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Groups whose lattices of normal subgroups
are factorial

A. Rajhi

Communicated by L. A. Kurdachenko

ABSTRACT. We prove that the groups G for which the lattice
of normal subgroups N (G) is factorial are exactly the UND-groups,
that is the groups for which every normal subgroup have a unique
normal complement, with finite length.

Introduction

The link between the structure of a group and the structure of some
lattices of it’s subgroups constitutes an important domain of research in
group theory. The topic has enjoyed a rapid development starting with
the first half of the 20th century. Many classes of groups determined
by different properties of partially ordered subsets of their subgroups
(especially lattices of subgroups or more particulary lattices of normal
subgroups) have been identified. We refer to Schmidt’s book |7] for more
information about this theory. In this paper, we consider the lattice N'(G)
of normal subgroups of an arbitrary group G as an arithmetic object. It
is not clear for the moment what we mean by this. In order to clarify our
idea, let’s take an example. Let n > 2 be an integer and D(n) the partially
ordered set (ordered by divisibility) of divisor’s of n. This partially ordered
set (for short poset) is actually a lattice in which the meet a A b and the
join a V b of two elements a,b € D(n) are respectively the latest common
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multiple and the greatest common divisor of @ and b. Note that D(n) is a
bounded lattice (in fact it is a finite lattice) in which the initial element is
1 and the final element is n. Moreover, the atoms of D(n) (ie. the minimal
elements of D(n)\{1}) are exactly the prime divisor’s of n and the coatoms
of D(n) (ie. the maximal elements of D(n)\{n}) are exactly the divisor’s
a of n such that the number n/a is a prime number. We will say that
the lattice D(n) is factorial (respectively cofactorial) if every element
a € D(n)\{1} (respectively a € D(n)\{n}) can be expressed uniquely (up
to permutation) as join (respectively meet) of a finite number of pairwise
distinct atoms (respectively coatoms). It is not hard to see that D(n) is
factorial (respectively cofactorial) if and only if n is a squarefree integer.
Now we can introduce this notion for different algebraic structures. For
example, let V' be a finite dimensional vector space and L(V') the lattice
of it’s subspaces Recall that the meet and the join of two subspaces Fj
and Fy of V' are given by

FiNF,=FNF and FiV Fy, = Fy + F5.

Note that the atoms (respectively coatoms) of L(V') are exactly the one
dimensional (respectively one codimension) subspaces of V. It is an easy
exercise in linear algebra to check that every subspace F € L(V)\{0}
(respectively F' € L(V)\{V'}) can be expressed as join (respectively meet)
of a finite number of pairwise distinct atoms (respectively coatoms) but
that such decomposition can not be unique. The lattice L(V') of subspaces
of V' is then atomic (respectively coatomic) but it is not factorial (re-
spectively cofactorial). Let G be an arbitrary group and N (G) it’s lattice
of normal subgroups. In this paper, we show that the lattice N'(G) is
atomic (respectively coatomic) if and only if G is an ND-group, that is a
group in which every normal subgroup have a normal complement, with
finite length on normal subgroups and that the lattice N'(G) is factorial
(respectively cofactorial) if and only if G is an UND-group, that is a group
in which every normal subgroup have a unique normal complement, with
finite length on normal subgroups.

1. Preliminaries

Recall that a join-semilattice is a partially ordered set (L, <) in which
the joint 2Vy (the least upper bound) of any two elements exists. Similarly,
a meet-semilattice is a partially ordered set L in which the meet z Ay (the
greatest lower bound) of any two elements exists. If L is a join-semilattice
(respectively meet-semilattice), the zero element (respectively unit element)
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of L, if it exists, is the least element (respectively the greatest element) of
L, we denote it by 07, (respectively 17). If there is no risk of confusion, we
denote by 0 (respectively by 1) the zero element (respectively unit element)
of a join-semilattice (respectively meet-semilattice) L. For simplicity, a join-
semilattice (respectively meet-semilattice) with zero element (respectively
unit element) is called a (V,0)-semilattice (respectively (A, 1)-semilattice).
Note that every commutative monoid (M, +,0) in which every element is
idempotent, which we call a commutative idempotent monoid, endowed
with its algebraic partial ordering defined by = < y if and only if x +y = y,
is a (V,0)-semilattice and it is a (A, 1)-semilattice if we endow M by
the reverse order. Conversely, every (V,0)-semilattice (respectively (A, 1)-
semilattice) L can be viewed as a commutative idempotent monoid in
which the addition is given by  +y = x V y (respectively x +y =z A y),
for all z,y € L. In this paper, by abuse of notation we don’t make
any difference between (V, 0)-semilattices (respectively (A, 1)-semilattices)
and commutative idempotent monoids. Let L be a (V,0)-semilattice. An
element p € L\{0} is called an atom of L, if for all z,y € L with = # v,
p=a Vyimplies x = 0 or y = 0. Dually, if L is a (A, 1)-semilattice, an
element ¢ € L\{1} is called an coatom of L, if for all z,y € L with = # v,
=z Ay impliesz =1ory=1.

