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ABSTRACT. In the paper [6], we introduced Gram matrices
for the signed partition algebras, the algebra of Zs-relations and
the partition algebras. (s, s2,71, 72, p1, p2)-Stirling numbers of the
second kind are also introduced and their identities are established.
In this paper, we prove that the Gram matrix is similar to a matrix
which is a direct sum of block submatrices. As a consequence, the
semisimplicity of a signed partition algebra is established.

1. Introduction

k

In this paper, we establish that the Gram matrices G5, and 8251+52
k

introduced in [6] are similar to matrices G§51 4, and 825 | +s, Tespectively

and each of which is a direct sum of block sub matrices Aoy, 41, 2741, and

1172 respectively. The diagonal

f27’1 —+7ro

25145 and

Xgn tro,2r +ry Of sizes

entries of the matrices Z271+72’2r1+7‘2 and ZQT1+7‘2727-1+712 are the same
and the diagonal element is a product of 1 quadratic polynomials and
ro linear polynomials which could help in determining the roots of the
determinant of the Gram matrix. Similarly, we have also established that
the Gram matrix G¥ of a partition algebra is similar to a matrix G* which
is a direct sum of block matrices A, of size f]. The diagonal entries of
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the matrices EM are the same and the diagonal element is a product of
r linear polynomials which could help in determining the roots of the
determinant of the Gram matrix.

Using the cellularity structure defined in [5], we show that the algebra
of Zy-relations and signed partition algebras are semisimple over K(z)
where K is a field of characteristic zero and z is an indeterminate and
it is also semisimple over a field of characteristic zero except for a finite
number of algebraic elements and we also prove that the algebra of Zo-
relations and the signed partition algebras are quasi-hereditary over a
field of characteristic zero. In particular, if ¢ is an integer < k£ — 2 and ¢
is a root of the polynomial 22— —2r ,0 <7’ < k — 2 then the algebras
A%Q(q) and %2((]) are not semisimple.

2. Stirling numbers of second kind of the algebra of
Zo-relations, signed partition algebras and partition
algebras

Lemma 2.1.

(a) In the algebra of Ze-relations, let ;P alm’r2 € J3k ., with 2p; +

pa < 2r1 + ro then dVP? is coarser than alrl’r2 if and only i
1,0

Wdy P .dj'3?) = 2p1 + pa where J3% ., is as in Notation 3.6(a)

in [6].

(b) In signed partition algebras, let alp1 P2 alrl’r2 € 7251+52 with 2p +
p2 < 211 + ro then dpgm s coarser than dﬁ’r2 if and only if
l(dflozm.d;l/ém) = 2p1 + p2 where 72514—52 is as in Notation 3.6 (b)
in [6].

c) In partition algebras, le fva,Rd;?B e JF with p < r then R%.a s
In, partition algebras, let R® f
coarser than R%. if and only ifl(Rdf’a.RdJTEﬁ) = p where J¥ is as in
Notation 3.6(c) in [6].

Proof. Part (a): dj;” is coarser than d;') if and only if every {e}-

"2 is contained in a {e} through class of dp 1Pz

through class of d 1’
Zs-through class of drlﬁ’r2 is contained in a Zs-through class of dp !
{e}-horizontal edge of d})" is contained in either a {e} or Zo- horlzontal
edge or {e}-through class of dp UP2 and every Zs-horizontal edge of d”’ﬁ'“2
is contained in a Zo- horlzontal edge or Zo-through class of dp P2

Thus, the number of loops in the product d?**? dm )2 is 2p1 + pa.

The proof of (b) and (c¢) are similar to the p7r00f 0% (a). O

, every

P2 every



N. KArRIMILLA B1, M. PARVATHI 217

Lemma 2.2 ([18]). Given any two diagrams d;."* and d;l’TQ such that

ﬂp(dzlo’ém.d;lﬁ’rz) = 251 + s then there exists a unique diagram which is the

smallest diagram d;lw’TQ among the diagrams coarser than both d;*" and
1T
d‘]’ﬁ " " i ais ais ! !
i rir i , . i T
Also, l(dlf7 2 .dl,l,y 2) = l(dlf7 2 .d;lam) = l(dlfv 2 .dj’lﬁ 2).
Proof. The proof follows from Definition 2.13 in [6]. and [18]. O

2.1. Column operations on the Gram matrices of the algebra
of Zs-relations, signed partition algebras and partition al-
gebras

We now perform the column operations inductively on the Gram
matrices of the algebra of Zs-relations, signed partition algebras and
partition algebras as follows:

Let d?’g be coarser than d?’é. Then by Lemma 2.2,

0,0 ;0,0 0,0 ;0,1
l(di7a.di,a) = l(di,a-dj,,g) =0.

We apply the column operation: L;50.1) = L(jg,0,1) — L(i,a,0,0) then
the ((4, «,0,0), (4, 3,0, 1))-entry becomes

A(1,0,0,0),(,8,0,1) — U(,0,0,0),(i,0,0,0) = L =1 = 0.

Similarly, apply the column operations L(J}ﬂf’lﬂ"z) — L(jﬂ’riﬂﬂé) —

! /
1,72 T1,T2
L(; 0y ,rp) Whenever d; ' is coarser than d ;.

Then b o,y r),(,8.,ry) denotes the ((i,,11,72), (4, 3,71, 73))-entry
after all the column operations are carried out

Diis,rr ), (3B ) = Qlisarra ), (5B )

- . mnro 1
: : b(lza’TlaT2)7(l7’y»r1 o )
’ 5
dl,’y >di,a
nr 1

Ty 7‘,,7‘,
4l syt (2.1)

- > D), (6,

1 / /

drl ] }df'erQ

k! ,8! (e

Lemma 2.3. (a) In the algebra of Zo-relations and signed partition alge-
bras, let (i,c,r1,r2) < (4, 8,r],15).
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. . rhrh
(i) If d;:lozrz is coarser than d;'s* then

b(j7ﬁ77,/177‘/2)7(7:7a7r17r2) = b(i,a,Tl,TQ),(i,O[7T17T2)'

(ii) If d;;" is not coarser than d;iéTQ and l(d;lozm.d;}/érz) > 0 then

biarira) (Bt ry) =0 and  begor 1y o m) = 0.

(iii) If ;1" is coarser than d;lb’,rg then
Disaurra) (Gt ry) = O

where b(i o,y ry),(,80 ) 85 the (i, ,m1,72), (4, B, 71, 75))-th entry
after all the column operations are carried out.
(b) In partition algebras, let (i,a,r) < (7, 5,1").

(i) If R%.« is coarser than R%.5 then
b(j,8,07),(iar) = Dlisar) (i)
(ii) If R%e is not coarser than Rdﬂr'v,ﬁ and Z(Rdaa.Rdgjﬁ) > 0 then
b, Gsay =0 and bGgrm) am =0
(iii) If R%e is coarser than Rdgv/ﬁ then

biiar),(,8) =0

where b o r).j,p) 15 the ((i,a,7), (4, B,7"))-th entry after all the
column operations are carried out.

Proof. Part a(i): It follows from equation (2.1), for

b(jvﬁ7ri7ré)7(i7a7rlvr2) = a(j7ﬁv7‘/177‘/2)7(i7a77’177,2) o : : b(jvﬁﬂni7ré)7(l7777n/1/77ng)

iy e rrh
iy "> i ">y

= AGarra) o) = D )t
s s
dl»’v >di704

(by Lemma 2.1 and induction)

= b(i,a77‘177’2)7(i70¢77”177"2)

We prove the result by induction on (i, a, 71, 72).
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Let d?’g be coarser than d;lblrQ, by lemma 2.1 we have,

0,0 ;0,0 ,
M@adm):MQQ h&):o (2.2)
for any diagram d /1/’ Z which is coarser than d 1’ and drll/’ T2 but not

coarser than di’w we have

b(i,0,0,1), (17 ) = 0-

Thus, by applying the column operations L(jﬂ’T/l’Té) — L(j:ﬁlelleg) —
L((i,a,0,1) and equation (2.1) ((4,«,0,0), (7, 8,7],rh5))-entry becomes

b(1,0,0,0),(.8,7% ) = Q(0,0,0,0),(,B.r ) — M(i,0,0,0),(,0,0,0) = 1L =1 =10

by equation (2.2).

(ii) Suppose d -1 ", and doﬂ such that ﬁp(d?; d?é) = 2s1 + sz then by

Lemma 2.1 l(d0 ! dgll’m) 0 then there exists a unique diagram dg:g
coarser than both do ! and d%} ;5 such that

Udydys) = s din) = Udygdyg) = 0

Thus, when the column operation L; g0.1) = L; 8,0,1) — L(x,5,0,0) is carried
out,

b(1,0,0,1),(3,8,0,1) = (1,0,0,1),(7,8,0,1) ~ A(5,0.,0,1),(k,800) = L =1 =0. (2.3)

Part a(ii): In general, Let d;;;"* be not coarser than d;léTQ such that

I(d;2". ;llér2) 0. Then by Lemma 2.2 there is a unique diagram d

i,
coarser than both d;loim and d jlé 2 such that

i 1

l(drl o dﬁ »7"/2/) _ l(dzléTQ drlﬂ"2) _ l(drl Ty dﬁﬂ"g)

When the column operations are carried out inductively,

b(i,a,rl,rg),(j,ﬁ,r’l,ré) = a(’L‘,Oé,Tl,’/‘Q),(j,ﬂ,T/l,TIQ) - : : b(ivaarl1T2)7(l7’77T,1//7T/2//
mnr 1
1 T2 7"1 2
d,, 7 >d;
s
dT1 ] >dT1 T2

— : s
: : b(lraﬂ‘l ’T2)7(k/76/7T1 T’y )
ne 1 / /
412 d 12
K!8 7.8
7‘”” T‘/2NI d"‘l o
k/ 5/ %
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By induction hypothesis, each entry in the second summation becomes
zero. Thus, we have

D(i r1,r2),(5,B. ) = Oicra,ra), (inBirh ) — E )

7" 7" 71,7
dlg’2>d1 2
B

b(i,a,rl 172)7(l>7)T,1/)T,2/ .

drl ,7‘2 >d’r1,7‘2

Also, by induction,

(is0ra,2), (i ol " ) = DGt o) (i o " ) (24)
Thus,
O ), (5.8, r5) = (i ra) (5,6.04.r5)

- E biarl,rg)(,'yrll” r’”))

1

dlﬁ ] >dT17T2
v

drtror2 >dT1 rz

137 3,8

b(k,&,r/l' r)),(k,6,ry,rh)

(k8o rt)), (kS ) — Olesry ), (k8 )
= D5, rt)) (k! ) = Ohe,srt 1)) (k8 1)
(by equation (2.4))
~0

Thus, ((i,a,,7r1,72),(j, 8,7],75))-entry becomes zero after applying

/ /
71,7 1,7
the column operations when d "2 is not coarser than d.';? such that

7.8
T, gT1Th .
W) > 0. Also,
b(j7ﬁ7rllvrl2)7(i7a7rlyr2) = a(j7577-/177-/2)7(i7a7’r17’r2) - z b(jngzrll7ré)7(l777r11/7ré/).
"o
172 g 47172
dl,’y >d;
7’” 7’” ’I‘/ ”r
1°72 172
a v dj,B

1"
since bj g 1 v (k6,7 7y Decomes zero by induction for all d 1 "

than drl’r2 and not coarser than 5 r2 arguing as in the proof of (ii),

coarser

b ) (i) = 0-

Part a(iii): In general, let alr1 "2 be coarser than d 1’ by Lemma 2.1

! !
T1,T2 JT1,T2N T1,r2 g7 2y
l(d%a 'di,a ) = l(d%a ;g ) =2r1 + ro.



