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ABSTRACT. A family £ of subsets of a set X is called linked
if ANB # @ for any A, B € L. A linked family M of subsets of
X is maximal linked if M coincides with each linked family £ on
X that contains M. The superextension A(X) of X consists of all
maximal linked families on X. Any associative binary operation
x: X x X — X can be extended to an associative binary operation
% 1 A(X) x AM(X) = A(X). In the paper we study automorphisms
of the superextensions of finite monogenic semigroups and charac-
teristic ideals in such semigroups. In particular, we describe the
automorphism groups of the superextensions of finite monogenic
semigroups of cardinality < 5.

1. Introduction

In this paper we investigate the automorphism group of the superex-
tension A(S) of a finite monogenic semigroup S. The thorough study of
various extensions of semigroups was started in [14] and continued in
[1]-[10] and [15]-[18]. The largest among these extensions is the semigroup
v(.S) of all upfamilies on S. A family A of non-empty subsets of a set X
is called an upfamily if for each set A € A any subset B D A of X belongs
to A. Each family B of non-empty subsets of X generates the upfamily
(BCcX:BeB)={ACX:3Be€ B (B C A)}. An upfamily F that is
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closed under taking finite intersections is called a filter. A filter U is called
an ultrafilter if U = F for any filter F containing U. The family 5(X) of all
ultrafilters on a set X is called the Stone-Cech extension of X, see [20]. An
ultrafilter, generated by a singleton {z}, x € X, is called principal. Each
point z € X is identified with the principal ultrafilter ({x}) generated by
the singleton {x}, and hence we can consider X C f(X) C v(X). It was
shown in [14] that any associative binary operation * : S X S — S can be
extended to an associative binary operation * : v(S) x v(S) — v(S) by
the formula

AxB=(|JaxB,: A€ A {Bai}eea C B)

acA

for upfamilies A, B € v(S). In this case the Stone-Cech compactification
B(S) is a subsemigroup of the semigroup v(.5).

The semigroup v(S) contains as subsemigroups many other important
extensions of S. In particular, it contains the semigroup A(S) of maximal
linked upfamilies, see [13], [14]. An upfamily £ of subsets of S is said
to be linked ift AN B # @ for all A,B € L. A linked upfamily M of
subsets of S is mazimal linked if M coincides with each linked upfamily
L on S that contains M. It follows that 3(S) is a subsemigroup of A(S).
The space A(S) is well-known in General and Categorial Topology as the
supereztension of S, see [22]-[37].

For a finite set X, the cardinality of the set \(X) grows very quickly
as |X| tends to infinity. The calculation of the cardinality of A(X) seems
to be a difficult combinatorial problem, which can be reformulated as
the problem of counting the number A(n) of self-dual monotone Boolean
functions of n variables, which is well-known in Discrete Mathematics.
According to Proposition 1.1 in [11],

n

V2™

which means that the sequence (A\(n))2 ; has double exponential growth.
The sequence of numbers A(n) (known in Discrete Mathematics as Hogten-
Morris numbers) is included in the On-line Encyclopedia of Integer
Sequences as the sequence A001206. All known precise values of this
sequence (taken from [11]) are presented the following table.

logy A(n) =

+o(1),

X 1234 5 6 7 8 9
IANX)[]1 2 4 12 81 2646 1422564 229809982112 423295099074735261880
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Each map f: X — Y induces the map
M ANX) = AY), ML (f(L)CY:LeCL), see[13].

If p: S — S is a homomorphism of semigroups, then Ay : A(S) —
A(S’) is a homomorphism as well, see [15].

A non-empty subset I of a semigroup S is called an ideal if ISUST C I.
An ideal I of a semigroup S is called properif I # S. A proper ideal M of
S is mazimal if M coincides with each proper ideal I of S that contains
M. Tt is easy to see that for every n € N the subset S™ = {z1 ... x,:
Zi,...,Tn € S}is an ideal in S.

An element z of a semigroup S is called a zero (resp. a left zero, a
right zero) in S if az = za = z (resp. za = z, az = z) for any a € S. An
element e of a semigroup S is called an idempotent if ee = e. By E(S) we
denote the set of all idempotents of a semigroup S.

Recall that an isomorphism between S and S’ is a bijective function
¥ : S — S’ such that ¢(zy) = ¢ (x)y(y) for all z,y € S. If there exists an
isomorphism between S and S’, then S and S’ are said to be isomorphic,
denoted S = S’. An isomorphism 1 : S — S is called an automorphism
of a semigroup S. By Aut(S) we denote the automorphism group of a
semigroup S.

For an automorphism v of a semigroup S, a subset A C S is called
Y-invariant if P(A) = A. A subset A C S is called characteristic if
P(A) = A for any automorphism 1 of S. It is easy to see that the set
E(S) is characteristic in S and so are the ideals S for all n € N.

For a set X by Sy we denote the group of all bijections of X. For two
sets X C Y we shall identify Sx with the subgroup {¢ € Sy : p|Y \ X =
id} of the permutation group Sy. By C,, we denote a cyclic group of order
n € N.

In this paper we study automorphisms of superextensions of finite
monogenic semigroups. The thorough study of automorphism groups of
superextensions of semigroups was started in [19] and continued in [9].
In [19] it was shown that each automorphism of a semigroup S can be
extended to an automorphism of its superextension A(S) and the automor-
phism group Aut (A(S)) of the superextension of a semigroup S contains
a subgroup, isomorphic to the automorphism group Aut(S) of S. Also
the automorphism groups of superextensions of null semigroups, almost
null semigroups, right zero semigroups, left zero semigroups and all three-
element semigroups were described. In [9] we studied the automorphism
groups of superextensions of groups and described the automorphism
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groups Aut (A(G)) of the superextensions of all groups G of cardinality
|G| < 5. The obtained results are presented in Table 1.

G = Cl Cg Cg 04 CQ X 02 05
Aut (G) = Cl Cl 02 CQ Sg 04
Aut ()\(G)) = Cl Cl CQ CQ X CQ S4 04

TABLE 1. The automorphism groups of superextensions of groups of cardinal-
ity < 5.

In Section 3 we establish some general results on the structure of
superextensions of finite monogenic groups, using the notion of a good
shift introduced in Section 2. In particular, in Theorem 3.2 we prove that
two monogenic groups are isomorphic if and only if their superextensions
are isomorphic. In Section 4 we use the results of Section 3 to classify the
authomorphism groups of the superextensions of monogenic semigroups of
order < 5. The obtained results are summed up in the table in Section 5.

2. Semigroups possessing a good shift

In this section we develop a tool for recognizing the automorphism
group of a semigroup possessing a good shift.

Definition 2.1. Let X be a semigroup. A function ¢ : X — X is called
a good shift of X if X - X C o(X) and for any elements z,y € X with
o(x) = o(y) the equalities xz = yz and zx = zy hold for all z € X.

A good shift o : § — S is called an auto-shift if 0 o) = 1) o ¢ for any
automorphism 1 € Aut ().

