f) Usupp(g) and h(zx) = 0 otherwise, then for
x € supp(f), fh(z) = f(x)h(z) = f(z) and for z € X \supp(f), fh(z) =
f(z)h(x) =0-h(x) =0 = f(z). By a similar argument hf = f and hence
fh = f = hf and similarly gh = g = hg, i.e., h acts as a two-sided identity
of f and g.

Definition 2.3. A left R-semimodule M over R is said to be unitary if
RM = M i.e., for each m € M, there exist r1,7s,...,r, € R and mq, ms,
.o.,my, € M such that m = rimq + romo 4+ -+ + rpymy,.

YN, lem, ged), (N, maz, min), where N is the set of all non-negative integers, are
some examples of such lattices.
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Remark 2.4. If R is a semiring with slu F and M is a unitary R-
semimodule then for each m € M, m = rymy +romo + --- + r,m,, for
some 11,7r2,...,T, € R, my,mo,...,m, € M. Now for ri,r9,...,1, € R,
there exists e € I such that er; = r; for all i = 1,2,...,n, therefore
m =y rim; =y . erym; = em. Thus for every finite subset A" C M
there exists an e € E such that eM’ = M’.

By R-Sem we denote the category of unitary left R-semimodules
together with usual R-morphisms.

3. Locally projective generators

In what follows unless otherwise mentioned any semiring is with local
units and homomorphisms of semimodules are written opposite the scalars.

Definition 3.1. [6] Let R be a semiring with local units. A semimodule
P € R-Sem is said to be projective if for a surjective R-morphism ¢ : M —
N and an R-morphism a : P — N in R-Sem there exists an R-morphism
a: P — M satisfying a¢ = a.

Recall that [10], for any R-semimomodule P, the trace ideal tr(P) :=
ZqEHomR(P,R) PqC R.

Proposition 3.2. Let R be a semiring with local units. For any semi-
module P € R-Sem, the following are equivalent:

(1) tr(P) = R.
(2) There ezists a surjective R-morphism ¢ : @; P — R for some index
set I.

(3) For every semimodule M € R-Sem, there exists a surjective R-
morphism 1 : @, P — M for some index set A.

Proof. (1) = (2) Consider the family of all R-morphisms, f, : P —
R. Now if we set I = Hompg(P, R), then the coproduct induced map
[ =@, fa: ;P — R is a surjective R-morphism since (P, P)f =
> teer Pla=tx(P) = R.

(2) = (3) Suppose there exists a surjective R-morphism ¢ : @; P — R
for some index set I. Now let M € R-Sem, then for each m € M consider
the map pn, : R — M defined by r — rm, then the coproduct induced
map p = @,,crrPm : Py R — M is a surjective R-morphism since
Dy R)p = 2 mern Bom = Y ens Bm = M. Then the direct sum
¢ =DBye: By@,;P) — B, R is a surjection. Hence ¢ = ¢'p :
@, P — M is a surjective R-morphism where A = UMI L

1U denotes the disjoint union
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(2) follows trivially from (3).

(2) = (1) Suppose there exists a surjective R-morphism ¢ : @; P — R
for some index set I. Consider the natural inclusions ¢; : P — @, P for all
i € I. Now for each i € I, let ¢; = 1;¢, then R = (; P)¢ = > ,c; Poi C
> geHomp(p,r) P4 = tr(P). Hence tr(P) = R. O

Definition 3.3. A semimodule P € R-Sem is said to be a generator for
the category R-Sem if P satisfies the equivalent conditions of Prop. 3.2.

Let R be a semiring with local units. Let M be a unitary left R-
semimodule and A be a subset of M. Then RA = {ria; + rea2 + -+ +
Tnan | n €N, r; € R, a; € A, foralli =1,2,...,n} is the subsemimodule
generated by A. If A generates all of the semimodule M then A is a set
of generators for M. A unitary R-semimodule M is said to be finitely
generated if it has a finite set of generators.

We skip the proof of the following proposition as it is analogous to
that of its counterpart in module theory (see |3, Proposition 10.1]).

Proposition 3.4. If M is a finitely generated unitary left R-semimodule
then the following hold:
(1) For every set A of subsemimodules of M that spans M, there is a
finite set F C A that spans M .
(2) Every semimodule that generates M finitely generates M.

Lemma 3.5. Retract of a projective unitary R-semimodule is projective.

Proof. Using the definition of projectivity in R-Sem (cf. Def. 3.1), the
result follows easily from the proof of [9, Prop. 1.7.30] by replacing the
notion of epimorphism by surjectivity. O

The next result is simply a restatement of Prop 17.19 of [6] in the
special case of the category R-Sem of R-semimodules where R is a semiring
with local units.

Proposition 3.6. If {P;| i € Q} is a family of unitary left R-semimodules
then P = @, P; is projective if and only if each P; is projective.

Proposition 3.7. g P is a finitely generated projective unitary semimodule
if and only if there exists an idempotent e € R such that P is a retract of
(Re)™, n > 1.