N. KARIMILLA B1, M. PARVATHI 221

By induction hypothesis,

D(ir1,72),(5,B. ) = Wisenra,ra), (B ) — E: D(i 1,70, (vt
1
e T
dl}v 2>dlfr2
T‘II T‘II ’I‘ T
4L L

(2.5)
and
b(’i,a,Tl,Tg),(i,a,Tl,TQ) - a(i,Oé,T‘hTQ),(i,Oé,?"h?”Q) - : : b(iaale7T2)7(l’7’7‘¥a7‘g
T‘/l T‘/l
172 71572
Ay = >di g
(2.6)

Thus, when the column operation L; g, w1y = L ) — Liiar )
is carried out the ((¢, o, m1,72), (4, 8,7}, 75))-th entry of the block matrix
Aoy ey 20, 4y, Decomes zero. That is, b o 7y ry),(5,8,7 ) = 0-

The proof of (b) is similar to the proof of (a). O

Theorem 2.4. (a) After applying the column operations the diagonal entry
22112 in the block matriz Aor 4y 2r14re for 0 <y + 19 <k — 51— 52
and the block matriz 227‘1+r272r1+7‘2 forO<ri+ro<k—s—5s5—1 of
the algebra of Zs-relations and signed partition algebras respectively are
replaced by

ri—1 ro—1

(i) II 22—z —2(s1+ )] [T [x— (s2+ D] ifr1 =1 and ro > 1,
j= 0 =0
(ii) H [ — (sa+7)] if r1 =0 and r9 # 0,
=0
(iii) TEIO (22 — 2 —2(s1 +j)] ifr1 #0 and ro = 0.

Also, the diagonal elements in the block matriz Ao vy 2r +r, and

U1+, 2r 41 OTE The same.
(b) After applying the column operations the diagonal entry x" in the
block matriz A,, for 0 <r < k is replaced by

r—1

H[x—(s+j)] ifr>=1and1 ifr=0.

j=0
Also, the diagonal elements in the block matriz A, , are the same.

Proof. Part (a)(i): The proof is by induction on the number of horizontal
edges.



222 GRAM MATRICES AND STIRLING NUMBERS

Let d;lozm be any diagram corresponding to the diagonal entry x271+72
in block matrix Ay, 47, 27 47, having 251 + so number of through classes
and 7 pairs of {e}-horizontal edges and 7o number of Zs-horizontal edges.

After applying column operations as mentioned earlier to eliminate
the entries which lie above corresponding to the diagrams coarser than
d;Y" then by Lemma 2.1 and induction the diagonal entry z* 1772 is
rei)laced as

ri—j—1
2r1+re Z 51,52 H 2 .
v B2T1+T272[T1—j}+7‘2+j’ [z z —2(s1 +1)]
0<y<m =0
—ra<j'<ry
—2j1§'<0 (2.7)
T2+j/—1
x I &= (s2+ /)]
f=0
where Bg;‘fﬁrzim +p, 8ives the number of diagrams which has p; pairs of

{e} horizontal edges and ps number of Zy horizontal edges which lie above
and coarser than d;"".
Fix s and put

— _1\25—7 ps1.82 . .
HQTH'T?’S - Z ( 1) B2r1+r2,2[r1fj]+7"2+j/02[7"1—]]-5-7“24‘]/75
0<y<r
—r2<j'<r1
—2j+4/<0 and m—2j+j5'>0
(2.8)
where C27~/1 +r4,s denote the coefficient of z* in
ri—1 rh—1
2 .
[T 2~ 261 4+ N ] e~ (52— D)
j=0 1=0
where m = 2r1 +1r9 — s.
We shall claim that,
H2r1+r2,s — (_1)m02r1+r271,5-
We shall prove this by using induction on 2r; + ro.
_ E : 1)\27—J' ps1,82 ] )
H2T1+T278 o ( 1) BQ7’1+7‘2,2[7‘1—j]-‘rT‘Q—l—j’CZ[Tl7]]+7'2+.]/a5
0<y<ry
—ro<j'<r

—2j+;'<0 and m—2j+j'>0

where m = 2ry + 19 — s.
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By using Lemma 3.16 in [6] and induction hypothesis, equation (2.8)
becomes,

_ _1\25—4' 51,52
Horyyry,s = Z (1) {B2r1+r271,2[r17j]+r2+j’71
0<g<ry
—ro<j'<ry
—2j+5'<0 and m—2j+j'>0
1\ 251,52
+(s2+ra+ )321“1-&-7”2—1,2[7‘1—]'}-%7“2%-]"}

X {CQ[Tl—j]-‘rTz-i-j’—l,s—l + (82 +re+ j, - 1)02[T1—j]+rz+j’—1,s}

The equation (2.8) can be rewritten as follows:

H27’1+7“2,8

_ E: _1\25—J ps1,82 ) )

- ( 1) 2r1+r2—1,2[r1—j}—i—rz—i-j’—lCQ[Tl*J]+7”2+J/*1,5*1
0<y<r
—ra<j'<r

—2j+4'<0 and m—2j+j'>0
D DR Ve A CEREE Y

0<y<r,
—r2<j'<r
—2j+44'<0 and m—2j+j'>0
51,82 C ) .,
2r14ro— 1,2 —jl4ra+i/— 1 2r —jl+r2+5 —1.s

- Y D s d)
0<j<r

—ro<j'<r
—2j44'<0 and m—2j+4'=0

X B

51,52 C ) y
2r1 +ro—1,2[r1 —j]4ra+j’ ~ 2lri—jl+ra+i’,s

= Hop irg—1,6-1+ (—1)"(s2 + 12 — 1)Cop 4rp—1,s
(by canceling common terms)
= (=1)"Car4ry—1,5-1 + (=1)"(s2 + 72 = 1)C2r 4, 1,5 (by induction)

X B

Thus, equation (2.8) reduces to

H2r1+7"2,5 = (_1)m027“1+r2—1,8—1 + (_1)m(52 + 1o — 1)027"1-1—7“2—1,3
= (_1)mc2r1+r2,8

where 027“1—0—7“2,3 = C2r1+r2—1,s—1 + (32 +re — 1)C2r1+r2—1,s-
The same proof works for the diagonal element in the block matrix
21 +72,2r1 41 101 0 < 71 4+19 < k— 51— 52 —1 in signed partition algebras.
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Part (a)(iii): This part can be proved in similar fashion as that of (a)(i)
by using Lemma 3.17 in [6] and

Corys = (=1)"Cy1—1),5—2 + (=1)"Copr —1),6-1
—(=1)"2(s1 + 71— 1)Co, 1) -

The proof of (b) is same as that of the proof of (a). O

, T , rhr!
Lemma 2.5. Let d, /% € J2t . and di57, d5 € T3 .
(i, 1, 12), (4, B,rl,TQ)) entry of the Gram matrices G5, 1y, of the alge-
bra of Zs-relations and 231+32 of the signed partition algebras remains
zero even after applying column operations inductively if the Zo-horizontal

edge of d;lc;m coincides with the {e}-through class of d;lﬁ’7~2 and vice versa.

Proof. The proof follows from Definition 3.7 in [6] and there is no diagram

rhr!
in common which is coarser than both d;};"*, d;'3” € Jomire, O

Remark 2.6. (a) Let d;}", drl’r2 € J3% ., such that §P(d; " dTl’TQ) <

251 + s9. Place drl’ 2 above d 1’ . Choose sub diagrams d”1 2=ty ¢

2f 7“177“2 ! t Jrh—tl 2f T .
;:]ﬁ(stl_tl)—l—@—tg of d; ;" and dnTRETR € ) 2(s1—t1)+s2—t2 of djvﬁ such
a

[/ / / 11 0.0 f//
l(d ' d ' ) > O

ﬁp((dm,rz \ dr t),ro— t2) (d;":lﬁﬂ"é \dri—t’{,r’z—té’)) < 2y + to.

For the sake of convenience, we shall write

rire _ gri—t),ra—th li—f Ty gri—ty oty la—f
i~ =d ©dy,_j and djjg"=d i,y

where d T = drm2 \ dritre =t and @2 = dTl’T2 \ dri—tra =ty
f la— f
(b) Let Réia R4 € JF such that #P(R%a, Rdaﬂ) < 2. Place R
above R%. B. Choose sub diagrams RY € J! f _, of R%.e and R € Jy_ f

of R%.6 such that , .
(R R" ") >0

! —t!

with #2((R%e \ R¥™).(R%s \ BT ™)) < 1.
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For the sake of convenience, we shall write
Rte =R"" ©d~) and R%o = R" @ a2~

where dﬁ:; = R%a\ R ™" and dg:; = R%s \ R "

Notation 2.7. (a) Let drlm,dglb’f2 be as in Remark 2.6(a) such that
]btp(drl’r2 drl’m) < 281 + S92, so that the ((i,a,m1,72), (5, 8,71, 72))-entry
of the block matrix Agp 4ry,2r 4 i algebra of Zs-relations is zero and
0<ri+r<k—s — s

If t) =t} = t1,ty =t} = Lo, put

AL = d;®d§1:§ and d7}}* = d§®d§§ L

s 1,7 1,7 2t1+t
where dl% (dlZ) is the sub diagram of d; ;"*(d;'3"*), dl},d : € Jo 1y, and

every {e}-through class (Zo — through class) of dl} is replaced by a {e}-
1
horizontal edge (Zy — horizontal edge) and vice versa.
(b) Let d;;"*, d}'3”* be as in Remark 2.6(b) such that £7(d;,"*.d;})"™) <
2s1 + S92, SO that the ((i,a,71,72), (4, 8,71, 72))-entry of the block matrix
91 +rg,2r 41 111 algebra of Zo-relations is zero and 0 < ry + 1y < k —

s1— 89— 1.
If t) =t/ = t1,t) =t = to, put
& =d }®d and d7}}? = d;®dl2

i, la—f7

l{ 15 Tl,Tz 71,72 l{ lg 2t1+to
where dl{ (dlz) is the sub diagram of d; ;"*(d;'5*), dl{’dlg € j%ﬁtz and

every {e}-through class (Zgo — through class) of dl} is replaced by a {e}-
1

horizontal edge (Zy — horizontal edge) and vice versa.