Proposition 2.2. If 0 : X — X is a good shift of a semigroup X, then
the automorphism group Aut (X) of X contains the subgroup K consisting
of all bijections ¥ : X — X of X such that 0 09 = ¢ and | XX = id.
This subgroup is isomorphic to HIEU(X) So-1(@)\XX-

Proof. 1t is clear that the group K is isomorphic to the product of per-
mutation groups Hzeo(x) So—1(@\ XX

To see that K C Aut(X), it is necessary to check that each bijection
¥ € K is an automorphism of the semigroup X. Given two elements
x,y € X, we shall show that ¢ (zy) = ¢(x) - (y). It follows that xy € X X
and hence ¢ (xy) = xy. Since o 0 ¢ = o, we obtain that o(¢(x)) = o(z)
and o(¢(y)) = o(y). Now Definition 2.1 ensures that

() YY) =z - P(y) = 2y = P(zy),
so ¢ € Aut (X). O
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A homomorphism p : S — S of a semigroup S is called a homomorphic
retraction if p o p = p. The functoriality of the superextension in the
category of semigroups [15] ensures that for any homomorphic retraction
p:S — S the map Ap: A(S) — A(S) is a homomorphic retraction, too.

For a semigroup X by Zx denote the family of all characteristic subsets

of X.

Theorem 2.3. If 0 : X — X is an auto-shift of a semigroup X, then
0(X) is a characteristic ideal of X, and for the restriction operator

R:Aut(X) = Aut(o(X)), R:v¢—Ylo(X),

the kernel of R is equal to [, ;(x) So-1(2)\o(x) and R(Aut (X)) C H C G
where

and
H:={peG:VCeExVzea(X) |07 (z)NC|=]|o" (p(x))NC|}.
If the auto-shift ¢ is a homomorphic retraction, then R(Aut (X)) = H = G.

Proof. Definition 2.1 ensures that XX C o(X), so 0(X) is an ideal in X.
Since o is an auto-shift, for any automorphism ¢ € Aut(X) we have
1 oo = o o1 and hence

P(0(X)) =9 oo(X)=0oy(X)=oa(X),

which means that the ideal o(X) is characteristic in X.

Now consider the group K of all bijections ¢ : X — X such that coy) =
o and ¥|o(X) is the identity map of o(X). It is clear that the group K
is isomorphic to the product of permutation groups Hmeg(m) So-1(@)\o(X)
By Proposition 2.2, K C Aut(X).

It is clear that K is contained in the kernel Ker(R) of the restric-
tion operator R : Aut(X) — Aut(c(X)). On the other hand, for any
automorphism ¢ € Ker(R) we get c o) =1 oo =o0,s0 ¢ € K.

Observe that for any automorphism 1 of X the equality ¢! oo =
oo~ implies that o= 1(y) = o7 1(¢(y)) for any y € o(X). Moreover, for
any characteristic set C' € Zx we get ¢(C) = C and hence

Y(o™Hz) N C) = y(o™H2)) NP(C) = o (¥(x)) NC
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and hence |07 (z) N C| = |[o71(x(x)) N C|. Since o(X) € Zx, for the
restriction ¢ = |o(X) of ¥ we get (o () No(X)) = o (z) N
o(X) for every = € o(X), which means that ¢ = R(¢) € H and hence
R(Aut (X)) C H.

The inclusion H C G follows from X \ 0(X) € Zx.

Assuming that ¢ is a homomorphic retraction, we shall prove that
R(Aut (X)) = H = G. It suffices to check that each automorphism ¢ € G
extends to an automorphism of the semigroup X. By the definition of G,
we can extend the automorphism ¢ of o(X) to a bijection @ of X such that
oo Hz)\o(X)) =07 p(z)) \o(X) forall z € o(X). By ¢ € G, we also
get p(o~ () N 0(X) = 0~ (p(x)) N 0(X). So, plo~(x)) = o~ ((x))
for any = € o(X). This equality implies the equality oo @ = @ oo. Indeed,
for any z € X and z = 0(2) we get ¢(2) € @p(o71(x)) = o~ (p()).
Applying to this equality the map o, we obtain o o ¢(z) € {¢(x)} and
hence 0 0 ¢(z) = p(x) = poo(z).

Let us show that the bijection ¢ is an automorphism of X. Given any
elements x,y € X, it suffices to check that @(zy) = @(z) - ¢(y). Taking
into account that zy € XX C ¢(X) and 0 : X — ¢(X) is a homomorphic
retraction, we conclude that zy = o(zy) = o(x) - o(y) and thus

plry) = p(ry) = plo(zy)) = plo(x) - a(y)) = ¢(o(2)) - (o (y))

= 0(p(x)) - o(p(y) = a(p(x) - #(y)) = ¢(x) - P(y)- -

3. Automorphisms and characteristic ideals of
superextensions of finite monogenic semigroups

A semigroup S is called monogenic if it is generated by some element
a € S in the sense that S = {a"},,en. If a monogenic semigroup is infinite,
then it is isomorphic to the additive semigroup N of positive integer
numbers. A finite monogenic semigroup S = (a) also has simple structure,
see [21]. There are positive integer numbers r and m called the indez and
the period of S such that
o S={a,a®....;a"" Y andr+m—1=|9|;
° arer — ar;
o Oy :={a", a1t ...,a" 1} is a cyclic and maximal subgroup of
S with the neutral element e = a™ € C,,, and generator a"*!, where
ne(m-Nyn{r...,r+m—1}.
From now on, we denote by M, ,, a finite monogenic semigroup of
index r and period m. Consider the shift

o: My —aMyy,, o= ax,
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and observe that for every k € N the shift ok . My — akMT,m, ok x—
aFz, coincides with the kth iteration of o.

Observe also that the subset akMr,m = ok (M, ) coincides with the
characteristic ideal M}(,I,ZLH) of M, ,,,. For k > r the characteristic ideal
M;’fm = ak_anm coincides with the minimal ideal of M,.,,, and with a
maximal subgroup C,, of M,.,,.

For the idempotent e = a" of the group C, the shift ¢" : M,.,,, —
a"M, , = Cy, is a homomorphic retraction of M, ,, onto its maximal
subgroup C,,. This retraction will be denoted by p.

The following lemma distinguishes some characteristic ideals in the

semigroup A(M;. ).

Lemma 3.1. For every k£ > 2 the subsemigroup )\(M;’fm) of A(M; )
coincides with the characteristic ideal A(M,.,,,)"* of the semigroup A(M,.,,).

Proof. By the functoriality of the superextension, the surjective map

okl Mym — ak_er,m = M;.lfm, o1z a x,

induces the surjective map Ao*~1 : A(M,.,,) — )\(M;ffm), AoFh s A
a*~1 % A. Then for every maximal linked upfamily B € A(a*"tM,.,,,) we
can find a maximal linked upfamily A € A(My,,,) with B = a1 x A and
conclude that B = a*"! % A € A(My,,)*.

