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ABSTRACT. Let us consider W a G-set and M a ZsG-module,
where G is a group. In this paper we investigate some properties
of the cohomological the theory of splittings of groups. Namely, we
give a proof of the invariant E(G, W, M), defined in [5] and present
related results with independence of E(G, W, M) with respect to the
set of G-orbit representatives in W and properties of the invariant
E(G,W, FrQG) establishing a relation with the end of pairs of groups
e(G,T), defined by Kropphller and Holler in [15]. The main results
give necessary conditions for G to split over a subgroup 7', in the
cases where M = Zo(G/T) or M = FrG.

Introduction

The theory of splittings of groups is closely related to the theory of
ends of groups and pairs of groups. The first result relating splittings of
groups to the theory of ends of groups was given by Stallings in [19], where
it is proved that if G is finitely generated, then G splits over some finite
subgroup if only if e(G) > 2. The number of ends e(G) of a group G was
introduced by Freudenthal - Hopf ([12], [13]) for finitely generated groups
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and it was motivated by theory of ends of topological spaces. Later, Specker
(|18]) extended the definition to cover arbitrary groups. In the case where G
is infinite, one has a cohomological formula e(G) = 1+dimgz, H'(G; Z2Q).
A natural extension of e(G) is the invariant end e(G,T') for pairs of group,
T a subgroup of GG, which was introduced independently by Houghton
([14]) and Scott ([16]).

Invariant ends for pairs of groups in a more general set were studied
by Kropholler and Roller, for example in [15]. The authors defined the
invariant end e(G, S, M) for S a subgroup of G and M, a Z;G-module
and presented an interesting study for (G, S) := e(G, S, P(S)), where
P(S) is the power set of all subsets of S. In an attempt to obtain a
cohomological formula for e(G,T), Andrade and Fanti (|2]) defined an
invariant end, E(G,S, M), where S is a family of subgroups of G and M
is a ZoG-module. Afterwards, in [5] the authors adapted the definition of
E(G,S, M) by using the cohomology theory of Dicks and Dunwoody to
pairs (G, W), where W is a G-set, and defining the invariant E(G, W, M),
they obtained general properties and results about splittings and duality
of groups, particularly by considering E(G, W, Zs).

In this work, we present properties of E(G, W, M) and by using deriva-
tion we prove that the definition of this invariant is independent of the
set of G-orbit representatives in W. We consider the case where M is the
ZoG-module FrG and we show that, under certain conditions for 7', there
is a relation between E(G,W, FrG) and the invariant €¢(G,T). Finally,
we present necessary conditions to GG splits over a, non necessary finite,
subgroup T where M = Zo(G/T) or M = FrG.

1. Preliminaries

Let us recall definitions and results important for this work. We will
consider R = Z or Zs.

Definition 1. A group G is defined by generators X = {xx} and relations
R ={r; =1}, if G~ F/H, where F' is a free group generated by X and
H is the smallest normal subgroup of F' generated by {r;}. In this case,
(X;R) is a presentation of G.

Definition 2. Consider the groups G1 and Go with presentations Gy =
(Xi;Ri), k= 1,2, where Xy, is a set of generators and Ry, is a set of
relations for G.

1) If i € Gy and Ty C Gy are subgroups and 0 : Ty — Ty is an
1somorphism from Ty into Ty, then the free product Gy xp Gy of G1 and
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G with the amalgamated subgroup T = T1 = T5 is defined by
G xp Gy := <X1,X2;R1,R2,t = Q(t), YVt € T1> .

2) Let Gy be a group with presentation Gh = (X;Rq). If T and T' are
subgroups of Gy and 0 : T — T" is an isomorphism, then the HN N -group
G119 over a base group G1, with respect to 0 and stable letter p, is given
by

Gixrg = <X1,p;R1,p*1tp =6(t), Vt € T> )

Remark 1. These classes of groups arise naturally when we calculate the
fundamental group of certain spaces.