Proof. Suppose P is a finitely generated projective unitary semimodule.
If P = {0} then the zero map 6 : Re — P is a retraction in R-Sem. So
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we assume that P # {0} and {p1,p2,...,pn} is a spanning set of pP.
Then there exists e> = e € R such that ep; = p; for all i = 1,2,...,n.
Consider ¢ : (Re)" — P defined by (z1,22,...,2,)¢ = >, x;p;. Since
for any p € P there exist r1,79,...,r, € R such that p = > | rip;,
(rie,ro€, ..., rpe)p = > " rep; = y i rip; = p. Thus ¢ is onto. Now
P being projective there exists h : P — (Re)"™ such that h¢ = idp.
Conversely, suppose 9 : (Re)™ — P is a retraction in R-Sem. Let f : A —
B be a surjection in R-Sem and g : Re — B be an R-morphism. Define
g: Re — Abyt— ta, wheret € Re and a € A such that af = eg (if there
are more than one a € A with af = eg then we choose any one of them
and fix it throughout). Then gf = g, hence Re is projective. Therefore by
Prop. 3.6, (Re)™ is projective and from Lemma 3.5, g P is projective. Also

since (Re)™ has a finite spanning set {e; : i = 1,2,...,n}, where each
e;=(0,...,e,...,0), with e in the i—th place for alli =1,2,....,n, P is
spanned by {e;v: i =1,2,...,n}. Thus rP is finitely generated. O

The notions introduced in the following two definitions are adopted
from Anh and Marki [4].

Definition 3.8. Let I be a partially ordered set such that for each 7,5 € I
there exists k € I with i,7 < k and (M;);c; a family of unitary R-
semimodules. Then (M;);er is said to be a direct system if for any i < j
we have R-morphism ¢;; : M; — M; such that ¢;; = 1y, for all i € I and
Gijpjk = Gi for i < j < k.

Moreover a direct system (M;);cy is called a split direct system if for
each 7 < j in [ there exists vj; : M; — M; such that ¢;;1;; = 1, and
Yy = g for 1 < j < k. In this case it follows that 1y = 1.

Definition 3.9. A unitary R-semimodule M is said to be locally projective
if it is the direct limit of a split direct system (M;);c; consisting of
subsemimodules that are finitely generated projective.

Proposition 3.10. The R-semimodule pR is a locally projective genera-
tor.

Proof. Let E be a set of local units of R. Define a binary relation < on E by
e < fifand only if ef = fe = e. Then clearly < is a partial order relation
on F and R being a semiring with local units (F, <) is an upward directed
set. Now for each idempotent e € R and for each pair e, f € R with e < f
consider the map ¢ ¢, : Rf — Re given by 1’ +— r’e, where r’ € Rf and the
natural inclusion maps ¢. : Re — R and ¢.s : Re — Rf. Then (Re)cck
is a split direct system in R-Sem and R = lzl;LERe where Re is finitely
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generated projective (as seen in the proof of Prop. 3.7) R-semimodule
for each e € E. Hence R is locally projective. Also for any unitary R-
semimodule M and for each m € M consider the map p,, : R — M
defined by r +— rm, then we have p = @,,cs Pm : @y R — M, where
Dy R)p = e Bom = D enr Bm = M, which implies that p is a
surjection. Therefore R is a generator in R-Sem. [

Proposition 3.11. Let M be a locally projective unitary R-semimodule,
then every finitely generated subsemimodule P of M is contained in a
finitely generated projective subsemimodule of M .

Proof. Let M be a locally projective unitary R-semimodule. Then there
exists a split direct system (cf. Definition 3.8) (M;);er of finitely generated
projective subsemimodules of M such that M = lz_r>n]MZ Let M' =
UM;/p, where p on UM; is given by (z,4)p(y, 7) if and only if there exists
ke 1, i,5 <k such that x¢;;, = ydji, where i,5 € I, x € M;, y € M;.
Using the existence of ;s for each i, 5" € I, i’ < j’, it then easily follows
that (z,4)p(y,7) if and only if x¢;, = yoji, for all k € I, i,j < k. Now
it is a routine matter to verify that M’ together with the family of R-
morphisms ¢; : M; — M’ given by x — [(z,1)], is the direct limit of
the split direct system (M;);cr. Let P be a subsemimodule of M with a
finite spanning set {p1,p2,...,pn}. Then identifying M with M’ we have
pr = [(k, k)], for each k =1,2,...,n where iy, € I, x, € M;,. Let t € I
such that i <t for all k =1,2,...,n. Then for each k =1,2,...,n we
have py = zr¢i, = xp¢i 10t € Mo Therefore P C Mgy = My, where
M is a finitely generated projective subsemimodule of M. Hence the proof
is complete. ]

We observe that if R and S are semirings with local units and Ug
and pVyg are unitary then Homg (U, V) is a left R-semimodule by putting,
for ¢ € Homg(U,V) and r € R, (r¢)(u) = r¢(u) for u € U. The sub-
semimodule RHomg(U, V) is the largest unitary R-subsemimodule of
Homg (U, V).