On the other hand, the definition of the semigroup operation on
A(M,. ) implies that A(My.) * CAM;E ) = A(a" M) So, A(M;E,)
AM,,) " is a characteristic ideal in A(M. ).

oo

Theorem 3.2. Two finite monogenic semigroups are isomorphic if and
only if their superextensions are isomorphic.

Proof. If two semigroups are isomorphic, then their superextensions are
isomorphic by the functoriality of the superextension in the category of
semigroups [15]. Now assume that two monogenic semigroups M; ,,, and
M, » have isomorphic superextensions. Let 9 : A(M;,,) = A(M;,,) be an
isomorphism.

Let C), be the maximal subgroup of M;,,. By Lemma 3.1, the su-
perextension A(Cp,) is a characteristic subsemigroup of A\(M; ,,,), equal
to the intersection (e A(Mim)* of the characteristic ideals A(M; )"
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Then

YACm)) = ¥ (NperAM = [ v

keN
=N (W(Mi,m)))"“ = () AMjn) ™ = A(Cn)
keN keN

and hence |[A(Cy,)| = [NCy)].

Observe that two finite sets X, Y have the same cardinality if |\(X)| =
|IA(Y')|. Indeed, assuming that |X| < |Y'| we can choose an injective map
f: X = Y with f(X) # Y and obtain an injective map Af : A\(X) — A\(Y)
with Af(A(X)) # A(Y), which implies that [A(X)]| < [A(Y)]. Now we see
that the equality |A(Cy,)| = |A(Cy,)| implies n = m.

On the other hand, the equality [A(M; )| = [A(M;,,)| implies ¢ +m —
1 =|Mjm|=|M;n,| =j+n—1. Since m = n, we obtain that i = j and
hence M; ,, = M; p,. ]

Proposition 3.3. If > 3, then any automorphism 1 of the semigroup
A(M, ) has ¢(x) = z for all z € M, p,.

Proof. Let a be the (unique) generator of the monogenic semigroup M, ,.
By Lemma 3.1, axA(M,.,,) = A(M,.,,)? is a characteristic ideal in A(M,. ,,).
Then for any automorphism 1 € Aut (A(M,.,,)) we get

w(a)*)‘(Mr,m) = ¢(a) *w(/\(Mr,m)) = w(a*)‘a\/[r,m)) - a’*)‘(Mr,m) > a?

and hence a* = 9(a) * A for some A € A\(M,.,,). Taking into account
that for 7 > 3, the equality a® = z * y has a unique solution z = y = a
in A(M;,), we conclude that ¢(a) = a and hence ¥(z) = z for all
T € My ]

In the following proposition by e we denote the unique idempotent
of the group C,, C M,,, and by p : M, ,,, = Cp, p : © +— ex, the
homomorphic retraction of M, ,,, onto Ci,. The homomorphic retraction p
induces a homomorphic retraction p: A(M;. ) = A(Cr), p: A — ex Al

Theorem 3.4. For r = 2 the homomorphic retraction p : A(M, ,,) —
A Cp) C AM(M,,,) has the following properties:
1) AxB=p(A)«B = Axp(B) = p(A) xp(B) for any A, B € A(M;..,);
2) Y(z) = x for any x € Cp, and any ¢ € Aut (A(M;.,,));

3) the homomorphic retraction p is an auto-good shift of A(M,.,,);
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4) the operator R : Aut (A(M,,,)) — Aut(A(C),)) has kernel isomor-
phic to [[en(c,.) S-1(c)\(cy and the range R(Aut (M) = {¢ €
Aut (A(Cn)) 1 VL € M(C)  [pH (L)) = 51 (L)1}

Proof. 1. The first statement follows from the definition of the semigroup
operation on A(M, ,,,) and the equality zy = p(z) -y =z - p(y) = p(x - y)
holding for any elements x,y € M, ,, = Mg .

2. Fix any automorphism 1 of the semigroup A(M,.,,). By Lemma 3.1,
A(Cp,) is a characteristic ideal of A(M,.,,), so the restriction | A(Cp,)
is an automorphism of the semigroup A(Cy,). In [9] it was proved that
Y(Cp,) = Cpy. Taking into account that e is a unique idempotent of C,,,
we conclude that 1(e) = e.

Since 1 is an automorphism of A(M, ,,), for every A € A(M,.,,,) we
have

P(p(A)) = Y(ex A) = ¥(e) * Y(A) = ex p(A) = p((A)),
which implies that 1(p~(B)) = p~!(x(B)) and hence

= (B)l = 1o~ (w(B))|

for all B € A(Cp,). In particular, for the generator a of the semigroup M, ,,
we get [p~L(ae)| = |p~1(¢¥(ae))|. Now observe that p~!(ae) D p~1(ae) =
{ae,a} and p~1(x) = p~1(x) = {x} for any = € C,,, \ {ae}. This implies
that 1(ae) = ae and hence ¥ (x) = z for all z € Cy, (as ae is a generator
of the group Cy,).

3. The third statement follows from the preceding two statements.
4. The fourth statement follows from the preceding statement and
Theorem 2.3. 0

Lemma 3.5. If » > 2, then the map
7 : A M) — )\(Mfm), g:A—axA
is an auto-shift of the semigroup A(M, ).

Proof. 1t is clear that G(A(M,.,)) = a * A(M,.,,) = A(M,.,,) 2. Next, we
show that & o ¢ = 1) o & for every automorphism ) of A(M,. ).
If r > 3, then 1(a) = a by Proposition 3.3 and hence

Poa(A) =ilaxA) =y(a)*P(A) =axp(A) =7 oy(A)
for any A € A(M, ).
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If r = 2, then ax = aex for any z € M, ,,,. By Theorem 3.4, ¢)(ae) = ae
and then

oo (A) = d(ax A) = d(ae * A) = p(ac) * Y(A) = ac x P(A)
= ax(A) = 50 $(A)

for any A € A(M, ).

It remains to prove that for any A, A" € A\(M,.,,) with (A) = (A")
the equalities Ax B = A"« B and B A= Bx A" hold for all B € A(M,.,,,).

It follows from a* A = 5(A) = 5(A") =ax A that a" « A= a" x A’
for all n € N and hence z x A = z x A’ for all z € M, ,,,. To see that
Bx A= Bx A take any set C € B* A and find a set B € B and a family
(Ap)pen € AP such that Upe Ay C C. For every b € B, we can use the
equality bA, € bx A =bx A to find a set A € A’ such that bA; C bA,,.
Then

BxA'> | Jbayc | b4, cC
beB beB

and hence C' € B x A’. By analogy we can prove that B* A" C B x A.