Definition 1. Let L be a (V,0)-semilattice.
a) We say that L is atomic if every nonzero element of L is join of
a finite number of atoms, that is for every x € L\{0} there exist
atoms p1,...,pn of L such that x =p; V-V p,.
b) We say that L is factorial if it is atomic and if for every pairwise

distinct atoms pq,...,p, € L and for every pairwise distinct atoms
qiy--sqm € Lyifpr V- Vp, =q V-V @gn, then n = m and
there is a permutation o € S,, such that, for every i € {1,...,n},
4i = Po(i)-

We define dually coatomic and cofactorial (A, 1)-semilattices. Let
(L, A\, V) be a bounded lattice in which the zero element is denoted by 0
and the unit element is denoted by 1. We write a < b (a,b € L) if a < b
and if a < ¢ < bimplies c=a or ¢ =b, for all ¢ € L. An element p € L is
called an atom (respectively coatom) of L if 0 < p (respectively p < 1). A
lattice L is called atomistic (respectively coatomistic) if every element of
L is a join of atoms (respectively meet of coatoms). For more details, see
[6] section (5.2). If L is a bounded lattice, we denote respectively by Ly
and L, the two corresponding (V, 0)-semilattice and (A, 1)-semilattice. It
is not hard to verify that an element of the (V,0)-semilattice (respectively
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(A, 1)-semilattice) Ly (respectively Ln) is irreducible if and only if it is an
atom (respectively coatom) of the (V,0)-semilattice (respectively (A, 1)-
semilattice) Ly (respectively L,). This allows us to define the notion
of factorial and cofactorial lattices : A bounded lattice L will be called
factorial (respectively cofactorial) if the (V,0)-semilattice Ly (respectively
L,) is factorial (respectively cofactorial).

For an arbitrary group G, we denote by N(G) the bounded lattice of
normal subgroup of . Recall that for every normal subgroups H and K
of G, the meet and the join of H and K in N (G) are defined by

HNK=HNK and HVvVK=HK.

Let denote respectively by Nx(G) and M, (G) the two corresponding
(A, 1)-semilattice and (V, 0)-semilattice of the bounded lattice N (G). Let’s
recall firstly some notion of group theory which the reader can be found in
[4]. For a subgroups H and K of G, we write H < K if H is a subgroup
of K. A subgroup H of G is called a minimal normal subgroup if H is a
normal subgroup of G and if for every normal subgroup N of G, N < H
implies that N = H or N is trivial. If H is a subgroup of GG, a complement
of H in G is any subgroup K of G such that G = HK and H N K = {1}.
We call normal complement of H in G any complement of H in G which
is normal in GG. Note that if H is a normal subgroup of G, then H have
a normal complement in G if and only if H is direct factor in G, that is
G = H x K for some subgroup K of G which is necessarily normal. The
group G is called a T-group if for every subgroups H and K of G, if H
is normal in K and K is normal in G, then H is normal in G. That is
every subnormal subgroup of G is normal. For every elements =,y € G,
[z,y] = zyz~'y~! denotes the commutator of x and y. If X and Y are
subsets of G, we denote by [X, Y] the subgroup of G generated by the
commutators [z, y], with x € X and y € Y. The commutator subgroup of
G, denoted by D(G), is defined to be [G, G]. The group G is called perfect
if D(G) = G and it is called super-perfect if [G, H] = H for every normal
subgroup H of G.

Proposition 1. Let G be a group. Then the atoms of the idempotent
monoid N\ (G) are exactly the minimal normal subgroups of G.