Proposition 3.12. Suppose R is a semiring with slu FE. Then
p: 1lrpsem — RHomp(R, ) is a natural isomorphism where for each
M € R-Sem, ppr : M — RHompg (R, M) is given by m — mpps (1 +— rm).
For M'e R-Sem and f € Hompg(M,M'), py : RHomg(R, M) —
RHompg (R, M') is given by v+ ~vf.
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Proof. Clearly pps is an R-morphism. Also the following diagram com-
mutes:

M P RHompg(R, M)

! ipf

M RHompg(R, M’)

Py’

since r((mpar)py) = r(mparf) = (rm)f = r(mf) = r((mf)par). Hence
p is a natural transformation. For M € R-Sem, let my, mo € M, such
that mipyr = mopar. Now since there exists e € F such that em; =
mi, emg = mg, we have m; = e(myppr) = e(mapar) = mo. Hence pyy is
injective. Now let rf € RHompg(R, M) and suppose (r)f =m € M then
for any t € R, t(mpn) = tm =t((r)f) = (tr)f = t(rf) i.e.,, mpy =1f.
Thus p is a natural isomorphism. O

Definition 3.13. [10] Let Mg be a right R-semimodule and g N be a left
R-semimodule. If I is the free Np-semimodule generated by the cartesian
product M x N and o is the congruence on F' generated by all ordered pairs
having the form ((m+m’,n), (m,n)+(m’,n)), ((m,n+n’), (m,n)+(m,n’))
and ((mr,n), (m,rn)) with m,m’ € Mg, n,n’ €g N and r € R, then the
factor semimodule F'/o is defined to be the tensor product of M and N
and is denoted by M ®z N. When there is no confusion over the semiring,
we denote the tensor product as M ® N and the class containing (m,n)
by m ® n.

Proposition 3.14. Suppose R is a semiring with slu E and M € R-Sem.
Then R®@ M = M.

Proof. Suppose R is a semiring with slu £ and M is a unitary R-
semimodule. Consider the map p: M — R® M defined by m — e ® m,
where m € M and e € F such that em = m. First we show that the
definition is independent of the choice of the idempotent e. Suppose e and
f are two idempotents in R such that em = m = fm. Let g € E be a
common identity of e and f, thene®@ m =ge®@m = gR em = g ® m.
Similarly f®m = g®m, hence e®m = f ®m. Now it is a routine matter
to verify that p is an R-morphism. Also consider the map v : RQ M — M
defined by r ® m — rm, where r € R and m € M. Clearly v is a well
defined R-morphism. Now for r € R, m € M, we have

(rem)u=(rmp=ecRrm=er@m=rQm,
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where e € F such that er = r, i.e., erm = rm. Also

mup = (g @ m)yp = gm =m,

where g € E such that gm = m.
Hence p is an isomorphism, i.e., R®@ M = M. [

Suppose R is a semiring with slu F(R) and g P is a unitary semimodule.
Let T be a subsemiring of Endgr P having local units F(7") such that
TEndr P =T and P € Sem-T'. Now consider the T'— R bisemimodule
@ = THompg(P, R)R. Then define:

T:PRQ—R and QP —T
PR q— pg q@p—qp (P — ('q)p)

It is routine to verify that the maps 7, u are respectively R — R and T —T
bisemimodule morphisms. Also, there is a QQ PQ-associativity, i.e., for any
q,¢ € Qand p' € P, q(p'q') = (qp')¢ since for any p € P, p(q(p'q)) =
(ra)(P'd") = ((pa)p')d" = (p(ap'))d" = p((ap)d) ie., a(pd’) = (ap)d’-

In the notations introduced above, we obtain the following results (cf.
Prop. 3.15 - 3.19) characterizing locally projective generators which are
the counterparts of Prop. 3.7, 3.10, Theorem 3.11, Prop. 3.12, Corollary
3.13 respectively of [10] in our setting.

Proposition 3.15. gP is locally projective and P f is finitely generated
forall f € E(T) if and only if p: Q @ P — T is a surjection. Moreover,
if b 1s a surjection, then it is an isomorphism.

Proof. For the necessary part, let f € E(T'). Then since Pf is finitely gen-
erated, by Prop. 3.11, there exists a finitely generated projective subsemi-
module P’ of P such that Pf C P’ i.e., Pf = Pf> C P'f C Pf. Therefore
Pf = P'f, hence it is projective (since P’f being a retract of P’ is pro-
jective). Therefore by Prop. 3.7, there exists a retraction ¢ : (Re)” — Pf
for some n € N, e? = e € R with coretraction ¢ : Pf — (Re)", i.e.,
¢ = idpy. Consider e; € (Re)"™ with e as the ith coordinate and all

others being 0 for each ¢ = 1,2,...,n, then for the canonical projections
7 : (Re)™ — Re we have " | xme; = x for all x € (Re)™. Let p; = e;¢
and o; = wym; for each i = 1,2,...,n where 7 : gP —p Pf is given

by p — pf. Now if we put ¢; = fase € THompg(P,R)R = Q, for all
i=1,2,...,n. Then for any p € P, we have pg; = p(fase) = ((pf)a;)e =
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((pf)(mpm;))e = (pf)(Wm;) for all 4 = 1,2, ..., n. Therefore for any p € P,

pY api =Y plap) =Y (pa)pi = Y _((pf)(¥mi))(eid)
=1 =1 =1 =1
= O _(f)vmied = (pf)vo = pf,
=1

le, f = Y, ¢pi- Now for any t € T there exists an idempotent
f = >." qpi such that t = ft. Then we have t = ft = Y " | gipit =
(>, ¢ @ pit). Thus p is onto. Conversely, for any idempotent f € T,
there exist p; € P, ¢; € Q for i =1,2,...,n such that u(>"7" | ¢; ® p;) =
Sor,qipi = f. Let e € E(R) such that gie = ¢; for all i = 1,2,...,n.
Then we define « : (Re)” — Pf by (x1,22,...,2n) = Y iy xipif and
B:Pf— (Re)" by y = (441,942, - - -, Yqn). Then for y € Pf,

n

yBa = (yq1,yq2, - - yan)a = > _(yai)pif =Y _((ya)pi) f
i=1

i=1

= ylaw)f =y _ap)f =yf* =y,
i=1 i=1

i.e., Ba =idps. Hence Pf being a retract of (Re)" is finitely generated
projective (by Prop. 3.7). Also, P = limpP f (can be proved along the
same lines as Prop. 3.10). Therefore P is locally projective.