Next, we prove that A * B = A’ x B. Given any element C € A * B,
find a set A € A and a family {B;}.c4 C B such that J,.4 2B, C C.
Since aA € a x A = a* A’, there exists a set A’ € A’ such that aA’ C aA.
For any y € A’ find z € A with ay = axz and put B, := B,. We
claim that {J,c 4 yBy C C. Indeed, for any z € (J,c 4 yBy we can find
y € A" and b € B, such that z = yb € yB,. For the element y there
exists an element x € A such that ax = ay and B, = B,. The equality
ax = ay implies a¥z = a¥y for all k € N. In particular, bx = by. Then
z2=yb="by =br = xbe€ 2B, C C and hence A’ *x B > UyeA’By c C,
which implies C € A"« B and Ax B C A" x B. By analogy we can prove
that A"« B C A B and thus A"« B = Ax B. O

Corollary 3.6. If r > 2, then for any k£ € N the map
Fe t AME ) = AMED) Gy A ax A,
is a good shift of the semigroup )\(Mrkm)
Lemma 3.5 and Theorem 2.3 have the following:

Corollary 3.7. Assume that r > 2. The operator R : Aut (A(M,;.,,)) —
Aut(/\(M;,?m)) has kernel isomorphic to [Tzexa2 ) S5-1(2pa:2,) and

T,m
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range R(Aut(M,,,)) C H where
H={peAut(A(M?): vz € AMM}?,)
it (ﬁ) ﬂ AMZ)) = HL) NAM?Z,)
and VC € Eyi,,) 1071 (0(£))NC| = |67 (L)NC|}.

4. Automorphism groups of superextensions of
monogenic semigroups of cardinality < 5

In this section we shall describe the structure of the automorphism
groups of superextensions of all monogenic semigroups M, ,,, of cardinality
M| < 5.

4.1. The semigroups A(Mj,1), A(Mj,2) and A(Mz2,1)

For any r,m € N with r +m < 3, the monogenic semigroup
M., has cardinality |M, | < 2. Consequently, A(M, ) = M;.,, and
Aut (MM, ) = Aut (M, ) = C1.

4.2. The semigroups A(Mj3), A(M22) and A(M3s 1)

For a monogenic semigroup M, ,, with m +r = 4 and generator a,

the superextension A(M,.,,) consists of three principal ultrafilters a, a?, a3

and the maximal linked family A = ({a, a?}, {a,a®}, {a?, a3}).

Taking into account that M; 3 is isomorphic to C3 and Aut (A(C3)) =
Cy (see Table 1), we conclude that Aut(A(M;3)) = Aut (A(C3)) = C’g

By Proposition 3.3, for any i € {1,2,3} and ¢ € Aut(A(Mz1)) w
have 9 (a’) = a’. Then 1(A) = A and hence Aut (A(M3;)) = 01

To recognize the automorphism group of A(Ms2), consider the homo-
morphic retraction

piAMag2) = A(Mzy) = {a*,a’}, p: A a®A
and observe that it has fibers: p~!(a?) = {a?} and p~1(a%) = {a,a®, A}.
Since the automorphism group Aut (A(Mi%Q)) = Aut(A(Cy)) is trivial,
we can apply Theorem 3.4 and conclude that the automorphism group
Aut (A(Mz,2)) is isomorphic to S;-1(8)\ (a3} = Sta,a} = Ca.
4.3. The semigroup A(Mj 4)
The semigroup M; 4 is isomorphic to the cyclic group Cy. Therefore,

Aut ()\(M174)) =~ Aut ()\(04)) = 02 X CQ,
according to [9] (see also Table 1).
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4.4. The semigroup A(M3 3)

Consider the semigroup My 3 = {a,a?, a3, a* | a® = a*} generated by
the element a. Its superextension A(Mg3) contains 12 elements of the
form:

at,  Nj=(A:ACMaz)\{da'}, |A] =2),
and
Oi = (Maz\ {a'}, {a’, 2} : 2 € Ma3\{a'})

where i € {1,2,3,4}.

Let e = a® be the idempotent of the subgroup Cs and p : Mgz — C3,
p: x +— ex, be the homomorphic retraction of Mg 3 onto C3. The map p
induces a homomorphic retraction p: A(Ma3) — M(C5) = {a?,a3,a*, A1},
defined by p(A) = a3 * A for A € A(Mz3). By routine calculations we can
show that the map p has fibers:
pi(a?) = {a®};
pH(a®) = {a’};

o pl(a*) = {a, a*, Ny, A3, 01,04}

° ﬁil(ﬁl) = {Al, A4,|:|2,|:|3}.

Applying Theorem 3.4, we can show that the automorphism group
Aut (AM(Mz3)) of A(Mg3) is isomorphic to

SE) 1 aa1} X S(p)-1 @)\ fat} = T3 X S5.
4.5. The semigroup A(M3s 2)

In this section we consider the monogenic semigroup Mgzo =
{a,a?,a®, a*} generated by an element a such that a® = a3. The semigroup
M35 contains the characteristic ideals Mf’z = {a? a?,a*} and Mg%Q =
{a3,a*} = Cs.

Using the notations from the preceding subsection, we can see that the
superextensions of the semigroups Mg% contain the following elements:

e \(M32) = {a’,A;,0; : 1 <i < 4}

° )\(Mgﬁg) = {a% a3 a*, N\ };

[} )\(M3?:2) = /\(CQ) = CQ = {a3,a4}.

By Lemma 3.5, the map 7 : A(M3z2) — )\(Mf’z), g: A axA, is an
auto-shift of the semigroup A(Ms2).

By routine calculations it can be shown that the map ¢ has the
following fibers:

o 7 1(a?) = {a};
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° 6’1(a3) = {(LZ, LL4, A1, N3, s, \:‘4};

e 771(a!) = {a¥);

° 5'_1(A1) = {A2’ AV |:|3}

By Corollary 3.6, the restriction g = 5\)\(1\/['3%2) is a good shift of the
semigroup )‘(M32,2)~ This shift has a unique fiber 7, '(a®) = {a*, a?, A1}
containing more than one point. By Proposition 2.2, the automorphism
group Aut (A(Mg%Q)) contains the permutation group Sg,2 a3 = Ca. Tak-
ing into account that Cy is a characteristic subgroup of A(M 3%2) with trivial
automorphism group, we conclude that Aut (/\(M'?Sz)) = Sta2,n,) = Co.

By Corollary 3.7, the restriction operator R : Aut(A(Mgz2)) —
Aut ()\(Mf’z)) 2 (9 has kernel isomorphic to

So-1(a3)\AMZy) X So-1(A\AME,) = I3 X Sa.

We claim that the subgroup R(Aut (A(Ms2))) of Aut ()\(MESQ’Q)) = S{a2, A1}
is trivial. Indeed, each automorphism ¢ € R(Aut(A(M32))) is trivial on
the subgroup Co = {a?, a*}, so ¢(a?) € {a?, A1}. By Corollary 3.7,

1=lo"1(a®)| =]o" (p(a®))] <4 =" (L),

which implies that ¢(a?) = a? and ¢ is the identity automorphism of
Aut ()\(M322)) Consequently, the range of the restriction operator R is
trivial and the group Aut(A(Ms2)) coincides with the kernel of R and
hence is isomorphic to S3 x Sy.