Proof. Let H be a normal subgroup of G, with H # {1}. Suppose that H
is an atom of N (G) and let’s prove that H is a minimal normal subgroup
of G. Assume that H is not a minimal normal subgroup, then there exist
a non trivial normal subgroup K of G such that K; < H. Denote by
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K5 the subgroup of G generated by H\K;. We can check easily that
K> is a normal subgroup of G contained in H, distinct to K; and that
H = K K». Since H is an atom of My/(G), then Ky = {1} or Ky = {1}.
But by hypothesis Ky # {1}, then Ko = {1} which implies that Ky = H
which is impossible. Consquently, H is a minimal normal subgroup of G.
Conversely, assume that H is a minimal normal subgroup of G. If H; and
Hy are two distinct normal subgroup of G such that H = HyH», then
obviously Hy < H and Hy < H which implies by minimality of H that
Hy ={1}or H = H and Hy = {1} or Hy = H. The case where H; = {1}
and Hy = {1} and likewise, the case where H; = H and Hy = H are
impossible because H is not trivial and because H; and Hs are distinct.
The two other cases implies that H; = {1} or Hy = {1}. We deduce then
that H is an atom of NVy(G). O

Remark 1.

1) In the same way, we can check easily that the atoms of the idempotent
monoid N, (G) are exactly the maximal normal subgroups of G.

2) It is clear that any simple normal subgroup of a given group G is a
minimal normal subgroup, but the converse is not true in general.
Otherwise, for a T-group G, it is obviously true that any minimal
normal subgroup of G is simple.

Proposition 2. Let G be a group and let Hy, Ho, ..., H, are simple
normal subgroups of G. If G = H1Hs ... Hy, then there exist some indices
i1,...,0k € {1,...,n} such that

G:HZ'1><'--><Hik.

Proof. Let I ={1,...,n} and let £ be the partially ordered set (ordered
by inclusion) of non empty subsets J of I, J = {ji,...,Jr}, such that
G = Hj ...Hj . It is clear that £ is non empty (it contain I itself).
Let J ={j1,...,7-} be an element of £ of a minimal cardinal. Suppose
that the product G = Hj, ... Hj is not direct. Then we have Hj;, N
(H; fIJ\ZH]T) # {1¢}, for some index jy; € J, where the hat means
that the product is taken for all indices ji, ..., j, except the index jo .
But since Hj, is simple, then we have H;, N (Hj, ... Hj, ... H;.) = Hj,
which implies that H;, C (H}, ﬁ;Hh) Therefore we have G =
Hj ... ﬁj\z ... Hj_ which is impossible. O

Proposition 3 (|5], proposition (1.6.3)). Let G = Gy x -+ x G, and H
be a normal subgroup of G. If G1,...,G, are non abelian simple groups,
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then there exists a subset J = {ji,...,jr} C{1,...,n}, such that
H:Gjl X---XGjT.

Proposition 4. Let G be a group. If G = Gy X - - X Gy, where Gy, ...,Gy
are non abelian simple subgroups, then G is super-perfect.

Proof. Let H be a normal subgroup of G. By the previous proposition,
we have H = G;, x ...G;, for some indices ij,...,7, € {1,...,n}. By
rearranging the indices, we can assume that H = G X --- X G,.. The
subgroup [G, H] is a normal subgroup of G, thus it is a normal subgroup of
H. By a way of contraposition, assume that [G, H] < H which implies that
some factor G;, for 1 < i < r,is not appear in |G, H|. Say for example that
G, is not appear in [G, H]. We have then [G,H] < Gy X -+ X Gy_y. For
every 7,y € G, we have [v,y] = zyz 1yt € G, N (G1...G,_1) = {15}
which implies that G, is abelain which is a contradiction. We deduce
then that [G,H| = H for every normal subgroup of G and then G is
super-perfect. O

2. ND-groups and UND-groups

A group G is called an ND-group if every normal subgroup of G has a
normal complement. J. Weigold in [1], theorem (4.5), prove that a group
is an ND-group if and only if it is the restricted direct product of simple
groups. In order to characterize the groups G for which the idempotent
monoid M, (G) is factorial we need to introduce a subclass of the class of
ND-groups. A group G is called an UND-group if every normal subgroup
of G has a unique normal complement. If H is a normal subgroup of an
UND-group G, we denote by H* the unique normal complement of H in
G. Obviously, every UND-group is an ND-group but the converse is not
true in general. For example, we let the reader to check that the Klein
group 7Z/27 x Z/2Z is an ND-group but it is not an UND-group.