Now let p be a surjection and p(3 1% ¢; ®@ pi) = p(3_5_, ¢; @ pj).
Since Pr is unitary there exists f € E(T') such that p;f = p;, p}f = D]
forall s =1,2,...,m and j = 1,2,...,n. Now by the surjectivity of
w, f= Zle yixy, where 2 € P, yp € Q for alll = 1,2,...,k. Then we
have

m m k
Yoawopi=Y a0 um) =Y a@pilyz) =Y 4 Py
i=1 i=1 I=1 il il
= Z ai(piy) © 1 = Z(%’Pz’)yz ®x = Z(Z aipi)y © x
i

il il ]
n

=2 Q_apuen == o
o j=1

which proves that p is injective. Hence p is an isomorphism. O
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Proposition 3.16. pP is a generator for R-Sem if and only if T : PRQ —
R is a surjection. Moreover, if T is a surjection, then it is an isomorphism.

Proof. For the necessary part, since pP is a generator, pR is a sum
of homomorphic images of P, i.e., every r € R can be written as r =
E?:l pidi, pi € P, ¢; € Hompg(P, R) for alli =1,2,..., k. Now, since Pp
is unitary, there exists f € E(T) such that p;f = p; for alli =1,2,... k,
also there exists e € F(R) such that re = r. Therefore we have

k k k
r= (Zm@)e = Z(pz@)e = Zpi(¢i€)
zk—l i=1 . i=1 .
= wif)(die) = pilfoie) =7 pi @ foie),
i1 i—1 =1

where f¢;e € THomp(P, R)R = Q. Therefore 7 is onto. Conversely, let 7
be a surjection then R = 3" -0 Pq € >~ ctomy(p,r) ¢ = tr(P), therefore
R = tr(P). Hence rP is a generator for R-Sem.

Now if we assume 7 to be surjective, then the injectivity of 7 can be
proved in a manner similar to that of x in Prop. 3.15. O

Combining the above two results we obtain the following result.

Proposition 3.17. rP is a locally projective generator and r P f is finitely
generated for all f € E(T) if and only if p: QP — T and 7 : PRQ — R
are T-T and R-R isomorphisms respectively.

Proposition 3.18. Let rpP be a locally projective generator for R-Sem
and rPf be finitely generated for all f € E(T). Then the following hold:
(1) R = (Endr P)R = REndr Q as semirings.
(2) Q := THompg(P, R)R = Homy (P, T)R as T-R-bisemimodules.
(8) P = RHomy(Q,T) as R-T-bisemimodules.
(4) P = (Hompg(Q, R))T as R-T-bisemimodules.
(5) T = (Endgr Q)T as semirings.

Proof. (1) Consider the map o : R — Endp P defined by o(r)(p) := rp,
wherer € R, p€ P. Forany r1,r2 € R, p€ P, o(ri+ra)p = (ri+r2)p =
rip +rep = o(r1)(p) + o(r2)(p) = (o(r1) + o(r2))p, ie., o(r1 +1r2) =
o(r1) + o(re). Also o(rira)(p) = (rire)p = ri(rep) = o(r1)o(re)(p),
ie., o(rire) = o(ri)o(rz). Thus o is a semiring morphism. Now let
o(r1) = o(ry) for some ri,79 € R. Therefore rip = rop for all p € P.
Suppose e € E(R) such that r; = rie, ro = r9e. Now using Prop. 3.16,



M. Das, S. GupTAa, S. K. SARDAR 49

there exist pp € P, qr € Q for k =1,2,...,n such that >}, prqr = e.
Therefore, 71 = r1e =113 0 prak = Y pey (T1Pk) 6 = D _jiey T2k )Gk =
T2 Y p_y Pkqr = T2€ = r9. Hence o is injective. Therefore identifying R
with the subsemiring o(R) of Endy P, let ¢ € (Endy P)R, then there
exists an idempotent ¢/ = Y| plg) € R, such that ¢e’ = ¢). Then for
any p € P we have