Definition 3. A group G splits over a subgroup T if G = Gy *p Gy with
G1#T # Gy or G =Grx7y.

Example 1. 1) G = G1* G2 = G1#(1y Ga, in particular, Z*Z = Zx1y Z.

2) 7 = {1}*{1}, id = <{1}7p7p5p_1 =s,Vs € {1}> = <p>

3) The fundamental group G of the Torus is Z @ Z which is the HNN
group, Z & Z = (a) & (b) = “Zxy_ iq”. We can see this by considering
H = (a) ~ Z, b the stable letter, T =T = H and o =1id: T — T.
Thus, Hxr g = (a,b; b1 -a-b=0(a)) = {a,b; a-b=b-a) = Z® L.
Therefore, Z @ 7Z splits over an infinite subgroup.

4) The fundamental group of the Bitorus is (Z*Z) *z (Z 7). It follows
from the Seifert-van-Kampen Theorem for appropriate subspaces.

Remark 2. If G = Gy *7 Gy with G1 # T # Gy or G = Gy*74, then
G : G;] =00,i=1,2 (see [3]).

Proposition 1 ([8]). 1) If G = G1 *7 Ga, one has the following short
exact sequence of RG-modules:

0 — R(G/T) % R(G/G1) ® R(G/G2) < R — 0,

where « is given by a(¢T) = (9G1,—9G2), g € G and £(9G1,0) =
£(0,9G2) = 1. Here € is the augmentation map.

2) If G = Gix19, one has the following short exact sequence of RG-
modules:

0— R(G/T) S R(G/G1) 5 R — 0,

where « is given by a(gT) = gG1 — gp~'G1, p is the stable letter of G
and € is the augmentation map.



182 SOME PROPERTIES OF E(G,W,FrG)

Now let us introduce a relationship between the concepts of derivation
groups and of the cohomology group H'(G; M) (see [10]), used to prove the
independence of E(G, W, M) with respect to set of G-orbit representatives
in W.

Definition 4. A derivation of a group G in an RG-module M is a map
d: G — M, such that, d(gh) = d(g) + gd(h), for all g,h € G.

Example 2. For each m € M, the map d,, : G — M; dp,(g) := gm —m
is a derivation.

The derivations of the previous example are called principal derivations.

Proposition 2 ([10]). Let G be a group and M an RG-module. Then
Der(G, M)
P(G,M) "’

where Der(G, M) is the set of derivations and P(G, M) = {dy,, m € M}
is the set of principal derivations of G in M.

HY(G; M) ~

Proposition 3 (Shapiro’s Lemma; see [10]). If S is a subgroup of the
group G and M is an RS-module, then H*(G; Coind§ M) ~ H*(S; M).

Example 3. Let G be a group. In P(G), the power set of G, considered
with the operation of symmetric difference we can define an induced G-
action: G X P(G) = P(G); (9,A) — g- A={g-a; a € A}, which turns
out P(G) a ZyG-module. One has, by Shapiro’s Lemma,
H™(G;P(G)) ~ H"(G; Coind{, Z)
" ) ) Za, sen=0,
_H({l}’Zz)_{O, sen > 1.

Proposition 4 (Mackey’s Formula; see [10], Proposition I11.5.6). Let S
and T be subgroups of a group G and consider E a set of representatives
for the double classes SqT'. Then, for any RT-module M, there exists an
RS-isomorphism

G11G A f S gTg~!
Resg Indy M ~ @ Indgn g1 ResSﬁng,1 gM.
g€eE

In particular, if T is a normal subgroup of G and T’ C S, then there exists
a ZsT'-isomorphism

Res§ Ind% M ~ EB Ind3 g M,
g€k
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and in the case of T = {1} and L is a set representatives for the classes
Sg, then
Resg Ind?l} M ~ @ Ind{sl} gM.
g€eL

Definition 5 ([11]). Consider G a group, W a G-set and RW the free
R-module generated by W. Let ¢ : RW — R be the augmentation map,
A =kere, M an RG-module and P — A a projective RG-resolution of A.