The first thing what we can say about the ND-groups that they are
in fact T-groups. Indeed, let G be an ND-group and let N be a normal
subgroup of G. We will check that every normal subgroup of N is normal
in GG. For that, take a normal subgroup M of N. Since GG is an ND-group
and N is one of its normal subgroup, then G = R x N for some normal
subgroup R of G. For m € M and for g = rn € G, with n € N and
r € R, we have gmg™' = r(nmn~")r~! = nmn~! € M, as M is normal
in N and [R, M| = {1}. By the remark (2.3), we deduce then that for
an ND-group G, the atoms of the monoid N/ (G) are exactly the simple
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normal subgroups of G. It has been proven, lemma (4.1) of [1], that every
normal subgroup of an ND-group is an ND-group. In the following result
we prove the same property for the UND-groups :

Lemma 1. FEvery normal subgroup of an UND-group is an UND-group.

Proof. Let G be an UND-group and let H be a normal subgroup of G.
We will show that every normal subgroup of H have a unique normal
complement in H. Let then K be a normal subgroup of H. As G is a
T-group, then K is a normal subgroup of GG. Therefore since G is an UND-
group, there exist a unique normal subgroup L of GG such that G = K x L.
The subgroup L N H is normal in G and it is contained in H, hence it is
a normal subgroup of H. We will show that H = K x (LN H). As K and
LN H are normal subgroups of H, then K (LN H) is a subgroup of H. Let
h € H, then h = kl for some element (k,l) € K x L as G = K x L. We
have [ = hk~! € H, then | € LN H which implies that h = kl € K(LNH).
Hence H C K(LNH) and then H = K(LNH). Moreover, we have clearly
KN(LNH)={1},as KNL = {1}, which implies that H = K x (LN H).
We deduce then that L N H is a normal complement of K in H. Suppose
that V' is another normal complement of K in H, that is V' is a normal
subgroup of H and H = K x V. We will prove that V = LN H. As GG is an
UND-group and since H is normal in G, then there exist a unique normal
subgroup H' of G such that G = H x H'. But we have H = K x (LNH) and
H = K xV, then we have K x (LNH)x H') = G and K x (Vx H') = G.
This implies that (L N H) x H and V' x H' are two normal complement
of K in G. Thus we have the equality (LN H) x H =V x H'. Let’s
prove now that V.= LN H. Let v € V, then v = zy for some element
(x,y) € (LN H) x H' because V is a subgroup of (LN H) x H'. But since
veEV C Handsincex € LNH C H,thenz v e H. Orz~ v =y c H',
then = 'v € HN H' = {1} which implies that v = 2 € L N H. We deduce
then that V' C LN H. Likewise, if £ € LN H, then ¢ = ab for some element
(a,b) €V x H. Wehave f € LNH C Handa €V C H, then a0 € H.
But we have too a™'¢ = b € H', then a4 € HN H' = {1} and then
¢ =a V. We deduce then that LN H C V and consequently the equality
V = LN H is obtained which proves that the normal subgroup H of G is
an UND-group. O

Lemma 2. Let G be an UND-group and let H be a simple normal subgroup
of G. Then for every normal subgroups K1 and Ko of G, with K1 N Ky =
{1}, ZfH < K1 X K2 then H < K1 or H < KQ.
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Proof. Let K1 and Ky two normal subgroups of G, with K1 N Ky = {1},
such that H is a subgroup of K; x Ks. Denote by S the subgroup H N K.
Since S is a normal subgroup of H, then S = {1} or S = H. If S = H, then
H < K. Otherwise, H N K1 = {1} which implies that K1H = K; x H.
As H and K; are two normal subgroups of Ky x Ko, then K7 x H is a
normal subgroup of Ky x Ks. But since G is an UND-group, then by the
proposition (3.1) the normal subgroup K x Ko of G is also an UND-group.
There exist then a normal subgroup M of K x Ko, which is normal in G
as G is a T-group, such that K7 x (H x M) = (K1 x H) x M = K; x Kj.
The previous equality implies that the subgroups H x M and Ky are
two normal complement of K in the group K; x Ky. Then we have
H x M = K5 which implies that H is a subgroup of K. We deduce then
that H < K7 or H < K. O

Corollary 1. Let G be an UND-group and let H be a simple normal
subgroup of G. Then for every normal subgroups Ky, ..., K, of G, if

H<K1XK2><~-'XK”,
then there exist a unique i € {1,...,n} such that H < K;.
Proof. Immediate by induction. O

Corollary 2. Let G be an UND-group and let H be a simple normal
subgroup of G. Then for every simple normal subgroups K1, ..., K, of G,

if
H< K| X Ko x - x Ky,

then there exist a unique i € {1,...,n} such that H = K;.

