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An additive divisor problem in Z]i]

0. V. Savasrtu and P. D. Varbanets

Communicated by V. V. Kirichenko

ABSTRACT. Let 7(a) be the number of divisors of the Gaus-
sian integer . An asymptotic formula for the summatory function

S>> 7(a)T(a+ B) is obtained under the condition N(g) < 2%/8.
N(a)<z
This is a generalization of the well-known additive divisor problem
for the natural numbers.

1. Introduction

In 1927 A.E. Ingham [1] obtained the asymptotic formula for the number
of solutions I(x) the diophantic equation

ulUy — v1v2 = 1

under conditions: uj,u9,v1,v2 € N, ujus < z.

Obviously
I(z) =) 7(n)r(n+1),
n<x
where 7(n) = >_ 1 denote the number of ways n may be written as a
n=ab

product of two natural numbers.
Ingham proved that

6
I(z) = pxlogf x4+ O(zlog x).

T. Estermann [2] improved this result in form

I(z) = xPy(logx) + E(z),
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where Py(u) is a polynom agu? + aju + az and E(z) is an error term.
Estermann gave E(z) < 2/7¢, § = 2. The exponent 6 was sub-
sequently improved to % by D.R. Heath-Brown [3] and then to % by
J.-M. Deshouillers and H. Ivaniec [4]. In 1994 Y. Motohashi [5] em-
ployed powerful methods from the spectral theory of automorphic forms

and obtained very precise result:

2 2
I(x):ZT( ) n+h —xz:loglecl]Z IOid -i—O(:c%JFE)
=0 j=0  dlh

n<x

holds uniformly for 1 < h < 220/27
The purpose of this paper is to build the asymptotic formula for sum

> rla)r(a+p)

a€Z[i]
O0<N(a)<z

where 7(«) = > 1 is a number of divisors of a Gaussian integer «.
O
Notations. Denote by Z the ring of Gaussian integers. We write
N(a) =a?>+b%, Sp(a) = 2afor a = a+bi € Zla]; p(a) = N(a) [](1—
ple
N(p)~1), p is prime divisor «a; e(x) = exp(2miz) for the real number z;
the Vinogradov symbol f < g means f = O(g); ¢ is an arbitrary small
positive number that is not necessarily the same at each occurrence; the
constants implied by the O (or <) — notation depend at most on e.

2. Statement of Result

Let 8 be Gaussian integer and x be real positive number. By I(z, ) we
denote the number of solutions in Gaussian integers of the equation

ajag —agay =, N(aag) <z
Theorem. For N(8) < /8 and any e > 0 the following formula
I(z,3) = xPy(logz) + O($%+E)
holds.

Here Po(u) = Agu?+ Aju+As,  A; = Ay(B), i=0,1,2, moreover
A;(B) are computable and 1 < 4;(8) < 7(6), Ao(B) > 0.
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3. Auxiliary Results

Let g, 6 be the Gaussian rationals (dp, 0 € Q(7)) not necessarily integers.
Let for Re(s) > 1

¢(s,6,00) = E e <%Sp(50w)> N+ w)™".
wEZL[i]
wH#—0b

Lemma 1 (see [5],lemmas 1 and 3). The function ((s,9,dy) is entire
function if 69 & Z[i]. For dy € Z[i|, ((s,9,00) is holomorphic except at
s =1, where it has a simple pole and

C(s,6,0) = Si—l +ao(8) + a1 (8)(s — 1) + ...

where

TE + 4L (1, x4) if 6 € Z[i],
ap(6) = { TE 4+ 4L (1,x4) + 3. N0+ B) + bo(8) if 0 < N(8) < 1;
peB

E is the Euler constant, L'(s, x4) = d%L(s,XZL), L(s,x4) is L-Dirichlet
function with non-principal character mod 4; by(6) = —4 + O (N1/2(5)),
B denotes the set {0,+1,+i}. Moreover, the functional equation

7°T(s)C(5,6,00) = 7~ 7ET(1 — 5)¢(1 — 5, =60, 6)e (—%Sp(&)&)) (1)

holds.

Let o, 8,7 € Z[i]. We define the Kloosterman sum for the ring of
Gaussian integer

: 1 ag + B¢’
K(Oz,@’y) = Z 6(5‘51) (f .
€,¢/ (mod )
£¢'=1(v)
Lemma 2. Let «, 8,7 be Gaussian integers, v # 0. Then the estimate
K (a0, B;7)] < (N(y)N (o, 8;7))) 7 (7) (2)
holds, (where (c, ;) is the greate common divisor of c, 3,7 ). Moreover,

Kesn = ¥ VoK (15:7). 0
)

3|(a, By
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This lemma follow from a multiplicative property of K («, 3;7) on 7y
and the Bombieri estimate of an exponential sum on the algebraic curve
over the finite field. The formula (3) is a generalized Kuznetsov’s identity
for Kloosterman sums.