Y(p) = (v )p = v(e'p) = v(>_(pia)p) = v(>_ pi(gip))
=1 =1

m m m
=> @) dp) =D _W@a)p = o> _(v@h)d))®),
i=1 i=1 i=1
te, v =03~ (¥(p;)q})). Thus R = (Endy P)R as semirings. Similarly,
considering the map & : R — Endy @ defined by &£(r)(q) := gr we can
show that R = REndr Q) as semirings.
(2) Define the map A : @ — Homyp(P,T)R by A(q)(p) := gp, where
q € Q, p e P. For g € Q there exists ¢ € E(R) such that q¢’ = g,
therefore using the QRP-associativity (A(¢)e')p = A(q)(e'p) = q(e'p) =
(g€)p = qp = Aq)(p), i.e., AM(q) = Aq)e/ € Homp(P,T)R. That X is a
monoid morphism follows from the fact that p is a monoid morphism and
using the Q RP-associativity we have (tA(¢)r)(p) = tA(¢)(rp) = t(q(rp)) =
t((qr)p) = (tgr)p = A(tgr)(p). Thus A is a T-R morphism. For ¢,¢' € Q,
let A(¢) = A(¢') then for any p € P, qp = ¢'p. Suppose ¢ = e € R
such that ¢ = ge, ¢ = ¢'e. Now, in view of Prop. 3.16, there exist
pr € P, qp € Q for k =1,2,...,n such that > }_, prqr = e. Therefore,
q=qe=q3 % Pedr = 21 (qPr) @k = D51 (4'Pr) Gk = ' 3 j_y Prar =
¢d'e =q'. Let ¢ € Homp(P,T)R, then there exists ¢’ = > " piq; € E(R),
such that ¢e’ = ¢. Then using T'Q P-associativity, for any p € P we have

¢(p) = ((Z)e/)p = (Z)(e/p) = ¢(Z pzqz sz sz
i—1
=> o) (gip) = > _(e(p))a))p = A Z o (p})ai))
i—1 i—1 i—1

e, ¢ =AD" ((p))d))). Thus X is an isomorphism.
(3),(4) can be proved in a manner similar to (2) and (5) can be proved
along the same lines as (1). O

Proposition 3.19. Let rP be a locally projective generator for R-Sem
and gPf be finitely generated for all f € E(T). Then 1Q € T-Sem, Pr €
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Sem-T', Qr € Sem-R are locally projective generators for their respective
categories.

Proof. Suppose that gP € R-Sem is a locally projective generator for
R-Sem and pPf is finitely generated for all f> = f € T. Then by
Prop. 3.18, identifying P with R Homz(Q,T) and R with REndr @ and
using the fact that 7 and p are isomorphisms (Prop. 3.17) and finally
applying Prop. 3.17 to 7@, we have that £Q € T-Sem is a locally projec-
tive generator. Similarly Pr, Qg can be proved to be locally projective
generators for their respective categories. [

4. Morita equivalence and Morita context

Definition 4.1. Let R, S be two semirings with local units. We call R
and S to be Morita equivalent if the categories R-Sem and S-Sem are
equivalent, i.e., there exist additive functors F' : R-Sem — S-Sem and
G : S-Sem — R-Sem such that F' and G are mutually inverse equivalence
functors.

In what follows by equivalence functors we mean additive equivalence
functors. In this section we are going to characterize Morita equivalence
for semirings with local units (cf. Theorem 4.13). In order to achieve this
we first obtain some results below.

Definition 4.2. A unitary bisemimodule rPg is said to be faithfully
balanced if the canonical homomorphisms S — Endr P and R — Endg P
given by s — ps(p — ps) and r — A\.(p — rp) respectively, where
s €S, re R, pe P, are injective and identifying R and S with the
corresponding subsemirings of endomorphisms of P, SEndg P = S and
(Ends P)R = R.

The following result is analogous to the case of categories of semimod-
ules over a semiring with identity [10] and can be proved in a similar
manner.

Lemma 4.3. Let F' : R-Sem = S-Sem : G be an equivalence of the
categories R-Sem and S-Sem, and 0 be a surjection in R-Sem. Then F(6)
s a surjection in S-Sem.

Lemma 4.4. Let F' : R-Sem & S-Sem : G be an equivalence of the
categories R-Sem and S-Sem, and rP € R-Sem be projective. Then
F(P) € S-Sem is projective, too.
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Proof. By Lemma 4.3, I' preserves surjections. So in view of the definition
of projectivity in the category of unitary semimodules [cf. Def. 3.1|, with
relevant modification of the proof of [9, Proposition 5.1.34| by replacing
the notion of epimorphism by surjectivity, the result follows easily. O

Lemma 4.5. Let F' : R-Sem = S-Sem : G be an equivalence of the
categories R-Sem and S-Sem, and rP € R-Sem be a generator for R-Sem.
Then F(P) € S-Sem is a generator for S-Sem.

Proof. Let N € S-Sem. Since P is a generator, there exists a surjection
a: PU) — G(N) for some non-empty index set I. By Lemma 4.3, F(a) :
F(PW) - FG(N) is a surjection where FG(N) = N. Also F and G
being mutually inverse equivalence functors, by [9, Prop. 5.1.31], G is the
right adjoint of F. Then by the dual of [12, Theorem 5.5.1|, F' preseves
direct limits, hence preserves coproducts, i.e., F(P(I)) = F(P)(I). Thus
N is a homomorphic image of a direct sum of copies of F'(P). Hence F(P)
is a generator for S-Sem. O

We skip the proof of Lemma 4.6 and Lemma 4.7 as they can be proved
along the same lines as in the case of module theory [3].

Lemma 4.6. Let F' : R-Sem — S-Sem be a categorical equivalence.
Then for each M, M’ € R-Sem the restriction of F' to Hompg(M, M),
F : Homp (M, M') — Homg(F (M), F(M")) is a monoid isomorphism. In
particular F : Endg(M) — Endg(F(M)) is a semiring isomorphism.