(¢) Let R%a, R%s € J such that #(R%e.R%5) < s, so that the
((i,a,7), (J, B,7))-entry of the block matrix A, , in the partition algebra
iszeroand 0 <r <k —s. Put

RYe =d' @d' "} and R%s =d? @d?"},

where dﬁ (dg) is the sub diagram of R%.a(R%.s), dﬁ,dﬁ; € JL and every

through class of dii is replaced by a horizontal edge and vice versa.
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Example 2.8. This example illustrates Notation 2.7.

S.10 d12(02<1>2<1>) d2?2<1>2<1>) dé‘ dzz dﬁiff=d§§7f
D REIIS P REII2 COD RIS HIE C0D REOHRE033 (0D I
P2 I 10 SR 05 (5 () ARG A B0 1 55 ) 40 SRS 1122 ol airiiz

Lemma 2.9. Let (z a,r1,72) < (4, 8,71, 75).

(a) Let d; ", d’“l”“? € J3¥ +92 such that $(dv"* A7) < 281 + 2

with d/L"? = dn- oot ©d'~h and I = d I @ d2 7] where
! / / " .0 1" .
dr—tore=ty qri—tire—h gre as in Remark 2.6(a).
m,rz 1T D (71572 TS
(b) Let d5,d7% € T3, such that P(dL".d1) < 251 + s
with d™V™ = drl ), ro—th, ® dll f and Ty dr’lft’l’,réfté’ ® dl2—f where
i, ]’5 - 127f
/
dri—tora=ty qri—tra—t gre qs in Remark 2. 6(a). Then
) =0,

biiar1,m2), B b

if any one of the following conditions hold:
(i) 2r +ry <2r] + 14 or
i) if 2r + 19 =20 + 1) then ri + 1o < 1) + 75 or
11772 11772
(iti) ) #t1 orth #ta or
(iv) 2ri+ry — (2t] + th) < 2r] +ro — (2t +t5) /
c) Let Rd;a,Rd;ﬁ e I” such that P Rd;a,Rd;ﬂ < s with R%ia =
S
&t @ R%a \ d"" and R%s = d"V @ Rf% \ &'~ where d"V €
I, a3 R\t € 1=V and RGe\ d” " € TV, Then

biiam), G =0,

if any one of the following conditions hold:
(i) " <r
(i) " #t

(iii) r—t' <o’ —t"

Proof. Part (a): The proof is by induction on the conditions
(i) 2r1+rg <21y + 15 or
(ii) if 2ry +ro = 27 +rh then ry + 79 <1} + 7} or

(iii) tf #t1 or ty # to or
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(iv) 2ry + 7o — (28] +1h) < 27 + 70 — (2] + 5

. ! L. .
Since jjp(dzgrz.dj}ﬁ ?) < 251+ s which implies that a(; o, r),(j,8, ) = 0-
After applying column operations inductively we get,
b(iar . ;oo = — E bl 1" ety (1 "o
1 &y 177‘2)7(.775770177,2) ( V5T 5T )7( YT 77"2)
awii
T T R
4,1 2 >dL"
i b
d,l">d
Ly 7,8
(2.9)
- : : b(iya7r177'2)7(["7’7'/1,’7",2,
i ! !
1Ty 7157
dy " >di g

Ly
iy e
dln }di,a
"
T

Iy 2 .d;lc;”) = 251 + 89 then by Lemma 2.2 and induction

Suppose that #P(d

hypothesis,
b(i»avrl7T2)7(l777T/1/7Té/) = 0'

Suppose that f? (dlrl,y’r2 .d:’lozrz) < 281 + $9 then by using induction on any

one of the conditions (i), (ii), (iii) and (iv)
b(ivav"nl7T2)7(l7’yvrl1lvrg) = 0’

. . . la—
By Lemma 2.2, there exists a unique diagram dl§7§ coarser than
f
la—f li—f 13 2t1+to . . !t !
both dlrf and dllff and dlg' € J2t1+t2 which is coarser than d"1—"1"27 "2,
lé‘ Is—f 7’/1/”,7'/2///
Denote dl:{ ® dl3*f by dk,6
s ! ,,J
172

It is clear that, d;la’ 2 is coarser than ; 5 2. Thus, after applying the
column operations L gty = L gty — Lik,s iy vymy we get,

b(’L‘7Oé,7"177"2),(j7B77‘/177‘/2) = : : b(lv%rllufé”)7(l7%7’,1”77’g/

oy s
dz, 5 >di’a
i mne 1t

1 TY Ty
diy ">y

- : : b(iyaﬂ“l77“2)7(1"7,7"3,,7“&, - b(i7a’7‘177'2)7(167677"1”/77'/2/”)

i s

] 1 072
5 >dk,5

L,
i
T T
1072 o 172
dl,'y ?di o

= Oi.0,1,r2), (k8 5") — Dl ,ra), (kb ) = -

The proof of (b) and (c) are same as that of the proof of (a). O
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Notation 2.10. Put,

ri—1 ro—1
(i) ¢35, ()= T [2* —z—2(s1+4)] [T [z — (s2+ )], 11 = Lrp > 1.
j=0 =0
ri—1
(i) @5 70(x) = [T (2% — 2 —2(s1 + j)],r2 = 0.
j:
ro—1
(iil) ¢5'9%, (2) = H [z — (s2+1)],71 =0.
(iv) Sﬂr’f{"( ) —11 and ¢§;,’15jr2 (z) = 0 if any one of ry,ry < 0.
(v) ¢ ():ZH[a:—(erl)} =1
(vi) ¢§(z) =1 and ¢f =0 if r <O0.

Now, we derive the following relation between the polynomials which
are needed in the following Lemmas.

Lemma 2.11. We have
. s1-+t,s s1—t,8
(1) 2%7’1 t2+7'2( ) ¢2}T1 t2)+7“2(x)
+t,
_le?tCmrl ~tCm 2mm'¢§1r1 Stz m)+7’2(x)'

2t

.. \So+t ,so—t ,s2+t

(11) d);i‘ls—‘?ﬂ"g t( ) qb;l"ls—iz-'rg—t( )_ EIZtCmTQ*tcmm!gb;;ls—i’r‘g—t—m(:I")‘
m=

(iii) In general,

s1+t1,52+12 _ o Ss1—t1,82—12
¢2(T1—t1)+7“2—t2 (z) = ¢2(T1—t1)+7"2—t2 ()

2t

- Z2t10k(7”1 - tl)CkakW;}:tliQ kt)2+rz 1, (@)

k=1
2to
t1,5041
n ZQtQCk/ T2 — t2)ck’k/'¢§tr1 1t812+r22 —ta— k;’(x)
k'=1
2t1 2to
— ZZQtlck(Tl — t1)0k2kk!2t20k/ (7‘2 - tQ)Ck/k/!
k=1k'=1

Ss1+t1,82+t2
<b2(7‘1 —t1—k)+ro—ta— k‘/(m)
where

ri—t—1 ro—1

;%:111854»7“2 (.ZL') - H [[EQ — X — 2(81 =+ t =+ l)] H [x _ (82 + l/)]
=0 /=0
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and
ri—1 ro—t—1
gor i (@) = [[[2* =z =201+ 0] [[ [z = (sa+t+1)).
1=0 I'=0

Proof. Part (i): We shall prove this by using induction on r1 — ¢ and rs.
Consider

2
s1—t,s m s1+t,s
2r—t)ra (T) — Zthm(rﬁt)Cm2 MGy 7 s () (2.10)
m=1
Sty (@) (@ — @ = 2(s1 + 71— 2t = 1))
2
= > 5Con ey Cn2m il L (@)
m=1

2t
s1—t,s +t,s
- (¢2}r17t271)+r2 + Z2tc (ri—t— 1)0 Qmm'(b;ln t2 m—1)+ra (l’))

2t

(22 —x —2(sy + 71 — 2t — 1)) thC (r1=)Cm 2mm'¢§1:t ‘? )+ ()
m=1
(by induction)
2t
_ (4S1—t,s s1+t,s
- (¢2%7‘17t271)+r2 + Z2t0 (ri—t— 1)0 2mm'¢21r1 t2 m—1)+rs (1’))
m=1
x (2% —x —2(sy +1r —2t—1))
2t
a Z2tc ((r—t-1)Cm + r1—t-1Cm— 1)2mm'¢§1rtt St2 m—1)+r2 ()
m=1
X (22 —x—2(s1+r —m—1))

+t,
;%mfffl)ﬂé (2)(2? — 2 —2(s1 + 71 — 2t — 1))

2t
t,
— Z2tc Tl i 1)Cm 12mm'¢51+ StQ m)+r2(l')

m=1
2t

+ D 2Oy -1y Cm2 (4t —2m) g5 2 ()

m=1
+t, +t,
B @)~ = 2 a2~ 1) — G (o)
(by canceling the common terms)

+t +t’
= Gy, @)@ —x =21+ — 1)) = G5 ()
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Proof of (ii) is similar to the proof of (i) and proof of (iii) follows from
(i) and (ii). O

Lemma 2.12. (a) After performing the column operations to eliminate the
non-zero entries corresponding to the diagrams coarser than both d”’r2 and
d;lo’f"’, the zero in the ((i,a,1r1,72),(J, B,71,72)) entry of the block: matrix
Aory vy 20140 for 0 <11+ 19 <k — 81 — 82 in algebra of Za-relations is

replaced by
P PRTRIC e
where d;"* and '} are as in Notation 2.7(a).
(b) After performmg the column operations to eliminate the non-
zero entries corresponding to the diagrams coarser than both d”’r2 and

drlﬂ”Q

5 the zero in the ((,,a,71,72), (4, B,71,72)) entry of the block matrizc
é2rl+r2’27«1+r2 for0 < ri,ro,r1+719 < k—s1—52—1 in the signed partition
algebra is replaced by

—2t1 tl !t2!$2(r1—t1)+7'2—t2 .

where d;)"* and '} are as in Notation 2.7(b).