The relative cohomology group of the pair (G, W), with coefficients in M,
1s defined by

H*(G,W; M) := H* Y(Hompg (P, M)), forallk € Z.

For the relative cohomology group of pairs (G, S), where S is a family
of subgroups of GG, we define:

Definition 6 (|9]). Let (G,S) be a pair with G a group and S = {S;,i €
I} a family of subgroups of infinite index in G, M a ZoG-module, €' :
Zo(G/S) — Za; €'(9Si) = 1, the augmentation map, Ag the kernel of €
and F' — Zo a ZoG-projective resolution of the trivial ZoG-module Zs.

The relative cohomology group of (G,S), with coefficients in M, is
defined for all n by

H"(G,S; M) := H" ' (G;Homg, (As, M))
= H" Y(Homgz,q(F, Homg, (As, M)).

The next result provides a relation between the relative cohomology
groups of the pair (G, W) and the relative cohomology groups of the pair
(G,S).

Theorem 1 ([7]). Let G be a group, M an RG-module and W a G-set.
Consider E = {w;, i € I} a set of orbit representatives in W and let
S ={S; := Gu,, i € I} be the family of stabilizer subgroups of w; in E.
Then,

H*(G,W; M) ~ H*(G,S; M).

Proposition 5. Let (G,W) be a pair where G is a group and W is a G-
set. Consider & a set of G-orbit representatives in W, G, the G-stabilizer
of w, for each w € E and M an RG-module. Then, we have the long exact
sequence:

0 — HYG; M) — HO(W; M) > HYG, W; M) 2

reSG
g G M) Y 5 HY W M) — -
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where

resf : H"(Gy M) — H"(W; M) "= T[ H"(Gw; M)
wek

resVGV([f]) = (resgw [f])wGIE )

and res& : H™(G; M) — H™(Gy; M) is the restriction map induced by
the inclusion map Gy — G, w € E.

Proof. The above sequence is the exact sequence of the pair (G,S), where
S is a family of subgroups of G, given in [9], using the notation of Dicks
and Dunwoody. O

2. Properties of E(G, W, M)

Let us consider G a group, W a G-set, [£ a set of G-orbit representatives
in W and M a ZoG-module. Suppose that [G : G| = oo, for all w € E.
Let us recall the definition of E(G,W, M) and some general properties.
The main goal of this section is to show that F(G, W, M) is independent
of E, using derivation of groups.

Definition 7 ([5]). Define E(G,W, M) := 1 + dimkerres$,, where,

resi, : H'(Gy M) — H'(W; M) = [[ H(Guw; M);
weR

resi ([f]) = (res&, [f]) cr

and
resgw cHY(G; M) — HY(Gy; M)

is the restriction map induced by the inclusion map Gy — G, w € E.

Remark 3. 1) In the previous definition, the requirement [G : G] = o0
implies that G is always an infinite group.

2) The definition of E(G, W, M) and other invariants for pairs of groups
were, in general, motivated by the definition of e(G) and e(G,T'), where T’
is a subgroup of G. For more details see [13], [16] and [17]. Since e(G) =0
if G is finite and e(G,T) =0 if [G:T] < oo, it is natural to require
G : Gy] = 00, Vw € E in the definition of E(G, W, M) presented.

3) We can prove that E(G,W, M) is a cohomological algebraic in-
variant in the sense that if C is the category whose objects are the pairs
((G,W), M) in the above conditions, and ((G, W), M) is isomorphic to
(G',W"),M') in C then E(G,W,M) = E(G',W',M"). In the category
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whose objects are the pairs ((G,S), M)) it is proved in [1] that E(G,S, M)
is a cohomological algebraic invariant.

The next proposition gives us a property of E(G, W, M) that will
be useful to prove its independence with respect to the set of G-orbit
representatives in W. It is an adaptation of the result presented in [6], for
pairs (G,S), where S is a family of subgroups of G.