Proof. Immediately follows from the previous corollary. O

Lemma 3. Let G be a group. If G is an UND-group, then for every
pairwise distinct simple normal subgroups K1, ..., K, of G, we have

KlKQ...Kn:leKQX“'XKn.

Proof. Assume to the contrary that the product K1 K> ... K, is not a
direct product, then there exist some index j € {1,2,...,n} such that K;N

(K .. I/(\j ... Ky) # {1}. Since K is simple and as K;N (K ... Kj... Kp)
is a non trivial normal subgroup of K, then K; N (K ... K;...K,) = K;
which implies that K; C K;...Kj;...K,. By the proposition (2.4) we
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can extract from the product Kj ... I/(\] ... K, a direct product, that is
for some indices i1,...,i; € {1,2,...,n}\{j} we have

K ..Kj.. K,=K; % xK,.

Therefore the simple normal subgroup Kj of G is in fact a simple normal
subgroup of the direct product K, x---x Kj;, . Then by the previous corol-
lary K; = K;, for some index iy € {1,2,...,n}\{j} which is impossible
since the subgroups Ki, Ko, ..., K, are pairwise distinct. ]

Recall that a group G is called of finite length if it satisfies both
ascending and descending chain conditions on normal subgroups. We
conclude this section by proving that an ND-group is of finite length if
and only if it is the direct product of a finite number of simple groups.
We will use this fact in the next section.

Lemma 4. Let G be an ND-group, Hy be a normal subgroup of G and
Ky be a normal complement of Hy in G. For every normal subgroup Hy
of G, if Hy < Hy, then there exist a normal complement K1 of Hy in G
such that Ko < K.

Proof. Let Hi be a normal subgroup of GG such that H; < Hy. Since Hy is a
normal subgroup of the ND-group G, then by lemma (4.1) of [1]|, Hy is also
an ND-group. Therefore we have Hy = Hj x L for some normal subgroup L
of Hy which is in fact a normal subgroup of G since GG in an ND-group and
in particular a T-group. If we denote by K7 the normal subgroup LK, then
it is clear that Ko < K;. We will prove that K7 is a normal complement
of H1 in G. We have H1K1 == Hl(LKo) - (HlL)KO - H()KO = G.
Furthermore, if x € Hy N K7 then x € Hy since x € H1 < Hy and x = uv
for some element (u,v) € L x Ky as * € K; = LKy. As L < Hp, then
u € Hy and therefore u 'z = v € HyN Ko = {1}. Thus we have z = u € L,
but x € Hy, then x € Hy N L = {1} which implies that x = 1. We have
then Hy N K1 = {1} and consequently K7 is a normal complement of H;
in G. ]

Corollary 3. Let G be an ND-group. Then for every decreasing sequence
(Hp)nen of normal subgroups of G, there exist a sequence (Ky)nen of
normal subgroups of G such that :

1) for every n € N, K,, is a normal complement of Hy,, in G,

2) the sequence (K )nen 1S increasing.

Proof. Using the previous lemma, we can easily construct a such sequence
by induction. O
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Corollary 4. Let G be an ND-group. Then G satisfy the descending chain
condition on normal subgroups if and only if it satisfy the ascending chain
condition on mormal subgroups.

Proof. Suppose that G have the ascending chain condition on normal
subgroups. Let (H,)nen be a decreasing sequence of normal subgroups
of G. By the previous corollary, there exist an increasing sequence (K, )pen
of normal subgroups of G such that, for every n € N, K,, is a normal
complement of H,, in GG. Since G have the ascending chain condition, then
there exist an integer ng € N such that K,, = K,,,, for every n > ng. We
will show that, for every n > ng, H,, = H,,. Since the sequence (H,,),en is
decreasing, then H,, < H,, for every n > ng. Let n > ng and let x € H,,,.
We have G = H,, x K, but K,, = K,,, then we have G = H,, x K,,.
Thus we have z = ab, for some element (a,b) € Hy, x K, which implies
that a1z = b € K,,. But since a € H, < H,,, then a € H,, which
implies that a~'z € H,,. Therefore a~'z € H,, N K,, = {1} and then
x = a € H,. We deduce then that H,, < H,. Consequently, for every
n = ng, H, = H,,. Thus G have descending chain condition on normal
subgroups. By the same way, we can prove the other implication. O

By the previous corollary, clearly an ND-group is of finite length if
it satisfies the ascending or the descending chain condition on normal
subgroups.