(c) After performmg the column operations to eliminate the non-zero
entries corresponding to the diagrams coarser than both R%.e and R 8 the
zero in the ((i, o, 1), (4, B,1)) entry of the block matriz A, for0 < r < k: s
in partition algebra is replaced by

—tlz" "t
where R%. and R%.% are as in Notation 2.7(c).
Proof. Part (a): We shall prove this by induction on t; and t.
Case (i): Let ¢; = 1 and t2 = 1. We know that the diagrams coarser than
both ;" and d”’7~2 are obtained if and only if the pair of {e}-through

f f

classes and the pair of {e}-horizontal edges of di} or dif, is connected by
1 2

an {e}-horizontal edge which can be done in two ways and Zsy horizontal

! f
edge and Zso-through class of di% or djz is connected by a Zs-edge which

can be done in one way. Also dﬁ:; and d;i:; have 2(ry — 1) + 1y — 1
horizontal edges then after performing the column operations the zero in
the ((i,a,71,72), (4, B,71,72))-entry of the block matrix Agy, ry 2r 4o 18
replaced by

ri—1lro—1+1

81,52 51,52
_2§: E: B 2(r1—1)+ro—1,2(r1 —1— l)+r271+l/¢2[r1 1—1]+ro— 1+l’( z)
=0 U=
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which is equal to

51,52 ( )
2[7"1 1}4—7‘2 1
ri—1ro—1+41

51,82 S1,52
_22 Z B 7“1 1)+7’2,2(r1—1—l)+r2—1+l’¢2[r1 1— l]-‘r?“z 1+l’( )
=1 I'=1

By Theorem 2.4 we know that,

51,52 2(7‘171)%*7’271
2fr1—1]4ra— (2) ==
ri—1ro—1+1
_ E E 51,32 qul’sz ( )
2(T1 1+T2—1,2(T1—1—l)+1”2—1+l/ 2[7“1 1— l}-i-?“z 1+
=1 I'=1

(2.11)
Substituting equation (2.11) in the above expression and canceling the

common terms we get,
_2:1;2(7‘171)4»7“271

In general, the diagrams coarser than both drl’r2 and drl’r2 are ob-
tained if and only if ¢; pairs of {e}-through classes (t number of (Zs)-
through classes) and t; pairs of {e}-horizontal edges (to number of (Zs)-

! !
horizontal edges) of di} or di? is connected by an {e}-horizontal edges((Z2)-
1 2

horizontal edges) which can be done in 2!1¢;!t5! ways. Also dﬁ:; and
dﬁ;:; have 2(r; —t1) 4+ ro — to horizontal edges then after performing
the column operations to eliminate the non-zero entries correspond-
ing to the diagrams coarser than both d;};"* and d};"* the zero in the
((i,a,7m1,72), (4, B,71,72))-entry of the block matrix A2T1+,«272r1+r2 is re-
placed by

r1—t1ro—to+l

t1g |§ § 81752

— 27ty 2(r1—t1)+ro—te,2(ri—t1—)+ro—ta+1l’
=0

l

S$1,52 ( )
2[1”1 t1— l}+7‘2 to+U’

which is equal to
S$1,52
— oW 1ty) (¢2 I ta] 72—t ()

ri—tirg—ta+l

. § : § : 51,52 51,52 ( ))
2(r1—t1)+ro—t,2(r1—t1—1)+ro—to+1' 7 2[r1 —t1 =l +ro—ta+1l’
=1 U'=1
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Substituting equation (2.11) in the above expression and canceling the
common terms we get,

gyl et

The proof of (b) and (c) are similar to the proof of (a). O

Proposition 2.13. (a) For 0 < r; +re < k — s1 — sa, after performing
the column operations to eliminate the non-zero entries which lie above
corresponding to the diagrams coarser than d;iém, then the ((i,a,11,72),
(4, 8,7r1,7r2))-entry of the block matriz Asp, 4ry 2r, 4+ry and

(b) For 0 < 11 +1ry < k—s1 — sy — 1, after performing the column
operations to eliminate the non-zero entries which lie above corresponding
to the diagrams coarser than d;}ém, then the ((i,c,r1,72), (4,8,71,72))-

entry of the block matriz 22r1+r2’2rr1+r2 forO0<ri+ro,r1,m0 < k—351—
so — 1 are replaced as

() (—1)+ (1)1 (12)120 1T (22— 2 — 2051+ )] 1T = (s2+D)] if > 1
i=t1 l=to
and ro > 1, ’ t
ro—1
(ii) (—1)t2(t2)!lH [ — (sg+1)] if r1 =0 and ro # 0,
=ts
(iii) (—1)t1(t1)!2tlrﬁl[m2 —x—2(s1+7)] if r1 #0 and r2 = 0,
Jj=t1

2 4s as in Notation 2.7.

where d;lﬁ’r
(c) After performing the column operations to eliminate the non-zero

entries which lie above corresponding to the diagrams coarser than Rd;»ﬁ,
then the ((i,c,1), (4, 8,1))-entry is replaced by

r—1
(—1)%!1][90 —(s+1)].

where R%.8 is as in Notation 2.7.

Proof. Part (a): We shall prove this by using induction on t1,ts, the
number of horizontal edges and the index of the diagram (j, 3, 7r1,72).
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By Lemma 2.9 the ((i,a,71,72), (4, 8,71,72)) entry b o1 r),(j,8,r1,72)
is given by

b(i,o&,Tl,’r‘g),(j,ﬂ,Tl,TQ) = : : b(l777r,1,7r,2,)7(l7’Y7r,1,7rg)
dT'/ll’T'/2/>d7'1 2
dT1 T’2,>dT1 H

" (2.12)

B : : b(i7a’7‘1 77‘2)7(l7777',1’77.,2’)'
/.

Iy 7.8
oy e
dm ?dio

Case (i): Let t; = 0,t2 = 1,71 = 0,72 = 1 and dfi:ij and dg:}c have
251+ so — 1 through classes and no horizontal edge. After applying column
operations to eliminate the non-zero entries corresponding to the diagrams
coarser than both dﬁ:; and dii:; then by Lemma 2.12 and equation
(2.12) the ((i,,0,1),(4,8,0,1))-entry b(; o,0,1,(,5,0,1) of the block matrix
A2x0+1,2x0+1 18 given by

b(i,0,0,1),(5,8,0,1) = (=1)1.

. . . 1
Since there is no diagram coarser than d?’ﬁ alone.

Case (ii): Let t; = 1,49 = 0,71 = 1,72 = 0 and dﬁ:; and déi:; have
2(s1 — 1) + sy through classes and no horizontal edge. After applying
column operations to eliminate the non-zero entries corresponding to the
diagrams coarser than both al1 0 and djlg then by Lemma 2.12 and equation
(2.12) the ((4, @, 1,0), (7,5, 1, 0)) -entry b(; a.1,0),(,3,1,0) of the block matrix
A2x140,2x1+0 18 given by

b(i,a,1,0),3,8,1,0) = (—=1)211.

Since there is no diagram coarser than djl.”g alone.

In general, suppose that the diagrams dﬁ:; and dg:; have 2(s; —
t1) + so — to through classes and have r; — t1 pair of {e}-horizontal edges
and ro — t9 number of Zo-horizontal edges then after performing column
operations to eliminate the coarser elements of alm’r2 and drl’ ? having
t’ pair of {e}-through classes ({e}-horizontal edges) with ¢ < ¢, the 0 in
the ((7, o, 71,72), (4, B,71,72))-entTy b(i o 11 o), (j,B,r1,m0) OF the block matrix
Aoy 11y 201 4y 18 Teplaced by —(t1)!(t2)120 221 —t)Fr2=t2 inductively.

For, 0 < f’ < t; and 0 < f” < to, the number of diagrams obtained by
joining f’ pairs of {e} through classes (f” numbers of Zs through classes)
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with f pairs of {e}-horizontal edges(f” numbers Zy horizontal edges) in
f /
dlf, is given by (t1Cp)%(t2C )22/ f'L f"1. The number of diagrams which

are coarser than dh’r2 but not coarser than d; " having (ry — t; —[)-pairs
of {e}-horizontal edges and 1y — ty — I/ number of Zg-horizontal edges is
given by

2t1—2f"2to—2f"

> (=t =1+ m)C(2tr —2f)

X Cp2™m\(rg — to — I +m")Cpy (2ta — 2f")Cy,
x (m(t1Cp )2 127 (82 C )2 1

s1—t1,52—12
x B 2(r1—t1)+ra—te,2(r1—t1—l4+m)+ro—ta—l'+m’" (2'13)

Here (2.13) is obtained by choosing m pairs of {e}-horizontal edges (m’
number of Zg-horizontal edges) for every diagram coarser than d§§:§ having
r1 —t1 — (I—m) pairs of {e}-horizontal edges (ro —to — (I’ —m') number of
Zs-horizontal edges) and choose m pairs of {e}-connected components(m

number of Zs-connected components) from di? Connecting the chosen m
2

pairs of {e}-horizontal edges from dg:}c to the m pairs of {e}-connected
components of dg by {e}-horizontal edge will give 2™m!(m’)! number of
diagrams having 71 —t1 — [ pairs of {e}-horizontal edges. m and m’ cannot
exceed 2t; — 2f" and 2ty — 2f” respectively, since dg has 2t; — 2 f’-pairs
of {e}-components and 2ty — f” number of Zy-components

= ¢ 2(r1—t1)+r2—t
Di.cvrsw).(Gfars) = —20t1 lEplg21 ) H72—02

ri—tiro—tg 2t1 2to

— () { S DTS 2,

=0 I'=—Im=0m'=0
(1,1")#(0,0)
X (7“1 —t1 — 1+ m)CQOm!%ng/ (7"2 — 1ty — U+ m')C’m/ (m’)'

s1—t1,52—t2 s1+t1,s2+t2 ( )}

XBQ(T17t1)+T27t2,2(T1 —t1— l+m)+r2 to— l’+m’¢2 7‘1 t1— l)+r2 to—1’

t1 te  ri—tira—ta2t1—2f'2ta—f"

S XY TR T S eer et

=0f"=0 1=0 I'=—1 m=0 m/=0

(f' 1)#(0,0)
(f", 1) #(tt2)

x (=12 (g — N1 (= )20 — )
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X O (11— t1 = L4+ m)Crn2™m!2(tg — f")Copr (ra — to — I +m)

| ps1—t1+f 52 —ta+f"
XC ( >B 2(r1—t1)+ro—t2,2(r1 —t1 —l4+m)+ro—ta—l'+m’

s1+t1—f' sat+ta—f"
X ¢2 (r1—t1—1)+ra—ta— l’(x)

—otigy gyl 2Tt dre—te _ (_qyhtt (31 () 120

ri—tiro—to 2t1 2o

X { Z Z Z Z 2t10m(7'1 —t1— 1+ m)Cm2mm!2t2

1=0 I'=—Im=0m/=0
(L,I)#(0,0)

x C /(TQ — 1ty — U+ m/)Cm/(m/)!