Proposition 6. E(G,W,M) =1+ dim [, ker resgw .

Lemma 1. Let us consider W a G-set, w and w' elements of W and G,
and Gy the respective isotropic subgroups. If the G-orbits G(w) = G(w')
and w' = gow with gy € G, then Gy = gOngal.

Proof. Suppose that G(w') = G(w) and w’ = gow. Then
g € Gy <= gu' = v < ggow = gow < go_lgggw =w
= g5 "990 € Guw <= g € goGuyy - O
Proposition 7. If W is a G-set, w and w' are elements of the same G-

orbit and w' = gow with go € G, then by considering the maps restriction
below:

resgw c HY(G; M) — HY(Gy; M)
res¢, , + H'(G; M) = H'(Gy; M)

G _ G
one has ker resg = ker resc -

Proof. By Proposition 2, we have
Der(G, M)
P(G,M)

Der(Gy,, M)
P(Gy, M)

We will indicate an element d + P(G, M) of HY(G, M) by [d]. Then,
we have resgw : HY G M) — HY(Gyw; M), [d] + [d|g,,]. Thus,

HY(G; M) ~ and H(Gu; M) ~

[d] € kerresg <= res& ([d]) =0 <= [d|g,]|=0 <= d|g, € P(Gw, M).

Therefore, there exists m € M such that d|g, = dm @ G, — M.

Similarly, [d] € kerresg  if there exists m’ € M such that d|g,, =

dypy 2 Gy — M. Let us show that ker resgw C ker resgw/. Suppose [d] €
ker resgw and let m € M such that d|g,, = dp,.

By the previous lemma, since w’ = gow, we have G,y = goGuwgy ! Let
m’ := gom — d(go). We can see that [d] € ker resgw,. Indeed if ¢’ € Gy,
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then ¢’ = goggy ', for some g € Gy,. Thus, since in a derivation d(g) =

—gd(g™1), one has d|g_,(¢") = dw(g'). Hence, kerresgw C kerresl .
Analogously, we have ker resgw/ C ker resgw. Therefore, ker resgw =
ker resg - O

Corollary 1. The definition of E(G,W, M) is independent of G-orbit
representatives set in W.

Proof. Let W be a G-set and let E, E' be sets of G-orbit representatives
in W. Note that if w’ = gow, with w € E and w’ € E/, then

[G:Gy| =00 <= [G: Gy]| = o0,

because [G : Gy] = |G(w)| = |G(w')| = [G : Gy]. Hence, the result
follows by the previous proposition and Proposition 6. ]

We note that the previous result was proved in [7| using different
arguments.

Proposition 8 ([5]). If the Zy-vector spaces: HO(G; M), HO(W; M) =
[Tyer HY(Gw; M)and H' (G, W; M) have finite dimensions, then

E(G,W, M) =1+ dim H*(G; M) — dim H°(W; M) + dim H' (G, W; M).

Proposition 9. Let G be an infinity group and W a G-set. If the G-
action in W is free and E is a set of G-orbit representatives in W, then
E(G,W,M) =1+ dim H'(G; M).

Proof. Since the action is free, we have G, = {g € G; gw = w} = {1}
for all w € E, so, HY(Gy; M) = HY({1}; M) = 0 for all w € E and
kerres$, = H'(G; M). Therefore, E(G,W, M) =1 +dim H(G; M). O

The above result was presented in [5] for the particular invariant
E(G,W,Zs) but, as we have shown, it is true for any ZyG-module M.

The next proposition is similar to that introduced in [2], for pairs of
groups (G, S), where S is a subgroup of the group G with [G : S| = c©
and it is adapted here for pairs (G, W).