Lemma 4.7. Let F': R-Sem — S-Sem be an equivalence of the categories
R-Sem and S-Sem, and let P € R-Sem be finitely generated. Then
F(P) € S-Sem s finitely generated, too.

Theorem 4.8. Let F' : R-Sem = S-Sem : G be an equivalence of the
categories R-Sem and S-Sem, and let pP € R-Sem be a locally projective
generator. Then F(P) € S-Sem is a locally projective generator, too.

Proof. By |9, Prop. 5.1.31], G is the right adjoint of F'. Then by the dual
of [12, Theorem 5.5.1|, F' preseves direct limits. Using this fact together
with Lemmas 4.4, 4.5 and 4.7 we obtain the result. L]

In the following proposition we observe the adjointness of the tensor
functor and Hom functor between the categories of unitary semimodules.
It is a routine verification so we omit the proof.
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Proposition 4.9. Let R, S be semirings with local units and sAr €
S-Sem-R, rpB € R-Sem, ¢C € S-Sem. Then

¢ : Homg(A ® B,C) — Homp (B, RHomg (A, (C))

given by
ar— o : B— RHomg(A4,C)
b—ba : A—C
a— (a®ba
is a bijective mapping natural in sAr, rB, sC. In particular, the functor
RHomg(A, —) is right adjoint to the functor A ® —.

The next result is the counterpart of Theorem 4.5 of [10] in this general
setting.

Theorem 4.10. For a functor ' : R-Sem — S-Sem the following state-
ments are equivalent.

(1) F has a right adjoint.

(2) F preserves direct limits.

(3) There exists a unitary S-R-bisemimodule Q such that the functors
Q ® — : R-Sem — S-Sem and F' are naturally isomorphic.

Proof. (1) = (2) and (3) = (1) follow from the right analogue of [12,
Theorem 5.5.1] and Prop. 4.9 respectively.

(2) = (3) Let Q := F(R) € S-Sem. Then F' induces a right R-
semimodule structure on ) with the R-action given by Q x R — @Q by
(q,7) — qF(p,) where p, : R — R is given by z + zr. In order to show

that Qg is unitary, suppose ¢ € Q. Now Q = F( U Re)= U F(Re)
¢€E(R) e€E(R)

(since R is a semiring with local units, union coincides in this formula with
direct limit and by the hypothesis F' preserves direct limits). Therefore
q € F(Re) for some idempotent e € R. Then we have ge = qF(pe) = q
(since p. = 1ge implies that F'(pe) = 1p(ge)). Thus @Q is a unitary S-
R-bisemimodule. Then the proof follows similarly as in [10, Theorem
4.5]. O

Theorem 4.11. Let R and S be Morita equivalent semirings with local
units via inverse equivalences F : R-Sem — S-Sem and G : S-Sem —
R-Sem. Set P = G(S) and Q = F(R). Then the following hold:

(1) rPs, sQr are unitary faithfully balanced bisemimodules.

(2) rP, Ps, sQ, Qg are locally projective generators.

(3)F2Qe—, GE2P®—,
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(4) F= SHOIHR(P, _)7 G= RHomS(Qa _)'
(5) rPs = RHomg(Q, S) = (Homg(Q, R))S and

SQR = SHOIDR(P, R) = HOIHS(P, S)R

Proof. Let G(S) = P, then G being an equivalence functor using Lemma 4.6
we have Endg S = Endg P as semirings. By Prop. 3.12, S = SEndg S
as semirings. Since P is a right Endp P-semimodule, identifying S with
the subsemiring S Endg S of Endg S, P can be considered as a right S-
semimodule with the action P x S — P given by (p, s) — pG(ps) where
ps : S — S is given by t — ts. That Pg is unitary follows similarly as in
the proof of Theorem 4.10. Thus P is a unitary R-S-bisemimodule. Now
since S is a locally projective generator, by Theorem 4.8, pP = G(S5) is
a locally projective generator. In view of Lemma 4.7, Pf = G(Sf) is a
finitely generated left S-semimodule for all f € E(S) and S = S Endg S =
SEndg P as semirings. Since pP is a locally projective generator with
Pf finitely generated for all f2 = f € S, using (1) of Prop. 3.18 we
have R = (Endg P)R as semirings. Hence rPg is a faithfully balanced
bisemimodule. Similarly @ = F(R) is a unitary faithfully balanced S-R-
bisemimodule. Hence (1) is proved.

Since F' and G are mutually inverse equivalence functors, they are
adjoint to each other [9, Prop. 5.1.31]. Therefore using Theorem 4.10, we
obtain F' = Q® —. Similarly G =2 P®—. By Prop. 4.9, Q ® — is left adjoint
to RHomg(Q,—) and P ® — is left adjoint to SHompg(P, —). Then by
uniqueness of adjoint functors upto natural isomorphism |9, Cor. 5.1.10],
we obtain F' =~ Q® — =2 SHomp (P, —) and G 2 P® — = RHomg(Q, —).
This proves (3) and (4).