Proposition 5. Let G be an ND-group. Then G is of finite length if and
only if G is a direct product of a finite number of simple groups.

Proof. Suppose that G is of finite length. By the Krull-Schmidt theorem,
theorem (3.3) page 83 of [4], the group G is then the direct product of a
finite number of indecomposable subgroups, say G = G1 X Gy X - -+ X G,
where G, ..., G, are indecomposable subgroups of GG. Every factor G,
for 1 <7 < r, is a normal subgroup of G, thus G; is an ND-group. But
obviously an indecomposable ND-group is simple. Therefore all the factor
G1,...,G, are simple and hence G is a direct product of a finite number
of simple groups. The converse is immediate. [

3. Main results

Theorem 1. Let G be group. Then the commutative idempotent monoid
NV(G) is atomic if and only if the group G is an ND-group with finite
length.
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Proof. Suppose that A, (G) is atomic. Then every normal subgroup of G
can be expressed as product of pairwise distinct simple normal subgroups.
In particular, there exist some pairwise distinct simple normal subgroups
G1,Go,...,Gy such that G = G ...G,. By the proposition (2.4), we
can assume that G = G X --- X G,. Let H be a normal subgroup of G.
We will show that H is a direct factor in G. There are three cases : For
the first case, assume that all the simple normal subgroups G; are non
abelian. As H is a normal subgroup of G, by the proposition (2.5) we have
H = G;, x--- x G, for some subset J = {i1,...,is} of I = {1,...,n}.
In this case, it is clear that G = H x K where K is the product of
the G;’s for i € I\J. For the second case, assume that some but not
all of the subgroups G; are abelian, say for example that G1,...,G, are
abelian and G,41,...,Gy are non abelian, where 1 < r < n. If we put
A=G1 x - xGrand K = Gpy1 X -+ X Gy, then we have G = A x K.
Since K = Gyq1 X -+ X Gy, where Gy41,...,G, are non abelian simple
groups, then by the proposition (2.6) the group K is super-perfect. Hence
H is a normal subgroup of G = A x K with K is super-perfect. Then by
the theorem 1 of [2], page 155, H = B x L for some normal subgroup B of
A and some normal subgroup L of K. By the first case, since L is normal
in K and as K is the direct product of simple non abelian groups, then
K = L x M for some normal subgroup M of K. Moreover, as A is the
direct product of simple abelian groups we know that every subgroup of A
is a direct factor in A. Then we have A = B x C for some subgroup C' of
A. Note that the subgroup M (resp. C) is in fact normal in G since it is
a normal subgroup of a direct factor of G. If we denote H' = C' x M then
clearly H' is a normal complement of H is G. We deduce then that G is
an ND-group. For the last case, all the simple subgroups G, for 1 < i < n,
are assumed to be abelian. In this case, the group G is then an abelian
ND-group and the result in this case is obvious. Conversely, suppose that
G is an ND-group with finite length and let’s prove that the idempotent
monoid Ny (G) is atomic. Let H be a normal subgroup of G. Since G is
an ND-group, then H is an ND-group and as G is of finite length then
H is also of finite length. Therefore, by the proposition (3.9) H is the
direct product of a finite number of simple normal subgroups, which are
normal in G as G is a T-group. Thus H is a product of a finite number of
pairwise simple normal subgroups of G and the fact that the idempotent
monoid Ny(G) is atomic is proved. O

Theorem 2. Let G be a group. Then the idempotent monoid Ny (G) is
factorial if and only if the group G is an UND-groups with finite length.
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Proof. Suppose that G is an UND-group with finite length. By the theorem
(4.1), the monoid Ny (G) is in particular atomic. Let Hy, ..., H, a pairwise
distinct simple normal subgroups and Kj,..., K,, a pairwise distinct
simple normal subgroups of G such that Hy ... H, = Ki ... K,;,. We must
prove that n = m and there exist a permutation o € S,, such that, for
every i € {1,...,n}, K; = H,(;. Since G is an UND-group, then by the
lemma (3.5) we have

Hl...Hn:H1><~--><Hn and Kl...Km:le'”XKm.