Proposition 10. Let G be a group and let W be a G-set with [G : Gy] =
oo, Yw € W. Consider & a set of G-orbit representatives in W and let
N and M be ZoG-modules. If there exists a ZoG-homomorphism ¢ :
N — M such that the induced map ¢* : H'(G;N) — HY(G; M) is a
monomorphism, then E(G,W,N) < E(G,W,M).
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3. E(G,W,FrG) and splittings of groups

In this section, we initially introduce some notations, briefly recalling
the definition of e(G,T), where T' is a subgroup of G (for more details
see [15]), and we present some properties of the invariant E(G, W, FrG)
establishing a relation with the end of the pair e(G,T'). Then, we prove
the two main results of this work, which give applications in the theory of
splittings of groups.

The following subsets are ZyG-submodules of P(G)

FG :={F C G; F is finite} C P(G),
FrG :={A € P(G); AC F.T, for some F € FG},
QG :={ACG; A+g-Ac FG,Vg e G},

where G, “+” denotes the operation of symmetric difference in P(G) and
g-A:={ga, a € A}.
Remark 4. If T is a subgroup of the group G, then:

1) FrG = P(G) when [G : T] < 0.

2) If S is a subgroup of G, with T" C S and [S : T] < oo, then

FsG = FrG.

3) FrG ~ Ind$ P(T).

4) If T is a normal subgroup of G, then ¢P(T) ~ P(T).

5) If T is a finite subgroup of G, then FrG = FG ~ ZyG ~ Ind{Gl} Zs.

Definition 8 ([15]). Let T be a subgroup of the group G. Then

&G, T) := dim H(G; P(G) / FrG) = dim(P(G) | FrG)©.
Lemma 2 ([15]). If [G : T] = oo, then &(G,T) = 1 + dim HY(G; FrG).
Proposition 11. If [G : T] < oo, then E(G,W, FrG) = 1.

Proof. Using known results and the hypothesis of the proposition, we
obtain

HY(G: Fr@) " (G md$ P(1)) SR HY (@ Coind$ P(T))

ST {1 (1, p(T)) PP S

Thus, ker resICfV}- o =0.
/T
Therefore, E(G, W, FrG) = 1 + dim ker resg/}‘TG -1 0

Proposition 12. Let G be a group and let W be a G-set. If the G-action in
W is transitive and G, w € W is finitely generated and normal subgroup
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of G, with |G : Gy] = oo, then
E(G,W, Fa,G) =1+dim HY(G; Fg,G) = é(G, Gy).

Proof. From Remark 4.3, Proposition 4 and Remark 4.4 one has

HY (G Fa, &) " HY (G IndG,. P(Gy)

Prop. 4
2 H' (Gw: P gPGu)~ P HY (GuigP(Gu))
g€G /G g€G /Gy

Remgk 4.4 @ Hl(Gw; P(Gw))
gEG/Gw

Example 3

Hence, res$;, : HY(G; Fg,G) — HY(Gy; Fa,,G) is the null map and
kerres$i, = H'(G; F¢, G). Therefore,

BE(G, W, F,G) = 1+ dim H(G; Fg,G) "™ &(G,Gy). O

Proposition 13. Let (G,W) be a pair where G is a group and W is
a G-set. Consider & a set of G-orbit representatives in W such that
G : Gy] = 00, Vw € E and let T be a subgroup of G with [G : T] = co.
Then, E(G,W,Z2(G/T)) < E(G,W, FrG).

Proof. Consider the short exact sequence of ZsT-modules:

P(T) —0

O—>ZQz{®,T}—>P(T)—>Q:{®T} .

Since ZoG is a free ZoT-module, we obtain the following exact sequence:
0 = ZoG ®z,7 Lo % ZoG @y P(T) 5 oG @z,7 Q — 0.
This sequence induces the long exact sequence in cohomology groups:
0 — H°(G;Ind$ Zy) — H°(G;Ind$ P(T)) — H°(G;Ind$ Q)
— HY(G;Ind$ Zo) & HY(G;Ind$ P(T)) — HY(G;Ind$ Q) — - --
By hypothesis [G : T] = oo, then
HY(G;nd§ Zy) = H(G;Ind$ P(T)) = H*(G;Ind¥ Q) = 0.