4.6. The semigroup A(My,1)

In this subsection we consider the monogenic semigroup My1 =
{a,a?, a®, a*} generated by an element a such that a® = a*. The semigroup
M1 contains the characteristic ideals M;ﬁl = {a?,a?,a}, Mﬁl = {a?,a},
and M;ffl = {a*}.

Using the notations from the preceding subsection, we can see that the
superextensions of the semigroups M;fl contain the following elements:

e \(Myy) = {a’,A;,0; : 1 < i < 4}

® )‘(M42,1) = {CLQ, a3’ a4, Al};

o AME) =M, = {a’ a'};

® )‘(Mfl) = Mf,l = {a4}.

It is clear that the semigroups /\(Mﬁl) and )\(M;Sl) have trivial automor-
phism groups.

Taking into account that zy = a* for any z,y € )\(M;gl) =
{a? a3, a* A1}, we conclude that the automorphism group Aut (Mﬁl) of
the semigroup Mfl is isomorphic to the symmetric group Ss.
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By Lemma 3.5, the map
o AMy1) = AMP), o: A axA

is an auto-shift of the semigroup A(My,;). By routine calculations it can
be shown that the map & has the following fibers:

o 5 '(a®) = {a};

o 5 '(a®) = {a®};

° 5'_1(0,4) = {a?’, a4, A1, Ao, s, |:|4};

° 5_1(A1) = {A3, AVREIN ‘:’2}.

By Corollary 3.7, the restriction operator R : Aut(A(My1)) —
Aut ()\(Mfl)) has kernel isomorphic to

So-1(at)\AMZ,) X o1 (A)NME,) = F{22,0s, 00} X5 A5,04,01,00) = 53X 54

By Proposition 3.3, for any automorphism ¢ of A(My 1), we get 1(a*) = a¥
for any k € N. Taking into account that A(M7,) = {a?,a® a*, A1} is a
characteristic ideal in A\(My 1), we conclude that ¢(A;) = A;. Conse-
quently, the range of the restriction operator R is trivial and the group
Aut (A(My,1)) coincides with the kernel of R and hence is isomorphic to
53 X S4.

4.7. The semigroup A(Mi5)

The monogenic semigroup My 5 is isomorphic to the cyclic group
C5. It was proved in [9] that the automorphism group Aut(A(M;s5)) =
Aut (A(C5)) is isomorphic to Cly.

4.8. The semigroup A(M24)

To describe the structure of the automorphism group Aut(A(May4)),
we shall apply Theorem 3.4.
Consider the homomorphic retraction

piAMag) = AMzy), p: L exL,

where e = a* € Cy C My 4 is the unique idempotent of the semigroup Mg 4.
To describe the fibers of the retraction p we first introduce a convenient
notation for all 81 elements of the superextension A(Mg 4). We recall that
Mo = {a,a?,a3,a*,a®} and Cy = {a?,a?,a*, a} where a® = a?.
The 81 elements of the semigroup A(Mg4) will be denoted as follows:
e a foric {1,2,3,4,5};
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OO::{AC'M'24 ’A‘ } o

° eij = <{az,a3} A:AC M274, |A| = 3, |Aﬂ {a’,aj}| = 1}> for
1<i<j<5

o Nyjj = {{at,a’}, {a’, ak} {a?,a"*}) for numbers 1 <i < j <k <5;

o A= (May\{a'},{a’, 2} : 2 € Moy \ {a'}) for i € {1,2,3,4,5};

k= <{a”,ai},{a",aj},{a”,ak},{ai,aj,ak}> for numbers 1 <

i<j<k<b5andne€{1,2,3,4,5}\{i,7,k};

o A;k = ({a’,a’},{a",a"}, A+ A C Mayu, |[A| =3, An{d’,a’,a"} €
{{a'},{a/,a"}}) for 1 <j <k <bandie{1,23,4,5}\ {4k}

Observe that for the subgroup Cy = {a?, a3, a*,a®} C M4 we have

MCy) = Cy U {Naza, Nags, Naas, Naas, Oias, Oaas, Oazss Ooaa -

By routine calculations it can be shown that the map p: A(Ma4) — A(Cy)
has the following fibers:

° (,5)71(35) = {a} for z € {a? a®, a*, Aoz},

o (p)71(a®) = {a® a, D25, Dazs, Dias, Odgs, Odass Oazs Ohazs Olass

134>A AP 615aA%57A35’A4115>A?2’A?37A14}
(p)~ (A235) = {Dass, A1237<>135a<>1257@237A137A357A127A25}
p)” (Daas) = {Daas, A124,<>145,<>125,@24,A14,A45,A12,A25}
)" (Dsas) = {Dsus, A134,<>145,<>135, 634,A14,A45,A‘113,A§5}
) (Odas) = { Qs e A% AR 1
)~ ( 245) = {<>2457 <>1247A3 A%4}
)M (0335) = {0335, Olas, AN AL}
) (<>234) - {02347 <>234>A%37A247A§4’A%BvA?SvAllleAg?nAgzp
A3, 012,013,014, 095,035,045, O}

By Theorem 3.4, for any automorphism ) of A\(Ms4) the restriction
Y| A(Cy) is an automorphism of A(Cy) such that ¢(x) = x for all z € Cy.
The description of the automorphism group of A(C4) given in [9] ensures
that ¢(OF) = Of for any OF) € A(Cy). Taking into account that
()" (D2za)] = 1 < [(p)~H(Lijw)| for any Agj, € A(Ca) \ {La23a}, we
conclude that ¥(Aa34) = 1(A234) and hence 1p(x9zq) = x o34 for any
x € Cy. Since {xlgzy 1 v € Cu} = {Dyji 1 2 <1 < j <k <5}, we
conclude that ¥|A(Cy) is the identity automorphism of the semigroup
A(Cy).

By Theorem 3.4, the automorphism group Aut (A(Ma4)) is isomorphic
to

H Sp)-1eniey = 53 X Sg x Si7 x Sho.
LENCy)
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4.9. The semigroup A(M3s 3)

In this section we recognize the automorphism group of the superex-
tension of the semigroup M3z = {a,a2,a3,a4,a5}. This semigroup is
generated by an element a such that a® = a®. Observe that the ideal
M3273 = {a? a?, a, a’} is isomorphic to the monogenic semigroup M3 =
{b, b, b3, b} as for the element b = a® we get {b, b?, b3, b*} ={a?, a*, a3, a®}.

As shown in Subsection 4.4, the automorphism group Aut (A(Ma3))
consists of all bijections 1) of A(Mg 3) such that

° w(l‘) =z for any x ¢ {A4, (o, Dg} U {b, No, Ag, [y, |:|4};

o the sets {A4, 09,03} and {b, Ag, Ag,0y,04} are 1-invariant.
Taking into account the isomorphism {b,b% b3, b*} — {a?,a*, a3, a’} be-
tween the semigroups Ms 3 and Mé%g, we obtain the following fact.