Let’s show firstly that we have necessarily n = m. Suppose that n # m,
for example take n < m. Let i € {1,...,n}, since H; is a subgroup of the
direct product Ky x - - - X Ky, then by the corollary (3.4), we have H; = K,
for a unique index j; € {1,...,m}. Since the subgroups Hj, ..., H, are
pairwise distinct, then the indices ji,...,7, € {1,...,m} are pairwise
distinct. But as n < m, then there exist an index ¢ € {1,...,m} such
that ¢ &€ {j1,...,jn}. Now Ky is a subgroup of Hy X --- x H,, then by
the corollary (3.4) we have Ky, = Hj, for a unique index k € {1,...,n},
but Hy = Kj, . Then we have K; = K, which implies that / = j; as the
subgroups K, ..., K,, are pairwise distinct. We have then ¢ € {j1,...,jn}
which is a contradiction. We deduce then that n = m. We will prove now
that there exist a permutation o € S,, such that, for every i € {1,...,n},
K; = H,(;. By the same way as the previous proof, clearly for every
i € {1,...,n} there exist a unique index o(i) € {1,...,n} such that
K; = Hy(;. We must show that the map o is in fact injective, but this
is clearly true since the subgroups Ky, ..., K, are pairwise distinct. We
deduce then that the idempotent monoid M, (G) is factorial. Conversely,
suppose that A, (G) is factorial and let’s prove that the group G is an
UND-group with finite length. As N, (G) is factorial, it is in particular
atomic and then by the previous theorem the group G is an ND-group
with finite length. Let H be a normal subgroup of G and let K, L two
normal subgroups of G such that H x K = G and H x L = G. We will
show that K = L. Since Ny (G) is atomic, then H = H; ... H, for some
pairwise distinct simple normal subgroups Hy, ..., H,, K = Kpy1... Kk
for some pairwise distinct simple normal subgroups K, 41, ..., K, and
L = Lyyq...Ly.yy for some pairwise distinct simple normal subgroups
Lyy1,..., Lyyy. If we put, for ¢ € {1,...,r}, K; = L; = H;, then we have

Kl . 'KTKT+1 "-KT—HC - L]_ . ..LTLT+1 . "Lr—i-é

Since HN K = {1} and H N L = {1}, then the normal simple subgroups
Ky,..., K,y are in fact pairwise distinct and the same holds for the
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normal simple subgroups Ly, ..., L.1¢. As Ny(G) is factorial, then r+k =
r 4+ ¢ which implies that £ = ¢ and there exist a permutation o € S,
such that, for every i € {1,...,r + k}, Li = Ky(;). Obviously, for every
ie{r+1,...;r+k},o@) e {r+1,...,r+ k}, indeed if there exist ig €
{r+1,...,7+ k} such that o(io) € {1,...,7} then Ly = K,y = Hy(iy)
which is impossible as H N L = {1}. Consequently we have

L — Lr+1 e Lr+k — Ko.(r+1) e Kcr('r—i—k) — K

We deduce then that the group G is an UND-group and we have already
proved that G is of finite length. O

Note that in an UND-group G, it is easy to check that a non trivial
and proper normal subgroup H of GG is an atom of the idempotent monoid
Ny (G) if and only if H* is an atom of the idempotent monoid N (G).
Furthermore, obviously for every normal subgroups H; and Hs of G, we
have

(HiV Hy)* = H NHY  and  (Hy A Ho)t = Hi" v Hy.

Using this simple facts, we can show easily that for an arbitrary group G,
if the idempotent monoid N (G) is factorial then the idempotent monoid
NA(G) is factorial.
Recall that a partial commutative monoid, see [3| definition (2.1.1), is
a structure (P, ®,0), where P is a set, 0 € P, and @ is a partial binary
operation on P satisfying the following properties, for all x,y,z € P :
(P1) Associativity : z @ (y @ z) is defined iff (x ® y) & z is defined, and
then the two values are equal.
(P2) Commutativity : x @ y is defined iff y @ z is defined, and then the
two values are equal.
(P3) Zero element : x & 0 is defined with values x.
To any bounded lattice (L, A, V) we can associate a structure of partial
monoid P;, as follows : the underlaying set of P, is L and the partial
binary operation of Py, is defined by, for all x,y € L,

x @y is defined only when x Ay =0incase s Gy=2z Vy.