So, ¢* : HY(G;Ind$ Zy) — H'(G;Ind$ P(T)) is a monomorphism,
hence by Proposition 10, E(G, W, Ind$ Z,) < E(G, W, Ind$ P(T)).
Since Zo(G/T) =~ Ind§ Zs, and FrG ~ Ind¥ P(T), it follows that
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In the following main theorems, we will give necessary conditions for G
to split over a, not necessarily finite, subgroup 7', considering M = Zy(G/T)
or M = FrG.

Theorem 2. Let (G,W) be a pair where G is a group that splits over
a subgroup T in G. Suppose that [G : T] = oo and let W be a G-
set. Consider E a set of G-orbit representatives in W and suppose that
HO(T;Zo(G/T)) ~ Za, then if G = Gy *r G and E = {wy,wa} with
Guw, =Gi, 1 =1,2, or G =Gix19 and E = {w}, one has

E(G, W, Z5(G/T)) < 2.

Proof. Suppose that G = G *7 G2. Using the short exact sequence given
in Proposition 1.1, we have A = kere ~ Zs(G/T) (%). Thus,

HY(G, W:Zo(G/T)) ~ HYG, {G1, Ga}: Zo(G/T))

.= H°(G;Homg, (A, Zs(G/T)) W H(G; Homg, (Zo(G/T), Zo(G/T)))

Shapiro

~ H°(@; Coind% (Ress Zo(G/T)))  ~  H(T;Zy(G/T)) Hyp. Zo.
Furthermore, H(G; Z3(G/T)) = (nd§)? ' 0. Then, by Propo-

sition 5, we have the long exact sequence:
0 — H(G1;Zo(G/T)) @ H(G2; Zo(G/T))
% HY G, W;Z5(G/T)) =~ Zy 5 HY(G; Zo(G/T)) — - --
Therefore, & is a monomorphism and
HY(W;Zo(G/T)) = H(G1;Zo(G/T)) @ H°(Ga; Z2(G/T))

is a submodule of H'(G, W;Zy(G/T)) ~ Zs. Thereby, we have the follow-
ing possibilities: H(Gy; Z2(G/T)) =0, i = 1,2, or H*(G;Z2(G/T)) =
0 and HY(Gj;Z2(G,T)) ~ Zo, i,j € {1,2}, i # j. In other
words, dim H(G1;Z2(G/T)) + dim H°(Go; Z2(G/T)) can be 0 or 1,
(dim HO(W; Zo(G/T)) < 1). Therefore, by Proposition 8 one has

E(G,W;Zy(G/T)) =1 — dim H*(W; Zs(G/T)) + 1 < 2.
If G = G*79, the proof is analogous. O
Theorem 3. Let (G, W) be a pair where G is a group and W is a G-set.

Consider E a set of G-orbit representatives in W and T a, not necessarily
finite, normal finitely generated subgroup of G. If G = Gy 7 Ga, E =
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{wi,wa} with Gy, = G; and [G; : T] = 00,1 = 1,2, or G = Gr*7y,
E = {w} with Gy, = Gy and [Gy : T] = oo, then E(G, W, FrG) = co

Remark 2

Proof. Consider G = Gi *p Gy. Note that [G : G;] =~ oo and
[G:T)=[G:G;]|G;: T] = co. Thus, we have
HO(G; Fr@) "M g0(Gy d$ P(T)) ~ (Ind§ P(T))E [ .
Consider L a transversal for the coset G;¢T, i = 1,2. Then,
HO(Gi; FrG) " HO(GisInd§ (D))
PR Gy @ md§ gP(1)) " BO(Gy @ Wd§e P(T
geL geL
~ @ HO(Gy; nd§ P(T)) =~ E(Ind§ P(T)% @20,
geL geL