Claim 4.1. The automorphism group of the semigroup A(Mé%) consists
of bijections 1 of )\(Mf’g)) such that
o Y(z)=aforany ¢ {Nasa, Ohss, 045 HU{a®, Aass, Aoss, Qs OB3als
o the sets {Aaz4, Olgs, 0345} and {a?, Aazs, Nats, $Fus, O34} are -
invariant.

By Lemma 3.5, the map 6 : A(M3z3) = A(Mi3), & : A+ ax A, is an
auto-shift of the semigroup A(M33). By routine calculations, it can be
shown that the map & has the following fibers:

o 77(a®) = {a}, 5_1(04) ={a’}, 77(a®) = {a'};

® 571( ) = {a%d® Aias, Dogs, A245,A15,A35,A?15,A§’2,A§3,Ag4,

<> 357<>1457<>3457<>123’<>124a<>2347@25’/\ A5}

o 71 (Laus) = {Disa}s

b 5_1(A234) = {123, A135aA%37A§5:A?27A?57<>%3570?257 ©13};

® 5_1(A235) = {A124, A145,A%4,A}15,A‘112,A‘115, 0%4570%25, O14};

e 5! (A345) {A2347 A345’ A247 A457 A%B? A%E)v <>%457 03357 @34}5

o 5_1(0345) {A34, Odaar Olass A )

o 571( 35) = {A14,<>124,<>145,A h

Y (<>234) = {Af5, Olazs Olsss A

L 1(<>245) — {A257A13>A147A347A25’A%BvA?37A?47A§4’<>1347<>134ﬂ
©12,015,023,024,035,045, O}

° 6_1(x) \ )\(Mgﬁg) = g for x € {a?,a*, a%};
e 5 '(a )\)\(Mé 3) = {A12s, AT5, A35, Afs, ATy, Ads, A3y, s, Olus,
<> 123> <>1247 @25a A A5}
1(A245) \ AMZ;) = {Aussls
TH(A234) \ANMi'g) ={A123, A1ss, Ads, Ads, ATy, A5, O35, Ohas, O3}
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d 571(A235)\)‘(M323) {A124,A145,A%4,A}15,A4112,Ail5,<>%45,<>11125,@14};
o 7 1(Asss) \ /\(M32,3) = {A3, Als, A, ASy, O34}

o 5 1(0345) \ AM,) = {Ady, Oday, Olusy A}

o 771 (Og35) \ A(M33) = {Ay, Ooys Oasy A%}

° 5_1( 531) \ A(M33) = {Aly, Olag, Olas A

L (<>245) \ A(MS,S) {A257A%3>A%47A§4’A%5’A%57A?37A?4’Ag4’

Ofg4, OFaas O12, O15, O3, 24, O35, O45, O}

By Corollary 3.7, for any automorphism 1 of A(Mg3) we
get o071 (¢(x))| = |67 (z)| for all x € /\(Mf’?}). Taking into account
Corollary 3.7, Claim 4.1 and comparing the cardinalities of the fibers of &,
we conclude that v is the identity on the set )\(MQQ,S) \ {O%s, O3aat-

To see that |A\(My) is trivial, it is sufficient to show that the as-
sumption ¥({3,5) = 33, leads to a contradiction. In this case ¥(Al) €
{Af5, Otos, Oss, A*}. Replacing ¢ by the composition of ) with a suitable
permutation in the kernel of the restriction operator R : Aut (A(M33)) —
Aut ()\(Mg%g,)), we can assume that ¥(A') = A* and ¥(A123) = Aqas.

Now observe that Aqozx Al = Aoz # Asys = Ajgg x A% On the other
hand,

Nozs = 1h(Daza) = h(Diog * A1) = 1h(Aqag) x Y(AY) = Aqog x A = Agas,

which is a desired contradiction showing that the restriction w\)\(M3273) is
trivial.

Therefore, the restriction operator R has trivial range and the auto-
morphism group Aut(A(Mgz3)) coincides with the kernel of R, which is
isomorphic to

H S =1L )\)\(M ) Si) X S5 X S92 X 514 X Slg.
LeAM3)

4.10. The semigroup A(My,2)

In this section we recognize the structure of the automorphism group
of the superextension of the semigroup My o and its characteristic ideals
M;& for k € {2,3,4}. The monogenic semigroup My o = {a,a?,a?, a*, a®}
is generated by an element a such that a® = a*. The characteristic ideal
MfQ = {a* a®} is a group with neutral element a*.

Observe that )\(M;ﬁQ) = M;ffz = (3 and hence Aut (/\(MZL’Q)) =
Aut (CQ) = Cl.

To recognize the structure of the automorphism groups of the superex-
tensions of the semigroups be = {a3,a* a®} and M;ﬁQ = {a? a3, a*, a’},
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observe that the map p: Mfz — M;fo, p:x— aty =a?

x, is a homomor-
phic retraction of M;EQ onto the group M;ffz such that xy = p(z) - p(y)
for all z,y € M42,2- This homomorphic retraction induces a homomorphic
retraction

piAM,) = AMh), prAeatx A

such that A x B = p(A) * p(B) for any A, B € A(M2,).
Using the notations for the elements of the superextension A(My )
from Subsection 4.8, observe that

)\(M42)—{a <HPU{Ajr:2<i<j<k<5}
U{%k <i<j<k<b,ne{2,3,45}\{i,jk}}.
By routine calculations it can be shown that the map p : )\(Mfz) —
)\(M;éQ) = {a*, a’} has the following fibers:
® ﬁil(aél) = {a2a at, Nasy, Doy, <>§457 0335}5

o p 1 (a%) = {a®, a®, Dazs, Naas, O35, 0334}
Now we see that Aut ()\(M;EQ)) is isomorphic to

| A (ME)\M, = a3, 8555} = Co
1€{4,5}

and Aut (/\(MfQ)) is isomorphic to

IT Sor@nng, =S5 % Ss.
i€{4,5}

To detect the algebraic structure of the automorphism group of A(My2),
consider the map o : My — M;EZ, o : x +— ax, which induces the map

o : )\(M4,2) — )‘(M42,2)7 o: A—ax A

By Lemma 3.5, & is an auto-shift of A(My).
By routine calculations we can show that the map ¢ has the following
fibers:

o 5 '(a®) = {a}, 6‘1(a3) ={a’}, a7 1(a°) = {a'};
e (a") = {dd° A135,A235,A345,A15,A25,A§5,A?3,Ag3,A§4,
<> 1257 <>1457<>2457<>1237<>1347<>2347A AP @35}

o 51 (Ags5) = { D1}

L 1(A234) = {A123,A125,A23,A25,A13,A%5,<>235,<>155,912}

o 771 (Dass) = {Diza, Duas, Ay, M, Ay, Als, O3a5, Olzsr O1a);
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® 1( 45) {A2347 Noys, A§47 A4215a A%37 A%57 <>§457 <>42135’ 624};

i 1(<>§45) {<>234a <>245v Al A%4}

® 1(0345) = {0134, <>1457A A%4}

o 1(0334) = {<>123a <>125:A4 A%Q}

d 5_1(0235) - {A357 A35’ A:{)% A147 A%zlv A§5’ A?% A?ﬁb Ag4v <>1247 <>124a

©13, 015, O23, O25, 034, 045, O}
Now consider the restriction operator

R:Aut(A(Map)) — Aut(A(M2y)), R: s Y[ A(MP).