« BSi— t1,s2—t2 ¢S1+t1752+t2 ( )
2(7‘1 t1)+r2 t2,2(7‘1 t1— l—|—m)+'r2 to—U'+m’ 27‘1 t1 l)—H"z to—1l’

t1 to
ZZ (6 Cp)227 P Cpr 2" N(=1) 720 (1 = )
f/l O
(f’ 1")#(0,0)
(f f)#(t,t2)

// r—t1ro—to2t1 —2f 2ty — f//
=0 I'=—1 m=0 m/=
X C(r1 —t1 — L+ m)Cp2"m!2(ty — f/ )Cm/(r2 ity )

ypsi—titf sa—to+f"
XC ( >B (Tl t1)+7'2 t2,2(7‘1 t1— l+m)+r2 to—U'"+m’

s1+t1— [ so+ta—f" _siHti— [ soHta—f"
X ¢2 (ri—t1—1)+ro—ta— l/( ) 2(r1—t1)+ra—to (x)

= 2l Iyl 2t tra=te _(qyhitta (g ))(2y) 120
ri—tiro—to 2t1 2to

X { Z Z Z Z 2t10m(r1 —t1—1 +m)Cm2mm'2t2

=0 UI'=—1m=0m'=0
(LI)#(0,0)

X Cpr(rg — to — '+ m")Cppr (m/)!

s1—t1,52—t2 ¢S1+t1,82+t2 ( )
2(r1—t1)+r2—t2,2(r1 t1— l+m)+7"2 to—U'+m’ 27“1 t1 l)+T2 to—1l’

t1 to
- Z D (Cp)P (=02l i (=1) B (10 )? 28T
f// O
X (tl — f )'(tz — f )'xQ(T1*t1)+T2*t2
+ (71)t1+t22t1t1[t2!$2(7“1—t1)+7“2—t2 + 2t1t1!t2!x2(n_t1)+r2_t2

X B
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_ (_1)t1+t2 (tl)!(tg)!Qtl {x2(r1 —t1)+ra—to

ri—tiro—to 2t1 2to

— Z Z Z Z 2t10m(7"1 —t1 — 1+ m)Cmme'
=0 I'=—Im=0m'/=0
(1,11)#(0,0)

X 2toCy (7’2 — 1o — U+ m')C’m/ (m')'

« BS1 t1,52—t2 ¢S1+t1,82+t2 ( )
(7’1 t1)+7‘2 t2,2(7“1 t1— l+m)+r2 to—U'+m’ 27‘1 11 l)+r2 to—1’

expanding and using Lemma 2.12 we get,

— (_1)t1+t2 (tl)!(tQ)!Qtl {$2(r1—t1)+r2—t2

ri—tira—ta

_ E : § : 81 t1782 l2 ¢S1 l1,52—12 ( )
T1 1 +7‘2 t2,2(?“1 t1— l)+7"2 to—1l’ 2 T1 t1— l)+7"2 to—1l’
=0 lI'=—1

(1,1)#(0,0)
(putting m = 0,m' = 0)
r1—tiro—to 2to
+ Z Z Z2t20kr(r2 — 19 — l/)Ck//{?/!
=0 U'=-1lk'=1
(LI)#(0,0)

s1—t1,52—12 s1—t1,52+12
X BQ(M —t1)+ro—t2,2(r1—t1— l)+T2—t2—l’¢2(7‘1—t1—l)+r2—t2—l’—kz’( )

(2.14)

ri—tiro—ts 2o

- Z Z ZQtQCm/(TQ—tQ—l/+m/)0m/m/'
=0 !'=—Im'=1
(L,1")#(0,0)
s1—t1,52—12 s1—t1,52+%2 ( )
2(7’17151)+T27t2,2(7'17t17l)+7’27t271’+m 2(7"1 t1— l)+7’2 to—1’
(2.15)

x B

r1—t1ro—t2 2t1

+ Z Z Z2tlck(Tl —t; — 1)Cp2%E!

=0 l'=—lk=1
(L,1")#(0,0)

% BS1—t1,S2—t2 s1+t1,50—t2 ( )

2(r1—t1)+ra—t2,2(r1—t1—1)+ro—ta— l’¢2 (ri—t1—l—k)+ro—ta =l
(2.16)

r1—tiro—to 2t1

N Z Z Zztlcm(ﬁ —t1 — 1+ m)Cy,2mm!

1=0 U'=—Im=1
(L,1")#(0,0)
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s1—t1,52—t2 s1+t1,52—12 ( )

XBQ(T17t1)+r27t2,2(7°17t1fl+m)+r27t27l/¢2(r1 —t1— l)+7‘2 to—1U’
(2.17)

r1—tiro—to 2t1 2to

- Z Z ZZQtlck(Tl—tl—l)Ckak!QtQCk/(Tg - tg - l/)Ck/kl!
1=0 I'=—lk=1k'=1
(L,1")#(0,0)
s1—t1,82—12 ¢81+t1782+t2 (:C)
2(r1—t1)+ro—t2,2(r1—t1—1)+ro—to—l' 7"2(r1—t1—l—k)+ro—to—l'—k’
(2.18)

x B

ri—tiro—to 2t 2to

=)D D 204Gy — ty — T+ m)Cr2™mi2ty

1=0 V'=—Im=1k'=1
(LI)#(0,0)

o oy ' RS1 t1,52—1t2
X Ok/(rQ t2 Z)Ck/k BQ(Tl tl)—‘r’l‘g t2,2(fr1—t1—l+m)+r2—t2—l’

+t1,52+1
B (725;17‘1 1t512 l 3-7"2 —to—l'—k' (x) (219)

ri—tiro—tg 2t1 2tg

+ Z Z Z Z 2t10k(7’1—t1—l)Ckak‘thCm/(Tg—tQ—l/-i-m/)
=0 I'=—lk=1m'=1
(1,11)#(0,0)

/1 pS1—t1,52—t2
x C /m'BZ(m —t1)+ra—t2,2(r1—t1 =) +ra—to—l'+m’

Tt1,804t
;trl 1t512 ! Zk)+r2_t2 y (@) (2.20)

ri—tiro—to 2t1 2o

+ Z Z Z Z 2t10m<7"1 —t1 =1+ m)CQOm!QtZ

=0 /=—Im=1m'/=1
(l7l/)7é(070)
X Crr(rg — tg — 1" +m)Crym!

B51*t1,82*t2 ¢51+t1,82+t2 ( )
2(7‘1—t1)+7"2—t2,2(7“1—t1—l-l—m)-i—rg—tg—l’-i—m’ 2(r1—t1—=1)+ro—ta—U

(2.21)

Putting (I = 0,I' = m’) in equation (2.15), (I = m,l’ = 0) in equation
(2.17), (I = m,l’ = m') in equation (2.21) and canceling the common
terms , we get

b(i,ayrl ;2),(4,8,m1,72)

t1,s9—t
= (—1)hH(4y)! <tz>'2“{¢§1m ety (@)

2t
=) 26C(ry — t1)Crn2 ™m0 2 (z)

2(7‘1 —11 7m) “+ro—to
m=1
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2to

s$1—t1,82+t
B Z QtQCm’ (TQ - t2) ’m ¢21T1 1t12+7“22 —to—m/ (x)
m/=1
2t1  2to

— Z Z 2t1Cm(T'1 — t1)0m2mm!2t20m/(7“2 — tz)Cm/m/!
m=1m/=1
s1+t1,52+1
% ¢2zrl—1t12—m2)+7”2—t2—m’(x)}

+t1,80+t
= (1) (1) () 20 95 2T ()

Therefore the ((i,a,r1,72), (4,8,77,75))-entry in the block matrix
A2pi 4ro,2r 415 18 Teplaced as

ri—1 ro—1
(D)) (E) 2 [[ 12 — 2 = 2(s1 + D] ] [z = (s2 +m)].
=ty m=to
Proof (b) and (c) are similar to the proof of (a). O

Now, we have the main theorem of this section.

2.2. Main theorem

Theorem 2.14. (a) Let G231+52 be the matrixz similar to the Gram matriz
Gé‘sﬁsQ of the algebra of Zs-relations which is obtained after the column
operations and the corresponding row operations on G§51+52. Then

G2s1+52 = < @ A2T1+T272T1+T2>

0<r1+ro<k—s1—s2

~k
(b) Let 8231+52 be the matriz similar to the Gram matric 8’581+82 of
signed partition algebras which is obtained after the column operations and
the corresponding row operations on ’2“81+82. Then

—~k — —

§281+32 = ( @ er1+r272m+r2> EBX,O

0<ri<k—s1—s2—1
0<ro<k—si1—sa—1
2r1+ro<2k—2s1—2s5—1

where
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(i) the diagonal element of 1127'1+T272r1+7'2 and X2r1+r2,2r1+r2 are given
by
r1—1 ro—1
1.H[m2—x—2(81—|—j)]H[x—(52+l)] if =1, rg>1;
j=0 1=0
ri—1
2. H[xz—x—2(51+j)] if 19 = 0;
7=0
ro—1

3. H[x7(82+l)] if ™ =0.
=0

(ii) The entry b ) of the block matriz Av2rl+7-2’2rl+r2 and

4,071 7T2)7(j7677‘1 ;T2

XQT1+T272T1+7-2 are replaced by

ri1—t1—1
Lo(=D)"F 22 a)i(t)! T [2° — 2 — 2(s1 + 11 + )]
j=0
ro—to—1
X H [x—(32+t2+l)] if T =1,r0>1;
=0
ri—t1—1
2. ("2t [ P -z -2+t +4)] if ra=0;
7=0
ro—to—1
3. (—2(t2)! ] &= (sattat+)] if ri=0.
=0

whenever d; ;" and d;')" is as in Remark 2.6(a), Notation 2.7 and

Proposition 2.135.

(iii) All other entries in the block matrix Av2rl+7»272r1+r2 andZQT1+r272rl+T2
are zero.
The underlying partitions of the diagrams corresponding to the en-

tries of the block matriz XQT1+T2’QT1+T2 are a = [a1] [az)?[az]?[aq]* with
o] = (0511, ey a151), g = (0521, e ,a252),a3 = (agl, e ,agm), Yy =
(01, ..., aupy) such that atleast one of vy, g, a3y, Qar, is greater than 1
for1<i<s,1<j<s9,1<I<ryandl <m < rs.

Since the diagrams corresponding to the partition p=[p1]"[p2]?[p3]>[pa]*
with‘pli‘:1V1§i§81, ‘pgj‘:1V1§j§SQ, |,O3m|:0v1<m<7“1
and |py| =1 V1 <1 < 1o does not belong to the signed partition algebra.
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Thus the block corresponding to the diagrams whose underlying partition
is p is studied separately.