Now using (4) we obtain, P = G(S) & RHomg(Q,S) as R-S-
bisemimodule and @ = F(R) = SHompg(P, R) as S-R-bisemimodule.
Since by (1), Qg is unitary, using Prop. 3.18 we obtain, Q =
QR = SHomp (P, R)R = Homg (P, S)R as S-R-bisemimodule and also
P = (Homp(Q, R))S as R-S-bisemimodule, which proves (5). Now (2)
clearly follows from Prop. 3.19. O

Definition 4.12. [15] Let R and S be two semirings and pPgs and sQr
be an R-S-bisemimodule and an S-R-bisemimodule, respectively and 7 :
P®s@Q — Rand u: QRrP — S be an R-S-bisemimodule homomorphism
and an S-R-bisemimodule homomorphism, respectively, such that 7(p ®
q)p' = pu(qep’) and p(q@p)q = qr(p@q’) for all p,p’ € P and ¢,¢’ € Q.
Then the sixtuple (R, S, U, V, 7, u) is called a Morita context for semirings.
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Moreover, we say that a Morita context is unitary if pPg and Qg are
unitary bisemimodules.

Theorem 4.13. Let R and S be semirings with local units. Then the
following are equivalent:

(1) R and S are Morita equivalent.

(2) There exists a faithfully balanced unitary bisemimodule rPs such
that pP 1s a locally projective generator and rPf 1is finitely generated for
all f € E(S).

(8) There exists a unitary Morita context (R, S,r Ps,s Qr, T, pt) with
surjective T, (4.

(4) There ezists a unitary Morita context (R, S,r Ps,s Qr, T, p) with
byjective T, .

Proof. (1) = (2) Let P := G(S5). Then the proof follows from Theo-
rem 4.11.

(2) = (3) Suppose there exists a unitary bisemimodule rPs such that
rP is a locally projective generator and rPf is finitely generated for
all f € E(S) and S = SEndg P as semirings. Let Q = SHompg(P, R)R.
Then define:

T:PRQ—R and p:QP—S
pP®q—pq q@p—qp (0~ (P'9)p)

It is routine to verify that the maps 7, u are respectively R — R and S — 5
morphisms. For any p’ € P,

(¥’ (qp)
P (a(pd

q = ((Pa)p)d

Pulgep)d = ((ap)d) =
' ) =P (ar(p®q)),

= (P'q9)(pd)

Le., ulg®@p)qd = qr(p@q’). Also T(p@q)p’ = (pg)p’ = p(qp’) = pu(g®p’).

Consequently (R, S,r Ps,s Qr, T, i) is a Morita context. By hypothesis,
rP is a locally projective generator and pPf is finitely generated for all
f € E(S)and S = SEndg P as semirings. Hence using Prop. 3.16 and
Prop. 3.15, we get that 7, i are surjections.

(3) = (4) Suppose (R, S,r Ps,s Qr, T, pt) is a unitary Morita context
with surjective 7, p. Let 7(3 0% pi @ ¢;) = T(zg‘:l P ®q;), where p;, p; €
P, qi,q; cQforalli=1,2,...,m, 7 =1,2,...,n. Since Qp is unitary,
there exists an idempotent e € R such that ¢,e = g;, q;e = q} for
alli = 1,2,...,m, j = 1,2,...,n. Now by the surjectivity of 7, e =
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T(Ele x; ®1y;), where x; € P, y; € Q for all 1 = 1,2, ..., k. Therefore we
have,

m m k
Ypiwa=Y pioar(d m@y)=> pi®qr(n@y)
=1 =1 =1

i)l

=Y piopa @)y =Y pip(a® )y

il 7,1

k m
- Z Z T(pi ® Qi)xl QY = Z T(Z pi @ qi)l‘l QY
l i

=1 i=1
k n n

=> 7O riedneu=-=>_ped,
=1 j=1 =1

which proves that 7 is injective. Similarly pu is also injective.

(4) = (1) Let (R, S,g Ps,s Qr, T, i) be a unitary Morita context with
bijective 7, . Then P ®g Q = R and Q ®r P = S. Therefore for every
M € R-Sem, P ®g (Q@RM) = (P@sQ)@RM 2 Rp M =M
(cf. Prop. 3.14). Now we consider the class of isomorphisms n = {nx :
P®s(Q®rX)—gr X| X € R-Sem}. Then 7 is a natural isomorphism
between the identity functor 1z.gem on the category R-Sem and the functor
P ®s (Q ®r —) as for all RX,gY € R-Sem and f € Homp(X,Y) the
following diagram commutes:

X Y
R®X i) RRY

Then P ®g (Q QR —) = 1R.Sem. Similarly QQ ®pg (P Ks —) > 1g.Sem. Thus
P ®g —:5-Sem — R-Sem : (Q ®g — is an equivalence of the categories
R-Sem and S-Sem. O

Analogously to Corollary 4.3 of [1], we have the following proposition.

Proposition 4.14. Let R be a semiring with slu. Then the following are
equivalent:
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(1) R is Morita equivalent to a semiring with identity.
(2) There exists an idempotent e € R such that R = ReR.