We claim that this operator has trivial range.

Fix any automorphism 1) € Aut(A(Myz)). Proposition 3.3 ensures
that ¢(a') = a' for all i € {1,2,3,4,5}.

The description of the automorphism group Aut ()\(MfQ)) ensures
that the sets

2 4 2 4
{a?,a*, Noga, Naas, O35, O35 and  {a®,a®, Aags, Nsas, Oassy Odaa)

are tY-invariant. Then the sets Fy = {/Aasq, Noys, <>§45, 0335} and F)| =
{Nass, Nsas, O34s, 0934} are Y-invariant, too. Taking into account that
the ideal A(Mfk) = {a3,a*,a®, A345} is characteristic, we conclude that
¥(As45) = Asgs. Consequently, the set Fy = {Aogs, O3y, Odg4) 18 -
invariant and ¢ (A) = A for any A € A(M2,) \ (F3 U Fy).

It follows from v o @ = & o 1) that

T (W AN N AME)] = (67 (A) \ AL

for any A € )\(Mfg). Observe that
o |67 (x )\)\(MM)\ =0 for z € {a® a3 a’};
i ‘5_ ( )\)‘(M42)’ - ‘{A1357A?57A§57A457A?37A337A3470?257<>?457
<>‘;’23,<>134,A AP , O35} = 14;
o |07 (Las5) \ A(Mfé)! — (Ll = 1

o 671 (Lazs) \ )\(M42,2)| = [{ D123, Do, Mgz, Ags, Az, Als, Oias,
Oasr O12} =9

o (671 (D215) \ AMP)| = {Ausa, Auas, Mgy, Als, Ay, Ay, Olys,
01357914“ =9;

o 0™ (A345) \ )\(M4,2)’ ]{A34,AZ5,A§3,A25,624}\ =5;

o |71 (03s) \ )‘(M42,2)’ = [{Odgar Ohasr A1, ASy} = 4;

o [071(035) \ (M422)’ = {030 Olass A% AL = 4

o [071(084) \ AMP)| = {as, Olass A AT} = 45

)
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o |77 (O%s5) \ AM )| =
- |{A357A§57A127A147A247A§57A127A147 2470124,0124,9137@15,
©23, @25, 034,045, O} = 18.
Comparing the cardinalities of the sets 57 1(A) \ )\(Mfz) for points in
the sets F3 and Fj, we can conclude that the sets {34, Nogs} and
{0345, 0234} are y-invariant and ¥(A) = A for any A € )‘(Mf,?) \
{A2347 A245, <>§455 0334}-

Now we show that 1)(Aa34) = Agsqa. In the opposite case, 1(Aasq) =
Nays and hence (A123) € 7 H(Nass) \ )\(Mf’z). Replacing ¢ by the
composition of ¢ with a suitable permutation in the kernel of the restric-
tion operator R : Aut(A(My2)) — Aut()\(M;EQ)), we can assume that
P(A123) = Diag.

Taking into account that A3 % A3 = 0‘2135 and Aq134 % ANq134 = Noys,
we conclude that

O35 = V(Ooa5) = V(Aiaz) * Y(D123) = Aisa * Niza = Dous,

which is a contradiction proving that ¥(A) = A for all A € )\(Mfg) \
{0345, O34}

Assuming that @Z)|)\(M4 ,) is not identity, we conclude that 9 ({3,5) =
{554 Replacing v by the composition of ¢ with a suitable permutation in
the kernel of the restriction operator R, we can assume that 1(A?) = A*
and ¥ (A123) = Aq2s.

Taking into account that Ajog * A2 = Agys and Aqoz x A = <>234, we
conclude that

Asgs = p(Dsa5) = P(Dizs * A?) = P(Di23) * P(A?) = Aqaz x A* = O3y,

which is a contradiction completing the proof of the triviality of the range
of the restriction operator R : Aut(A(My2)) — Aut ()\(M;E’Q)).

Then the automorphism group Aut (A(My,2)) coincides with the kernel
of R, which is isomorphic to the group

H S—_l( LOA\AM ) Si X 55 X Sg X 514 X 518.
LeX M4 2)

4.11. The semigroup A(Ms 1)

In this section we recognize the structure of the automorphism group of
the superextension of the semigroup M5 1 and its characteristic ideals M'gfl
for k € {2,3,4,5}. The monogenic semigroup M5 1 = {a,a? a3 a* a®}
is generated by an element a such that a® = a®. Observe that for any
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z,y € {a3,a*, a®} = M'5371 we get xy = a°. This implies that for any k €
{3,4,5} any bijection ¢ of )\(M'gfl) with 1(a®) = a® is an automorphism
of the semigroup )\(M'gfl). This observation implies that Aut ()\(Mgrjl)) =
Aut ()\(M'5471)) = (j and Aut()\(M'g”l)) = Ss.

Next, consider the semigroup M52,1 = {a?,a®,a* a®} and its superex-
tension A(M). It follows from M) « Mg} = Mz, = {a* a®} that
AME)) * A(MZ)) = A(Mg'}) = Mg';. This implies that the ideal M}
is characteristic in the semigroup A(Mgﬁl). Since the semigroup Mgfl =
{a*, a®} has trivial automorphism group, 1 (a*) = a* and 1 (a®) = a® for
any automorphism 1 of )\(MSQJ)-

It is easy to show that the equation z * y = a* has a unique solution
r = y = a® in the semigroup )\(M'5271). Consequently, ¥ (a?) = a? for
any automorphism 1 of /\(M52,1) and A x B = a° for any maximal linked
upfamilies A, B € /\(Mgl) such that (A, B) # (a?,a?). It follows that
any bijection v of )\(M'5271) such that 1 (a’) = a' for i € {2,4,5} is an
automorphism of the semigroup )\(M52,1)- This implies that Aut (M5%1) =
Sy.