Lemma 3. Let o,y € Z[i], (aw,v) =06, N(B) < N(vy). Then for
N(v) < 2?3+ we have

a—%:w) 7(a) = Co(aoﬁ)m log NOM

N(a)<lz

+e1(a0,7) g + O (22N (),

N(v)
where co(og,7) = T2N(B)p (%) N7 (y)7(8),

c1(ag, _WQZ 2E—1+2 +Z*log (p))l

518 ply/é

[1:a-~5"0)

Ylv/é

Proof. Without loss of generality we will consider only a case (ag,7y) = 1.
We have for c =1+ ¢:

Z T(a) — Z T(a) =

a=aqg(v) a=aqg+By
N(a)<z BeB
T (a0 5) | = :
1 T(ag + Py T T
= — F(s) — —— | —d O , 4
2mi / ()= 2 N(ag+B7)% | s o <TN(7)> @
c—1iT peB
where
_ Q1 o%) 7(a)
F(s) = N(y)~% C(s,—,O)C(s,—,O): )
(5) = N(v) (Zd) > > 2 Ny
aq,a9(mod y a=aq(y
ajag=ag(y) a€Zli]

From lemma 1 we have the functional equation
72(2s-1) F2(1 _
N2(v)  T2(s)

F(s) = Vp—s),

where

1

ap=w
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sos 5 o (dsp(mim)),

ay,ag(mod v)
ajag=ap(y)

Moreover, F'(0) = 0 if N(v) > 1 and « # 0(mod 7).
By lemma 1 we obtain

107

B T(ov + B7) N(y)~tte if Re(s) =1+¢,
60 =0~ 32 Sty < Nowers it g~

()
Applying Phragmen-Lindel6f principle we infer
G(—¢ +it) < N(y)V/oreri2/5% for |t| < T

To deal with integral in (4) we move the segment of integration to
Re(s) = —¢

By the theorem of residues we obtain

> 7)) = resso (G<s>§> T res,y (G(S)f> .

a=aqg(v)
N(a)<z

—e+1iT
1 z® e 1/5+em12/5+¢
+o / G(s)sds++0(x)+O(N(7) T )+

—esiT
ress—o (G(s)”‘;) - % [T - N+

_ L1 xa) | 5~ log N(p)
H [ ”2(E+L<1,X4>+ZN@> )

pld

Further,

)

%\ T(ap + 57) z°
ress—o (G(s)?> = ress—o Z Niao+ 5)° s < N(v)°.
pBeB
Observe that by lemma, 2

o198 = > 1K (@, Bao;7)| < NN ((w, 7)) 27 ()7 ().

af=w af=w
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Now by termwise integration and applying the Stirling formula for
the gamma function and the method of stationary phase we get

—e+1iT

2 y3/8 1 1
= O(a, 5; e ————1/4>-
> N(w)aﬂz—w ( ﬂ’y)4 7 < s oY
0<N(w)<Y

(1+0(y¥))+o0 <T3§\1:(;)> +0 @) +

vo| 3y NG N (@) RN | L 9
N(w)>Y

where Y < X = ( )4w7 y = rr‘;\achJ\(fv(L)U).

The assertion of the lemma follow from (4),(6)—(8) if we put
T — xl/2N(7)73/47 Y — 1'1/3.

4. Proof of the theorem

We start the proof of our theorem by observing that
7(a) = 2#{y]a; N(7) < 2"} = #{7|e; N(a)z™* < N(y) < 2/

whenever «, N(a) < z.
Hence

Z T()T(a+ ) =

N(a)<z

= Z 2 Z T(a)—1p — Z T(a) =1 =

N('y)<g;1/2 a=p(y) a=p(7v)
= N(a—f)<z N(a=p)<N(m)az!/?
_ 7/84¢
=2 > > >, > rl+oE
N(~)<zl/2 a=B(7) <gl/2 a=p(y)
= e No= N(a)<N(y)al/?

Indeed, we have

N(a—pB) =la— B = [laf* = |B’| = N(a) = N(8) for N(a) > N(B),
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and
N(a—p) <o + 8] = N(a) + N(B).

Therefore we carry an error in the asymptotic formula < N (ﬁ):cl/ ?k
x7/8 if we replace the condition N(a — ) < z on the condition N(a) < z
(we take into account that N(3) < z°/%).

Now, by lemma 3 we obtain

22 =2 X > (@)=

N(a)<zl/2 I(\);(Ef)(;/; o|B N('Y)(ifﬁl//;)]i(lé)_l aE]@Ez)oélzfyé)
7T2£L' X
= — N §) (log —— —1
> ¥ { g NO)7(0) (108 7 1) +
8 Ne<2 3
(v,0/0)=1
2% L'(1,x4) N(p) 1
+ SINE+75+ D s~ | [TO-N@p™' s+
N L(1 N(p) —1
+O > > 2PN
o8 Ney<zl

Using the equality

N
‘E
=
I
‘E
=
I

g
‘E
=

-
I

- N(9) . (9) N(9) .
RS ass ol aps N
_ _ -1 () 1/3
= gg(l N(p)™) | mx P N2(5) +O(z/?)
(6,8)=1
— (B + O(x1/?). (11)
where co(3) = co% [T(1—N(p)~2), co= const.
|8
Therefore
Z co(B/9) (logm+1+0<x1/3>> . (12)
1/2
SN
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Hence, from (10),(12), we get

Yo 7)) = w(ag(B) log® x+

1/2 a=B(v)
N(y)<z N 2e

+a1(f)logx + az(B)) + O(z7/%%¢).  (13)

Similarly

> ST r@) = 2(bi(8) loga + ba(B)) + OT/5). (14)
N('y)gxl/Q a=p(v)
N(a)<N(y)zl/?

From (9),(13),(14) we obtain the assertion of theorem. O
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