(b)" Let Z where the partition p is such that each p1s, p2;, P31, Pam 5
equal to 1 for 1 < 51,1<j<32,1<l<7'1andlgmérgandzp

18 the block sub matmx corresponding to the diagrams whose underlying
partition is p. .
(1) The ((i,p,7,15), (i, p, 7, 7h))-entry 221172 in the matriz Zp is
replaced by
ri—1 l=rj—1 k—s1—s5—1
[[E"—z=21+7)] [] o= (s24+D1+ [ [z~ (s2+1)]
=0 1=0 1=0
where 1 <) <k—s1— sy andrh =k — 81 — so —1}.
(ii) The zero in the ((iy p,m1,15), (4, p, 7y, 7h))-entry in the block matrix

Zp 15 replaced by

r’lftlfl
(—1)1H220 (1)1 (2,)! H (22 —x — 2(s1 +t1 + j)]
j=0
rh—ta—1 k—s1—s2—1
X H [ — (s2+1+1t2)] + H [z = (52 +1)]
1=0 =0

where d, 1p’ and d 1’ > are as in Remark 2. 6(a), Notation 2.7 and

Proposition 2 18 where 1<i,5 <2k —2s1 —2s9 and i # j.
(iii) [fﬁp( rl,k s1—82—7] dgll;k 81—82— 7"1) = 251 + 59 then the ((z,p,r’l,k—
s1— 82 ), (4, p,r1,k — 81 — s2 — r1))-entry in the block matriz

Zp 15 replaced by

k—s1—s2—1

07 I = (s2 D)

=0
where 1 < 1,7 < 2k — 281 — 289 andz’fj.
(iv) All other entries in the block matrix Zp are zero.

(¢) Let GF be the matriz similar to the Gram matriz G¥ which is
obtained after the column operations and the row operations on Gﬁ. Then
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where B
(i) The diagonal element of Ay, is given by

r—1

[T~ (s +0)]
1=0

(ii) The entry bi a.r),j,3r) of the block matriz gr,r is replaced by

r—1

D O [l — (s + )

J=t

whenever R%e and R%.# are as in Remark 2.6(b), Notation 2.7 and
Proposition 2.185.
(iii) All other entries in the block matriz Zr,r are zero.

Proof. Part (a): Every entry 2"1+72 in the sub block matrix AVQ,r.l Fra,2r, 1
is also replaced by

TL i = — 2651 + ) [ e — (s2 + 1)
j=0 =0

We continue to do the column operations for all the diagrams
whose underlying partition is o where a = [a;]!as]?[as][a4]? with
a; = (ai1,...,015 ), az = (a21,...,005), a3 = (a31,...,03;), 04 =
(o1, . .., Qup,) such that at least one of ay;, Qj, 31, Q4 is greater than 1
and hence the above entry gets eliminated.

Thus, from Lemmas 2.1 and 2.9 it follows that the rectangular sub
matrix A271+T272,~/1+Té with 271 + ro # 27} + r}, becomes zero after all the
column operations are carried out.

After applying the row operations corresponding to the column opera-
tions performed in Lemmas 2.5, 2.9, Proposition 2.13, and Theorem 2.4,
the Gram matrix G’;Sl 45, Which is similar to a matrix G§51 1, decomposes
as a direct sum of block matrices, i.e.

~ B ~
G281-‘r52 - @ A2T1+T2,27‘1+T2>

0<r1+ro<k—s1—s2

where the diagonal element of Av27»1+7-272r1+7‘2 is given by

ri—1 ro—1

[T =2 =200+ )] [ Iz — (s2+ D).

j=0 1=0
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Result (i) follows from Theorem 2.4(a), result (ii) follows from Proposition
2.13(a) and result (iii) follow from Lemmas 2.3, 2.5, and 2.9(a) respectively.
Part (b)": The column operations corresponding to the diagrams whose
underlying partition is p where

p = [p1]'[p2]?[ps]*[pa]* where |p1i| = 1,V1 < i < s1,]pay| = V1 <
Jj < s2,|p3m| = 0,V1 < m < r; and |p4l] 1v1 < I < 79 such that
$1+ s2 + rg = k with s; § k cannot be carried out for the block matrix
Zp, since those diagrams do not belong to the signed partition algebra.
Part (i): We prove the result by induction.

Case (1): Let dlg s175271 po a diagram in f%iﬂgsl_sz_l, after the

column operations the ((i, p, 1, k—s1 —sa—1), (4, p, 1, k—s1—sa—1))-entry

1,k—s1—s2—1
d; Y

corresponding to the diagram will be replaced by

S1,8 51,8
Do ths1—so—1(T) F o0 kg~ ()
since the signed partition algebra does not contain diagrams with k—s;—s9
number of Zso-horizontal edges.
Case (ii): Let di;f 179272 1o 4 diagram in 335211]22 s1ms22
After applying the column operations

L(izp 2 k73173272) - L(i»pa2zk75173272) B L(k,a,Tl,Tg)

for all drl’r2 where d;')* € Y%gﬁgg with 71 +r9 + 51 + 59 < k — 1, the

(i, p, 2, k‘ — 81— 89 — 2) (i,p,2,k — s1 — s9 — 2))-entry will be replaced by
d);.léifk’—sl—sg—Z(x) + 2@%);.117?]?_51_52_1(13) + ¢§.ldj?k‘—sl—sz (17)

Again applying the column operations inside the block matrix Xp,
the ((i,p,2,k — s1 — s2 — 2),(i,p,2,k — 81 — s2 — 2))-entry becomes
d);.léifk’—sl—sg—Q(x) + 2¢§.117i?k‘—81—82—1(x) + ¢§.ldj?k‘—sl—sz (17)
2 R R O R N ©
= ¢;127§fk §1—89— 2( ) (ng.léifk—sl—sz (:E)

After applying the row operations corresponding to the column oper-
ations which is performed to obtain the above ((i,p,2,k — 51 — s2 — 2),
(i7 Py 2,k —s1— 52— 2))_entrYa the ((Za p,2,k— 81— 53— 2)7 (27 Py 2,k —s1—
s9 — 2))-entry further becomes

51,8 51,8 51,8
Do imsy—ss—2(T) = Polo gy s, (T) T 205005, s, (%)

= (b;gj?k—sl—sg—Q(x) + (b;?(j)j?k—sl—sg (33)
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In general, let d’ ’; 175270 he g diagram in jgg;’gsl_”_]. After

applying the column operations, by induction the ((i, p, 7,k — s1 — s2 — 7),
(i,p,j, k — s1 — s — j))-entry of the matrix Zp becomes

51,8 51,8 S1,8
¢2}+?€*S1782 —J + ZJ m¢21j 2m +k—s1—89 j+m( ) + ¢2.10+2k*81*82 (l’)
51,8 51,8
o Z]Cm( QEjEm)+k7517527j+m(x) + ¢2.10+2k*81*82 (l‘))
= gb;}i?{fslf.mfj (SL’) - chmgé;.l(fﬁkfslf@ (:E) + ¢§.1(7)€J,r2k731752 (‘/E)

After applying the row operations the ((7, p, j,k — s1 — s2 — j), (4, p, J,
k — s1 — s2 — j))-entry further becomes

51,82 51,52 51,52
¢2y+k 51—89 _] ZJ m¢2 0+k*817‘92($)+¢2.0+k)*81782($)

+ Z] mgb;lésjk S1— 52( )

= ¢;}7—i?c—81—82—j (l‘) + Qg.léj?k—sl—sg (l‘)

. " k—s1—so—1) 2r) +k— .
Thus, for a diagram d:lp s Ej ritkesis the ((i, p, 71, k—

, 281+S2
s1— s — 1), (4, p, 7], k — s1 — s2 — r}))-entry is replaced as
ri—1 k—s1—sa—r]—1 k—s1—s9—1
M -o-2+i)] 0 -Gerdl+ T - (a+0)
j= =0 =0

Part (ii): The proof follows from Proposition 2.13(b) and it is similar to

the Proof of (1), whenever dflm? and dfl@ are as in Notation 2.7.

Part (iii). Case (i): Let d1 = 338111128175271 and dZ’k*SPST2 €

2.2+k—s1—52—2 lk s1—s2—1
2s1+s2

is greater than the number of {e}-horizontal edges in dig 512 then
N e R R S e R !

k 1 Lk— 1
There will be two diagrams say d;;’ S17527 0 and dir S175270 coarser

2, k—s1—s9—2
than dj,p .

such that number of {e}-horizontal edges in d;’)
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: Lk—s1—s2—1 j2k—s1—s2—2
Subcase (i): Suppose I(d;’, s Ay, FTERTE) = 21+ k—s1—s9—1
then
181,82 51,52
(3,1 k—s1—52-1),(G,p, 2,k —s51—52-2) = P2 h—s51—s3—1(T) F Pog sy s, (€)-

Also,

— 51,52 51,52
a(i7p717k78173271)7(i/7p717k78178271) - 21+k—51—52—1(:€) + ¢2.0+k‘—51—52 (:C)
and

o | = ikl
(i,p,1k—s1=52—1),(¢" ,p,1,k—s1—52—1) — 2.0+k—s1—s2 )
or
__ 51,52
a(ivl)717k—51_52_1)7(il7/3717k_51_52_1) - ¢2.0+k—81—82 (m)

and
51,8 51,8
A(i,p,1,k—s1—s2—1),(i" ,p,1,k—s1—52—1) = ¢2‘11+2k75175271(33) + d)2.10+2k731732 ().
After applying the column operations the ((i,p, 1,k —s1 — s2 — 1),
(4, p,2,k — s1 — s — 2))-entry in Xp becomes

b(i’vak‘*Sl73271)7(j»p’27k‘73173272) - a(ivpvlkasl75271)»(.].7/7727]678175272)
= Q(4,p,1,k—s1—s2—1),(7',p,1,k—s1 —52—1)
— Q(i,p,1,k—s1—s2—1),(i" ,p,1,k—s1 —s2—1)
51,52

- - 2.0+k—s1—s2 (‘T) '

Subcase (ii): Suppose [(dF 517527 gBhmsimse=y 94 k6601

0P J.p
then
Qs ) __ 51,52 (:L')
(7’197171{:_51_52_1)7(31p127k_51_52_2) — 72.0+k—s1—s2 :
Also,
_ 51,52
Qi,p,1 k—s1—s2—1),(i,p,Lk—s1—s2—1) = ¢2.0+k—sl—52 (z)
and

A(i,p,1,k—s1—s2—1),(i" ,p,1,k—s1 —s2—1) — gb;.lésjkfslfw (l‘)
After applying the column operations the (i, p, 1, k—s1—s2—1), (4, p, 2, k—