A partial commutative monoid (P, ®,0) is a partial refinement monoid
(or have the refinement property), see [3] definition (2.2.1), if for all
%0, T1,Y0,y1 € P with 29 © 21 = yo ® y1, there are elements ¢; ; € P,
for i,7 € {0,1}, such that z; = ¢;0 ® ¢;1 and y; = co; ® c1,j for every
i,j € {0,1}. If G is a group, we denote by Npe, (G) the partial commutative
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monoid associated to the bounded lattice of normal subgroup of G. We
have then the following result:

Theorem 3. Let G be an ND-group with finite length. Then G is an
UND-group if and only if the partial commutative monoid Npar(G) has
the refinement property.

Proof. Suppose that the partial commutative monoid Npq,(G) has the
refinement property and let’s prove that GG is an UND-group. Let H be
a normal subgroup of G and let Ky, K1 two normal subgroup of G such
that G = H x Ko and G = H x Ky, that is Ky and K7 are two normal
complement of H in G. Since Ny (G) has the refinement property and
as H x Ky = H x Ky, then there exist normal subgroups C; ; of G, for
1,7 € {0, 1}, such that H = 0070 X ngl, H = Co,o X Cl,Ua Ky = 0170 X 0171
and Ky = Cp,1 x Cy1. It is clear that the subgroup C is contained in
H and in K; which implies that C ¢ is contained in H N K; = {1} and
hence C g = {1}. Likewise, the subgroup Cj; is contained in H and in
K which implies that Cp 1 = {1}. Therefore we have

Ky=CioxCi1=0C11=0Ch1 xCp1 =K.

Consequently, the group G is an UND-group. Conversely, suppose that
the group G is an UND-group and let’s prove that the partial commu-
tative monoid Np,,(G) has the refinement property. Let Hy, H1, Ko, K1
be normal subgroups of GG such that Hy x H; = Ky x Kj. Since G is an
UND-group with finite length then by theorem 2, the idempotent monoid
Ny(G) is factorial. Therefore, for i € {0, 1}, there exist a family of pairwise
distinct simple normal subgroups (H; j)o<j<p, such that

H, = Hi70HZ‘,1 R Him“ 1 € {0, 1}
and, for j € {0, 1}, there exist a family of pairwise distinct simple normal
subgroups (K j)o<i<g; such that
Kj :K()J'KL]'...K%-,]', Jj e {0,1}
By the corollary (4.5), all the previous products are in fact direct products.
Hence we have
H070X- : ‘XHOmO XHL()X- : -XHLpl = KO,OX' : -XKqO70XK071 X 'Xqu,l.

Fori,j € {0,1}, put C; ; = H;N K. The subgroups C; ; are clearly normal
in G and we will show that we have the refinement matrix
| Ko Ky
Hy | Cop Coa
Hy|Cipo Cin
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that is Hi = Ci’(] XCi’l for 0 <1<1 and Kj = CO,j XCLJ' for 0 < ] < 1.
We will show only that Hy = Cpg x Cp 1, the other equalities are proved
in the same way. Since Cp g and Cp 1 are normal subgroups of Hp, then
their product Cy0Co,1 is a subgroup of Hy. For the other inclusion, let
J € {0,...,po}. As the simple normal subgroup Hy; is a subgroup of
Hy x Hip, and in particular a subgroup of Ky x K1, then by the corollary
(4.4) we have Hoj = K;; o for some index i; € {0,...,q0} or Ho; = K;; 1
for some index i; € {0,...,q1}. If Ho; = Kj, o then obviously Hy; is a
subgroup of Hy N Ky and likewise if Hp ; = K1 then Hy ; is a subgroup
of Hy N K. Consequently, for every j € {0,...,po}, Ho; is a subgroup of
(HgﬁKo)(HoﬂKl) = 00700071 and so Hy < 00700071. We deduce then that
H(] = 007000,1, but as C070 < Ko and C(],l < Kl, then H(] = 0070 X 0071.
Consequently, the partial monoid Npqr(G) has the refinement property. O
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