To recognize the automorphism group of A(Ms 1), consider the map

o:AMs1) = AM)), o:A—axA

By Lemma 3.5, ¢ is an auto-shift of A(M5 ) and its restriction oy :=
6|A(M5%1) is a good shift of )\(M52,1)-
By routine calculations, it can be shown that the map & has the
following fibers:
o 0 Ha") ={a""'} fori € {2,3,4};
i 6'_1(a5) - {a47 a57 A57 A47 <>g347 <>Ei)347 <>?247 <>%357 <>z11357 <>[11257 Agzlv
Ag4a A3y, Sy, Ads, Als, Asas, Doss, Aas, Ous )

o 7 (Lazs) = {D1as}s

o 7' (Nazs) = {O12, Olus, Ooasr Als, Al Ads, Agy, Do, Diaal;

° 0 1(A245) - {@1370?457<>§457A?57A%47A§57A§4’A135>A134};

o 51 (Aga5) = {Oa3, 0345, ORusy M35, Ay, A5, A3y, Dosa, Nass )

o 71 (O%5) = {A, O35, O3, Ads )

e 7 (¢ 245) = {A?, OFs5, Ofa4, Ads )

o 771(Ohs5) = {A%, s, Ofass Ao}

o 77 1(0334) = {O, O35, 034, 25, 24, 15, O14, Gz, Olaz, Ady, Al

A?Qv A%Zﬂ? A137 A4112’ Ai5? A12157 Azll5}'
To recognize the algebraic structure of the automorphism group
Aut (A(Ms5 1)), consider the restriction operator R : Aut(A(Ms1)) —
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Aut ()\(M521)) By Corollary 3.7, the kernel of this operator is isomorphic
to
H 55_1(£)\A(M5%1) = 514 X Sg X 55 X SZ} X 518-
LENMF)

We claim that the operator R has trivial range. Given any automor-
phism ¢ of A(M5 1), we should prove that ¢(A) = A for any A € A(Mg%l).
By Proposition 3.3, 1(a’) = a* for all i € {1,2,3,4,5}. The equality
¥ (a) = a implies that & o 1) = 1) o . Consequently, for every L € )\(M?’l)
we have (67 1(L)) = 71 (¥(L)). Since the ideals )\(M'Slfl) are character-
istic in A(M5,1), Corollary 3.7 ensures that

T (W (L)) NAMEL)] = |67H(£) N AME)|

for all £ € A(Mg)) and all k € {1,2,3,4,5}.

Comparing the cardinalities of the sets 5= 1(£) N )\(Mgfl) for various
k€ {1,2,3,4,5} and £ € A(MZ)), we see that ¢(Fy) = Fy, (F3) = F3
and ¥(A) = A for all A € M52,1 \ (Fo U F3), where Fy = {Aa35, Nags} and
Fy = {0345, 0345, 235}

Let us check that 1(Aaggs) = Agss. To derive a contradiction, assume
that 1(Aass) # Aags and hence ¥(Aags) = Aggs. Consider the element
Aiz4 € 571 (Dass) \ A(M) and observe that 1) (A1a4) € (57 (Agss)) =
71 ((Dags)) = 571 (Aass). Let m: A(Mp1) — A(Ms 1) be a permuta-
tion such that W(¢(A124)) = A135 and W(A) =Aforall A€ )\(M571) \
{A135, N124}. By Corollary 3.7, the permutation 7 belongs to the auto-
morphism group Aut (A(Ms1)). Replacing ¢ by 7o), we can assume that
P(A124) = ANi3s.

Observe that

a® = Nizsx Aoz = P(D12a) %P(A123) = Y(Aqaa* N123) = (Nsas) # a®.

This contradiction shows that ©¥(Ags5) = Agss and hence 1p(Aays) = Aoy
(as ¥(F2) = F2)).

Next, we show that ¢(A) = A for any A € Fy = {O3y5, Oy, O35 1
To simplify notations, put {2 1= O30, O3 1= O35, O i= O345. To derive
a contradiction, assume that 1({?) = 7 for some 2 < i < j < 4. Consider
the maximal linked upfamily A~! € 71(<{?) and observe that (A1) €
P(e7H(QY) = a7 () = 1Y), Since AV € 571(7), we can
replace v by the composition with the permutation exchanging ¢ (A*~1)
with A7~1 and 1(A134) with Aq34, and assume that (A1) = AJ=1 and
PY(A13e) = Disa
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Now observe that the elements A', A2, A3 can be algebraically distin-
guished by the equalities:

1 1

A" Aoz = Aszys, A x Dqzy = Asys
2 2 5
A®x Aoz = Agys, A" xANzg=a

A3 * A123 = a5, A3 * A134 = a5.

Two cases are possible. If i = 2, then ¢(A') = A/~ and we obtain a
contradiction:

a® = (a®) = M1k Az = P(AY) % h(Diza) = YA % Dyg)
= (Aga5) # a°.

If ©+ = 3, then we obtain a contradiction considering

a® = P(a®) = A1k Aqogg = (A?) % 1h(D123) = Y(A% * Aiag)
= (Aags) # a®.

In both cases we obtain a contradiction with the assumption that 1 (.A) #
A for some A € F3. This contradiction completes the proof of the triviality
of the range of the operator R. Then the group Aut(A(Ms5 1)) is equal
to the kernel of the operator R and hence is isomorphic to the group

Sz ><S5 X53X514X518.

5. Summary Table and some Conjectures

The obtained results on the automorphism groups of superextensions
of monogenic semigroups of cardinality < 5 are summed up in Table 2.

Analyzing the entries of this table and the arguments in Section 4, we
can make the following conjectures.

Conjecture 5.1. For any integer numbers r,s > 3 and n,m > 1 with
r+m = s+n the automorphism groups Aut (A(M,.,,)) and Aut (A(Ms,,))
are isomorphic.

Conjecture 5.2. For any integer r > 2 and m > 1 the restriction
operator R : Aut (A(M,,)) — Aut(/\(Mfm)), R:¢Y— 1/1])\(M;,2,m), has

trivial range.
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S | |S|=] S= | Aut(S) = Aut (A\(S)) = |Aut (A(S))| =
My, | 1 c, C , 1
Mo | 2 Cy o o 1
My, | 2 Cy o 1
M3, 1 o o o 1
M3 3 Cs Cs Cy 2
Moo 3 Ch Co 2
My, | 2 Cs Cy Cy 1
M3,1 3 Cy 4 1
M£32,1 2 Ms Cy 4 1
M |1 G Cy Cy 1
Mg | 4 Cy Cy C? 4
Moz | 4 o S3 x S 720
Mys | 3 Cs Cy Cy 2
Mz | 4 o S3 x Sy 144
Mgy | 3 | Map C, Cy 2
Mg, | 2 Cy o o 1
My, | 4 o S3 x Sy 144
M7 | 3 Cy S 6
M7 | 2 | May Cy Cy 1
M 1 C, C, Cy 1
Mys| 5 Cs Cy Cy 4
Moy | 5 o S3x.S3xS17xS19 4465152
My, | 4 Cy Cs C? 4
Ms 3 5 C, 53 % S5x 53 xS14%x 518 6531840
Mgy | 4 | Mags o Ss % S 720
Mgy | 3 Cs Cy Cy 2
My o 5 C, 53 % S5x .53 xS14%x 518 6531840
M7, | 4 Cs S5 x S 14400
MP, | 3 c, Cy 2
M, | 2 Cy , C, 1
M5, | 5 o 53 % S5 x S2x S14% S8 6531 840
M| 4 Ch So 362880
M2 |3 | MG Cy Ss 6
M;h 2 My, Ch o 1
MP, |1 C C Cy 1

TABLE 2. The automorphism groups of superextensions of some monogenic

semigroups M, ,,
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