§1 — S9 — 2)-entry in Xp becomes

b(i’pvlakfsl73271)7(j»p’29k‘75173272) - a(ivpvl»kfsl78271)»(.].7/7727]675175272)
= Q(4,p,1,k—s1—s2—1),(7',p,1,k—s1 —52—1)
= Q(i,p,1,k—s1—s2—1),(i" ,p,1,k—s1 —s2—1)

- - ;.l(fﬁk—ﬁ—sg (‘T)
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In general, let d
2r1+k—s1—s2—11
2s1+s2

ri,k—s1—s2—r1
di%pk*&*S?*Tll i k—s1—s2—1  rik—s1—sa—r1 / /
d;’ then I(d; ) A ) < 2r)+k—s1—sp—r].
After applying the column operations the ((z, p, 7}, k — s1 — s2 — r}),

(J,p,7m1,k — s1 — s2 — r1))-entry becomes

'f"ll,k—Sl—SQ—'r'/l 2r +k—s1—so—1) and d?fl,k751782*7"1 c
(274 2s1+s2 7.p

such that the number of {e}-horizontal edges in

is strictly greater than the number of {e}-horizontal edges in

b(ifpﬂ‘llzkfsl75277',1)’(jvpvrlvk7317327711)

ri—1
. (z (—1)™ L, — 1) g (@)

m=1
1 b
= (D)8 sy ()

After applying row operations the ((i,p, 7],k — s1 — s2 — 1), (4, ps 1,
k — s1 — s9 — r1))-entry further becomes

b(i7pzrllzk_sl_82_T,1)’(j7p77117k_31_32_rl)

/
ri—1

= (D ()™ Co = D=1 G2, (@)

m=1
= (DO ()
Thus, the ((i,p,?:@ k—s1—s2—r)),(4,p, 71,k —s1 — sy —r1))-entry
of the block matrix Zp is given by

!
(=)™ 050 sy s, (@)

The proof of (b) and (c) is similar to the proof of (a). O
L ~
Remark 2.15. (a) Gj,( = 0<T1?T2<kA27‘1+T2727~1+7‘2.
—k — —
(b) 80—|—0 = S X2m+r2,2r1+r2 ® Xﬂ? where A2T1+T2,27"1+T2 and
0<r1<k—1

0<ro<k—1
2r1+ro<2k—1

XQT1+T2’271+T2 are the diagonal block matrices whose diagonal entry is

given by
ri—1 ro—1

0) Ma?—z-2 [[le-10 mn>1rm=1
j=0 1=0
ro—1

(i) [][x—=1, m =0,
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ri—1
(i) 11 [+ —2— 2], r2=0.
j=0
(b)" Let ZP where the partition p is such that p;; = @, py; = @,
p3r =1, pam =1lor 1 <i<s, 1<j<sp, 1<i<randl<m<rg

and Zp is the block sub matrix corresponding to the diagrams whose
underlying partition is p.

The ((z, p,74,75), (i, p, ], r%5))-entry 22"1+7% of the matrix Xp is re-
placed by

ri—1 rh—1 ri+r,—1

[T —z-20][e-0+ J] -1

j=0 =0 1=0

. N
(c) Go = ogrgszr’r

r—1
[1l=-1
=0

3. Semisimplicity of signed partition algebras

Semisimplicity of the algebra of Zs-relations and partition algebras
are already discussed in [15] and [2]| respectively. In this paper, we give
an alternate approach to show that the partition algebras and the algebra
of Zo-relations are semisimple. We also study about the semisimplicity of
signed partition algebras.

< 2k and ((s, (s1,82)),

Definition 3.1. [5] Let s = 2s; + s9. For 0 <
S ,), put A = ()\1,)\2).

(()‘1’ >‘2)’ M)) e N (((S’ (51’ 52))7 ((Al’ )\2),#))
The left cell module

)
A

W[(S’ (517 52))7 ((Al’ )‘2)’ :u)] (W[('S? (Sla 82))7 (()‘17 )‘2)7 N)])

for the cellular algebra of [A%Q} (A [X%Q]) is defined as follows:
(1) W [(s, (s1,82)), (A1, A2), )] is a free sd-module with basis

m)‘ m”
Sx S
{CS'

S =(d,P)e M*|(s, (81732))]}
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and A%z—action is defined on the basis element by a

m Ta (S’,S)m)‘, mu/

CLCZL?AmSM = Z CS/ s\ Su
(S",5)EM [(87(81782)7((>\1,/\2),u))}
mod A%?( < (5, (1, 52), ((Al,Ag),u))),

where (S7 w) - ((d7 P)? ((SAN S)\z)v Su)), (S/, S/) - ((d/7 Pl)ﬂ ((3/)\1, Sl,\g)v SL)),
rq(S’,S) is as in 3(a)(i) and (b)(i) of Theorem 5.4.

(i1) W [(s, (s1,52)), (A1, A2), )] is a free 9f-module with basis

{3;

T (d,P) € M* (s, (81782))]}

and Z%—aetion is defined on the basis element by a

87”7 (S”,S)mi, m"

78;’}%”‘% — Z o NSk
(8", EME {(87(51782)7(0\17}\2)7#))]
mod Z%Z ( < (87 (317 32)7 ((Ala /\2)7 N)))a

where (S> w) = ((da P)a ((SAN S>\2)7 Su)), (S,a 5,) = ((d/’ Pl)a ((5/)\1’ 8/)\2)7 5;)%
rq(S’,S) is as in 3(a)(ii) and (b)(ii) of Theorem 5.4.

Lemma 3.2 ([5]).

A u A
A mt,,

(i) Cgg ™" Oy ™" = @4 ((8, 5), (T, t))CZ?’”mZ”’t”
mod A%Q < (s, (s1,52), (()\17>\2)aﬂ)]
where
®1((5,5), (T,1))
xl(PVP’)Qgg\l(s)\,t)\)ngQ(su,t“) when conditions (a) and (b)

= of Definition 4.6 in [5] hold,

0 otherwise.

A Iz A Iz N A o
(ii) 8;’?85)\7‘9)\"”8“73” 8??’1&/\’”%#,““ = (p 1((S7 S)) (Ty t))c;’j;?\’tAmsu,tu

mod [Z? < (5, (51, 52), (A1, M), 1)
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where

%
o 1((S7 8)7 (Ta t))
wl(PVPl)gZ)()S‘l(s)\,t,\)gbgg(su,t“) when conditions (a) and (b)
= of Definition 4.6 in [5] hold,
0 otherwise.
Here (57 3) - ((d7 P)? ((S)\Us)\z)a Su)): (Tv t) - ((dl,Pl)a ((t)\ut)\Q)vtu)):
and (P Vv P")(I(P V P")) denotes the number of connected components in
d'.d" excluding the union of all the connected components of P and P’,
7712;7&(51771?‘“&X = gﬁg‘l(sA,t)\)m;\&tA mod H(< (Al,)\g)),mg‘ws“égmfmtu
= ¢§2(3#7t#)mg;“t,, mod J€' (< )

as in Lemma 1.7 in [1].

Definition 3.3 ([5]). For

(57 (517 82)7 (()‘17 AQ)?M)) e (87 (51752)7 ((Ah)‘?)aﬂ)) S X/

the bilinear map ¢51752( 0] ;‘1“ o) 1s defined as

A K
m M, mt)\

(1) 62, (Clroam e o™ty — @y (8,s), (T,1),
(S.s), (T, t) € M [s, (s1,52), (A1, A2), )]

(i) 3% 52(8%;“““ O = @1((,5), (1),
(S,s),(T,t) € M’k [s, (s1,$2), (()\1,)\2),”)],

where ®1((S, s), (T, t))(gl((S, s),(T,t))) is as in Lemma 3.2.
Put

A, _
( ) G281+52 - (@1((S7 8)7 (T7 t)))(S,S),(T,t)EM/k [S,(Sl,SQ),(()\l,)\Q),M)] ?

where

(I)l((S7 S)) (Ta t))
ml(PiVPj)QSg‘l(s,\,tA)qbgz (Su,tu) when conditions (a) and (b)
= of Definition 4.6 in [5] hold,

0 otherwise,

where (57 S) = ((dlapl)v ((5>\1a 5)\2)7‘9#))7 (Ta t) = ((dJ'?Pj)v ((t)\pt)a)vt,u))'
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(i) G\, = (BA((S,5), (T,1)))

where

(S,8),(T.) €M [s,(51,52), (A, A2) )|

B1((S, 5), (T, 1))

xl(PiVPj)qbg\l(s,\,tk)gbgz(su,t#) when conditions (a) and (b)
= of Definition 4.6 in [5] hold,

0 otherwise,

where (S, s) = ((di, P5), ((sx,, 5x,), 5#))a (T,t) = ((djv Pj)a ((Earstr2), t,u))a
and [(P; V P;j) denotes the number of connected components in d'.d”
excluding the union of all the connected components of P; and P,

A A — A A
ms/\78)\ 51mt)\,t)\ - ¢51 (S)\, t}\)ms’)\yt)\

mod 3‘6(< ()\1, )\2))

and
mgﬂ,s#@mf‘i,tu = ¢§2 (Suvtu)mgﬁﬂtu mod %/(< 1)
as in Lemma 1.7 in [1].

G;‘;‘f+s2 (ngfm) is called the Gram matriz of the cell module

W[(S, (817 52))7 (()‘17 )‘2)’ M)] (W[(Sv (317 52))’ (()‘17 )‘2)’ :U’))
Definition 3.4. Let

A 13
mg, ms,

C 71,7
{ Sia ® }(s{, 72 1) EM*((s,(s1,52)), (A1, h2) 0]
m2 mk
(e )
Siw (ST ) e MR (s, (51,52)) (A1 A2) )]
be the basis of the cell module

W[(S’ (517 82))3 ((Alv )‘2)3 M)] (W[(Sv (Sb 52))a (()‘1? )‘Q)a M)])a

where S[1" = (di, Pi), 1= (), t4,),t1,)-
Now, we shall introduce the ordering on the basis of the cell module
W1(s, (s1,52)), (A1, A2), )] as follows:

(ST, 1) < (ST, 1)

(i) if (4, 0,71, 72) < (4, 8,7],7%) as in Definition 3.7 in PMK and

(i) if (i, a,71,72) = (4, 8,71, 7%) then (S, ), (S]T.lB’TQ,tk) can be in-
dexed arbitrarily.
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. The above ordering can be used for the basis of the cell module

W[(Sv (51’ 82))’ (()‘17 )‘2)7 /‘)]
Arrange the basis of the cell module W|[(s, (s1,52)), ((A1, A2), 1)] and

W/[( (s1,52)), (A1, A2), )] according to the order defined above and ob-

A
251452

modules W{(s, (s1,52)), (A1, A2), )] and W(s, (s1,52)), (A1, A2), u)] re-
spectively.

tain the Gram matrix G’Zs 45, and corresponding to the cell

Theorem 3.5. (i) The algebra of Za-relations A%Q (z), signed partition

algebras Z%Z (z) and partition algebras Ax(x) are semisimple over K(x)
where K is a field of characteristic zero where x is an indeterminate.
(ii) Suppose that the characteristic of the field K is 0, then

(a) the algebra of Zs-relations A?(q) is semisimple if and only if q
2k

is not a root of the polynomial f(x) where f(x) =] [] det G;‘s‘f+$2
A,u2s14s2=0
where x = q and q € C.
(b) the signed partition algebra Z 1s semisimple if and only if q
2k
is not a root of the polynomial f(x) where f(:n) =][ I det 5§;ﬁ+32
A, u2s1+s2=0

(¢) the partition algebra Ag(x) is semisimple if and only if q is not a
k
root of the polynomial f(z) where f(x) =[] [] det G2.
A s=0
(iii) In particular,
(a) Gé\s s, COtncides with G’2“81+82 if

L. /\—([ 1], ®) and p = [s2] when s1,s9 # 0,
2 )\—(<I> ®) and p = [s2] when s1 = 0,52 # 0,
(Is
(

1], ®) and p = ® when s1 # 0,50 =0
4 )\— O, D) and p = P when s1,s52 =0,
f0T0<81</€0<82\k0<81+82 k.