Thus, H*(W; FrG) = HY(Gy,; FrG) @ H(Gy,, FrG) = 0 and the
long exact sequence given in Proposition 5 takes the following form:

res

0 — HY G, W; FrG) 5 HY(G: FrG) ¥ HY(W; FrG) —
Since J is injective and ker resﬁ, = Im J it follows that
dim HY(G, W; FrG) = dimIm J = dim ker res{; . (%)
On the other hand, from the short exact sequence given in Proposi-

tion 1.1 we have A =kere = Ima ~ Zs(G/T). So

Theorem 1

H' (G, W FrG) HY(G.{G1,Ga}: FrG)
= H(G; HomZQ(A FrG)) ~ H°(G; Homgz, (Zo(G/T), FrQ))

Shaﬁpiro HO(T,]:TG) Remark 4.3 HO(T IDdT P( ))

~ HT; @ gP(T EB H°(T; gP(T))

geG/T geG/T

P =v(T;P(T)).

geG/T

Remark 4.4

Example 3
Since HY(T; P(T)) 7 7, and [G : T] = oo, we have

dim HY (G, W; FrG) =
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Furthermore, it follows from (x) that

dim ker res$, = co.

Therefore, E(G, W, FrG) = cc.

If G = Gyx7y, similarly to the previous case, we obtain HY(G; FrG)
=0 = H%G1; FrG) and dim HY(G,W; FrG) = dimkerres$, . Besides,
it follows from the short exact sequence given in Proposition 1.2 that
A =kere = Ima ~ Zy(G/T). Thus, as before, we conclude that

dim HY(G, W; FrG) = H (G, {G1}; FrG) = oo,
consequently,

dim ker res$; = oo and E(G, W, FrG) = co. O

Remark 5. It is important to know on the existence of a subgroup 1" of
a group G satisfying the conditions of the previous theorem, that is, T’
is a finitely generated and normal subgroup of G with [G} : T| = o0 =
[G2 : T]. We note that Scott and Wall in [17] showed the following fact:
If G = Gy x Gy where G; and G5 are non-trivial and H is a finitely
generated, normal subgroup of G, then H is trivial or has finite index in G.
Then the authors questioned whether there is an analogous result when
G = Gy %7 Gg or G = G*7y9. Clearly, if this were true, our result would
not make sense, since in this case, considering H = T with T a finitely
generated and normal subgroup of G, we should have T trivial or [G : T
finite. We are interested in the case where T is infinite, so non-trivial, and
G :T] =[G :Gi][G1 : T] = co. The following example was suggested to
us by G. P. Scott.

Example 4. Consider any group 7" and G1 and G4 two finitely generated
groups for which 7" is a normal subgroup. For example, G; = A x T and
G2 = B x T, where A and B are any finitely generated infinite groups.
A and B can be taken, for example, cyclic groups. Then [Gy : T] = oo =
[Go : T] and we can see that T is normal in G := G *7 Gg, by using the
Normal Form Theorem, given in [§].

Based on the previous example, we present an application of the
Theorem 3.

Example 5. Given T a finitely generated group, not necessarily finite,
consider G = G1*7 Gy as in the previous example, W = G/G1 UG /G4 and
amap ¢ : G x W — W, such that, if w; = gG1 € W then ¢ - w; = ¢'gG1
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and if wy = gGo € W, then ¢’ - wy = ¢’gG5. Observe that ¢ is a G-action
in W. Now, if wy =1-G1 and wy = 1 G, one has

Gw)={9-1-G1,9€ Gy ={g9-G1,9€ G} =G/Gy,
G(wz) ={g-1-Ga, g€ G} ={g-Ga, g € G} = G/Goa.

Furthermore,

Gwl:{geG’g'wlzwl}:{g€G7g'G1:GI}ZGI,

Similarly, Gy, = Ga2. Thus, there exists a G-set W, such that E =

{wy, w9} with G, = G; and G, = Ga. Therefore, by Theorem 3,
E(G,I/V,.FTG) = Q.
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