Proof. (1) = (2) Suppose R is Morita equivalent to a semiring S with
identity via inverse equivalences F': R-Sem = S-Sem : G. Let P = G(95).
Since S is a finitely generated projective generator, p P also is a finitely gen-
erated projective generator. Now rP being a finitely generated projective
unitary R-semimodule, by Prop. 3.7, there exists a surjective R-morphism
¢ : (Re)™ — P for some idempotent e € R and m € N which implies that
Re is a generator for R-Sem. Also since for any r € R, Rr is finitely gener-
ated, using Prop. 3.4 there exists a surjective R-morphism ¢ : (Re)” — Rr
for some n € N. Therefore there exists (r1,72,...,7r,) € (Re)™ such that
r = (ri,re,...,m)¥ = re((e,0,...,0)0) + - + re((0,...,0,e)y) €
ReRr C ReR, which is true for any r € R. Therefore R = ReR.

(2) = (1) Let P = Re. Then clearly P is a finitely generated projective
unitary R-semimodule. Also for any M € R-Sem, for each m € M consider
the map p,, : P — M defined by y — ym, where y € P, m € M. Then
p:@mGMpm:@MP_)M7Where (@Mp)p:ZmeMPpm:PM:
P(RM) = (PR)M = (ReR)M = RM = M, which implies that p is a
surjection. Thus P is a finitely generated projective generator hence a
locally projective generator for R-Sem. Now if we take S = Endr P =
Endg(Re) = eRe, then using (2) of Theorem 4.13, R and S = eRe are
Morita equivalent semirings. O]

5. Morita invariant properties

In this section we discuss some properties of semirings with local units
which remain invariant under Morita equivalence. The results obtained
here are nothing but counterparts of the results of [17] in the setting of
semirings with local units.

Theorem 5.1. Let R and S be Morita equivalent semirings with local
units via the Morita context (R, S, rPs, sQr, T, ). Then R is additively
cancellative (additively idempotent, additively reqular, zero-sum free) if
and only if P is additively cancellative (respectively additively idempotent,
additively regular, zero-sum free).

Proof. Let R be additively cancellative and a, b, ¢ € P such that a + ¢ =
b+ c. Also let t € S be an idempotent such that a = at, b = bt. Then
the result can be proved in a similar manner to that of [17, Theorem
2.1] by replacing ¢ in place of 1g. Other parts follow similarly from their
corresponding definitions. O
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Theorem 5.2. Let R and S be Morita equivalent semirings with local
units via the Morita context (R, S,r Ps,s Qr, T, ). Then the lattice Id(R)
of ideals of R and the lattice Sub(P) of subsemimodules of P are isomor-
phic. Moreover, the isomorphism takes finitely generated ideals to finitely
generated subsemimodules and vice-versa.

Proof. Let us define

f:1d(R) — Sub(P) and g:Sub(P)— Id(R)

FU) :={> irpr | px € P, i € I for all k; n € N},
k=1

and

n

g(N) :={> 7(pr®@q) | pr € N, qr € Q for all k; n € N},
k=1

respectively. Then with relevant modification of the proof of Theorem 2.2
[17] by replacing the identity by a local unit the rest of the proof can be
completed. ]

Remark 5.3. The above result has its counterpart for k-ideals and h-
ideals which is analogous to Theorem 2.5 of [17].

Remark 5.4. f and ¢ also preserve k-closure and h-closure.

The following result is an obvious corollary of Theorem 5.2 and the
result mentioned in Remark 5.3.

Corollary 5.5. Let R and S be Morita equivalent semirings with local
units via the Morita context (R, S,r Ps,s Qr, T, ). Then R is ideal-simple
(k-ideal simple, h-ideal simple) if and only if P is subsemimodule-simple
(respectively k-subsemimodule simple, h-subsemimodule simple).

The following result is the counterpart of Theorem 2.8 of [17] in the
present setting.

Theorem 5.6. Let R and S be Morita equivalent semirings with local
units via the Morita context (R, S, rPs, sQr, T, 1t). Then R is Noetherian
if and only if P is Noetherian.
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Theorem 5.7. Let R and S be Morita equivalent semirings with local units
via the Morita context (R,S,r Ps,s Qr, T, ). Then the lattices Con(R)
and Con(P) of congruences of R and P respectively are isomorphic. More-
over the isomorphism takes Bourne congruences to Bourne congruences,
lizuka congruences to lizuka congruences and ring congruences to module
congruences and vice-versa.

Proof. Let us define
a: Con(R) — Con(P) by ap):=a,”

and

B:Con(P) — Con(R) by B(o):=B,",

where
n n
Qap = {(Z T’kpk,zrkpk) | (r&,7%) € p, px € P for all k; n € N}
k=1 k=1

and

n n

Bo ={> 1(rr®a), > T70L®a)) | (pr, k) €0, qr€Q for all k; neN}.
=1 k=1

The rest of the proof is a slight modification of the proof of Theorem 2.10
of [17]. O

The following result is an obvious corollary of the above theorem.

Corollary 5.8. Let R and S be Morita equivalent semirings with local
units via the Morita context (R,S,r Ps,s Qr,T,1). Then R is (Bourne,
lizuka, ring) congruence-simple if and only if P is (Bourne, lizuka, module)
congruence-simple.

6. Concluding remark

All the above results in section 5 investigate relationship between R
and P. But similar relationship can be established between R and @, S
and P, S and @ i.e., Theorems 5.1, 5.2, 5.6, 5.7 have their counterparts
for other pairs of the components of Morita equivalent semirings with
local units. Since a semiring with identity is also a semiring with local
units, Theorems 4.11, 4.13 include some of the results of Theorems 4.6,
4.8 of [15].
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