>‘7
b) 825111L4r52
1 /\—

coincides with 281+s2 if
([s1],®) and p = [so] when s1,s5 # 0,
= (®,®) and p = [s2] when s; = 0,52 # 0,
= ([s1],®) and p = P when s; # 0,59 =0
4 )\—(<I> ®) and p = @ when s1,s9 =0,
f07"0<81</€—1,0<82<k’ 1,0<s1+s2<k—1.
(c) G2 coincides with G* if
1. X=s when s #0,
2. 0=® when s =0
for 0 < s<k.
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(iii)" (a) If q is a root of the polynomial

2k
k
f(x) = H det G281+82
2581+s2=0

where det G1581+82 = H det A2T1+T2,2T1+T2; A27”1+?“2721“1+7”2 is as
0<r1<k—s1—s2
0<ro<k—s1—5s2
2r1+ro<2k—2s1—2s2
in Theorem 2.14 then the algebra A%Q (q) is not semisimple.
In particular, q is an integer such that 0 < ¢ < k—2 and q is a root of
the polynomial > — x — 20,0 < ' < k — 2 then A? (q) is not semisimple.
(b) If q is a root of the polynomial

2k
flx) = H det5’581+32

2s1+s2=0

where det ?‘3’531+52 = I1 det ZQT1+T2727‘1+T2 []det Zp,
0<r1<k—s1—s2—1
0<ro<k—s1—s9—1
2r1+ro<2k—2s1—2s2—1
A A ; Az
9r1+r0,2r4r2 and A, are as in Theorem 2.14 then the algebra A}*(q)
s not semisimple.
In particular, q is an integer such that 0 < ¢ < k—2 and q is a root of
the polynomial > —x —2r',0 < ' < k — 2 then Z%Q (q) is not semisimple.
(c) If q is a root of the polynomial

k
flx) = H det G*
5=0

where det G"SC = [T det gr,r; ﬁr,r is as in Theorem 2.1/ then the
0<r<k—s
algebra Ag(q) is not semisimple.
(iv) The algebra of Zo-relations (A%Q(q)), signed partition algebra
(Z%Q (q)) and the partition algebra (Ax(q)) over a field of characteristics
0 are quasi-hereditary for g # 0.

Proof. Part (i): The matrix of the bilinear form associated to the cell
module W/[(s, (s1,52)), ((A1,A2), )] as defined in Definition 4.3(ii) with
respect to the ordering of the basis as in Definition 3.4 is rewritten as
follows:

Ap
2s1+s2 (g(zvoév""l77”2)7(]7677‘/177'/2))1g(i7a7r17r2),(j7ﬁ,r/1,r/2)<7231+52
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where ; . 1oty = Qy; . ’o B)\“u
g(l,a,rl 77'2)’(.]75’7'1 »7'2) (170477'1 7T2):(J7/8:r1 7T2) 01,027

2MPVE;) if conditions (a) and (b)
= of Definition 4.6 in [5] are satisfied,

0 otherwise,

Al pA M
B§'s, = Bs, ® B,

a(i,a,rl 1T2)7(j7677'/1 77"5)

with Bg\l = (qb(;’\l(sA,tA)) and By = (¢ (su,tu)), Bg‘l and By are the
matrices of the non-degenerate bilinear forms associated to the cell module
WA and W* of the cellular algebras of K[Z1&,,] and K [&,] respectively
as in Theorem 3.8 in [1] and 0; and d2 depends on the product of the

/ !
: 71,72 172
diagrams d; ,* and d g

A _
2s1+s2 T (a(l a,r1,r2),(4,8, Tl’rz)B(Sl,(SQ) <(i,a,m1,72),(7, 57T17T2)<?251+32

A?
The 9Gi,o,r1,r2), (60,1 ,r2)  — a(i,a,rl,rz),(i,a,rl,rg)A where A = Bl’f =
B} ® BY. Thus, the leading coefficient of the Gram matrix is

(et A) T 21052 xdim Fl(s.(s1.2)). (. 2o) )]

which is non-zero over a characteristic zero. Therefore, the algebra X%Q ()
is semisimple. The proof for the algebra of Zs-relations and the partition
algebras are similar to the above proof.

Part (ii): By Theorem 3.8 in [1], X%Q is semisimple if and only if
det Gé\;’erSQ # 0 for all s1, 5o and for all \, p, since

det G281 15, 70 if and only if @ is non-degenerate.

Part (iii) (b): Now, Go', . = G, ., it
1) A= ([s1],®) and p = [s2] when s1,s2 # 0,

A=
2) A= (®,®) and p = [s2] when s; = 0,59 # 0,
3) A= {([s1],®) and pr = ® when 57 # 0,52 =0

for0<s1 <k—1,0<s9<k—1,0<51+s52 < k—1,since A is the
1 x 1 identity matrix,

If A\ =(®,®) and = ® when s1,s2 = 0, then G2 coincides with

281 +s2

k
0+0-
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Part (iii)’(b): If ¢ is a root of

f(.T) = H det Z2r1 +72,211+72 H det Zpy

0<ri1<k—s1—so—1
0<ro<k—s1—s2—1
2r1+ro<2k—2s1—2s9—1

then det 8251+52 =0 = det 623[5-11-32 152D Thus, the algebra Z is not
semisimple.
In particular, by Remark 2.15 if ¢ is an integer such that 0 < ¢ < k—2

and ¢ is a root of polynomial 22 — z — 27,0 < 7’ < k — 2 then the algebra
Z%Q is not semisimple.
The proof of (a) and (c) is similar to the proof of (b).

Part (iv): It follows from Remark 3.10 in [1] and Theorem 5.4 in [5]. O

Appendix

The following is an example of Gram matrix in X?Q ().
Let s1 = 1 and sy = 0. The following are the diagrams in JS, ;.

0,0 0,0 0,0 ,0 0,1 oo
(O COSOD LT COSRD L CROOD LR CROSD LN S0 s
0,1 0,1 0,1 0,1
d() ey @ d7a2 @dS s =d90‘2 @dlo(m -~ @
00 oo o0 o 0.1 —o oo 1,0 o o 1()
Moo =1 | L0 iy *F.LI/.ﬂdw,as = .1 Idmm o Do @

sl _

o o o o e

CAS G LR CERI A (0D [ PS8 () AT S S Gu:
o g gee « e o« TS

1o ] L. 11

1,0 ¢ S e 1,0 'o//__\.\' 1,0
Bias =1 1 s B ‘\II/‘dm ERENPPLITIe 05 a2

Aoy =0 1 0 0 ilias 3100 e =0 T D ablay = DI Tlie s D0 ]

T N B S T R R T

where a1 = (3,2,®,P), an = (2,0, P,1), a3=(1,P,P,2), iy =(2,9,1, D),
as = (1,9,0,2), ag = (1,9,1,1), a7 = (1,0,1%,0) and d," is a dia-
gram having r; number of pairs of {e}-horizontal edges, ry number of
Zo-horizontal edges and « is the underlying partition of dr1 2
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“dlo|lo|o|o|c|le|e|e| v 8|l . sl a|lo|lo|s|s|lo|lc|le|o| s ||| %L]|oeo ™
o|lc|e 2l e|lo|loc|lo|o|e| vl sl s|lo|loc|c|o|lo|e|s|r|loc|lole|e|hR|loee|rm] e
clo|~|ec|lelo|e|o|o|lel || ~|~|c|o|~|~|=|~|%|a|~|~|=]|=]z]|s|c|c|=|%]=

cl|lo| =|=|of|e|le|o|s|o|ole|ele| =%~~~ =~ s|c|c|=|=|s|%]|=|%
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After applying the column operations and by Theorem 2.14 the matrix
%1 1o reduces as follows:

Xo,o ~ Xo,o = Iy, Zl,l ~ Xl,l = xly,
Aoy~ Ay = (22 — 2 — 2)1p + (~2)ILs.

where I, denotes n X n identity matrix and I/, denotes n x n off-diagonal
matrix.
After applying the row and column operations, the matrix Xp is

reduced as follows: A, ~

1,1 1,1 1,1 1,1 1,1 1,1 2,0 2,0 2,0
d25.a6 d27.a6 d28,o<6 d29,a6 dSO,aG dSl,aG d32,a7 d33,a7 d34,0¢7
dééil,aﬁ 23 -3z | 22— 0 0 0 —2x 7z2+a: 0 0
dé71,oz(, 22—z |23 -3z 0 —2z 0 0 7w2+1' 0 0
dyitag| O 0 |2®-3z|a?—z | —2¢ 0 0 —z? 4w 0
A3y g | O —2z | a%-z [2®-3z| o0 0 0 —z? 4z 0
At ag| O 0 —2¢ 0 |2®-3z|2%-x 0 0 —a?tx
dilsil,me —2x 0 0 0 22—z |23 -3z 0 0 712+z
147213
2P, |~z —2?+z| 0 0 0 0 ) —20% 42048 | —22% +22048
7 —42° 45248
=t 225
azl, 0 0 —224z|—2242 0 0 —222422+8 R —222 422 +8
T —4z° 4548
x4—2x3
azl., 0 0 0 0 |-2?4a|-2?+a| 202422048202 +2248 ,
T —42° +52+8

The entry z? — z in the above matrix cannot be eliminated while
afplying column operations since the following diagrams do not belong to

3 (@)-
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