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ABSTRACT. In the universe of finite groups the description
of 7-closed totally saturated formations with Boolean sublattices
of 7-closed totally saturated subformations is obtained. Thus, we
give a solution of Question 4.3.16 proposed by A. N. Skiba in his
monograph "Algebra of Formations" (1997).

Introduction

All groups considered are finite. Used notations and terminology are
standard (see [1]-[4]). Recall that a formation § is called saturated if
G/®(G) € § always implies G € §. It is known [4] that if § is a non-
empty saturated formation, then § = LF(f), i. e., § has a local satellite
f.

Every group formation is considered as 0-multiply saturated [5|. For
n > 1, a formation § # @ is called n-multiply saturated [5], if it has a
local satellite f such that every non-empty value f(p) of f is a (n — 1)-
multiply saturated formation. A formation is called totally saturated |5]
if it is n-multiply saturated for all natural n.

Let 7 be a function such that for any group G, 7(G) is a set of
subgroups of G, and G € 7(G). Following [3| we say that 7 is a subgroup
functor if for every epimorphism ¢ : A — B and any groups H € 7(A)
and T € 7(B) we have H? € 7(B) and T¥ ' € 7(A).
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A group class § is called 7-closed if 7(G) C § for all G € §. The set
17, of all 7-closed totally saturated formations is a complete lattice [3].
A 7-closed totally saturated formation § is called $7_-critical (or a
minimal T-closed totally saturated non-$-formation) if § € $ but all
proper 7-closed totally saturated subformations of § are contained in $.
If § and M are {7 -formations such that 9 C §, then F/2 M denotes
the lattice of I7_-formations between 9t and §. In particular, if 0T = (1) is
the formation of identity groups, then L7 () denotes the lattice §/7 (1).
In this paper we prove the following.

Theorem 1. Let § and X be T-closed totally saturated formations, § €
X CN. Then the following conditions are equivalent:

1) the lattice §/7.§ N X is Boolean;

2)F = FNX)VL (V. (9ili € I)), where {9;|i € I} is the set of all
X7 -critical subformations of §;

3) every subformation of § of the form (FNX) VI, 9 is I7 -comple-
mented in /T N X, where §) is some X1 -critical subformation of §;

4) any X7_-critical subformation of § has an X7 _-complement in §.

Note that if in this theorem X = 91 and 7 is the trivial subgroup
functor (i. e., 7(G) = {G} for all groups G) we obtain the main result
in [6]. In another special case (X = (1) and § is soluble) we obtain the
main result of Section 4.3 in [3]. In particular, we give a solution of
Question 4.3.16 in [3].

1. Definitions and Notations

Let X be a set of groups. Then {7 formX is the 7-closed totally satu-
rated formation generated by X, i.e., 7 formX is the intersection of all
7-closed totally saturated formations containing X. If X = {G}, then the
formation [7_formG is called a one-generated T-closed totally saturated
formation.

We denote by 7(§F) the set of prime divisors of orders of groups in §.

For any two 7-closed totally saturated formations 9T and 9, we write
MV H =17 form(MU H).

For any set X of groups, we put X7 (p) = I form(G/F,(G)|G € X),
if pe n(X), and X7 (p) = @ if p & m(X).

If § is an arbitrary 7-closed totally saturated formation, then the
symbol §7_ denotes the minimal I -valued local satellite of §.

For an arbitrary sequence of primes pi,p2,...,p, and any set X of
groups, the class of groups XP1P2-P» is defined as follows:

1) X = (A/Fy, (A)|A € %);
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2) XP1p2--Pn — (A/F n(A)|A c _’{plpz---pnq).

A sequence of primes pi,pa, ..., py is called suitable for X if p; € w(X)
and for any i € {2,...,n} we have p; € w(XP1P2-Pi-1),

Let p1,p2,...,pn be a suitable sequence for §. Then the [7_-valued
local satellite L p1p2 ... pn is defined as follows:

1) $%p1 = (8% (P1))oo;

2) Fop1---Pn = (F&p1 - - - Pn—1(Pn))%-

A group G is called a 7-minimal non-$-group (or an H7-critical group)
if G ¢ $ but every proper 7-subgroup of G belongs to .

A 1-closed totally saturated formation § is called an 7 -irreducible
formation if § # 7 form(U;erX;) = VI (X;i € 1), where {X;|i € I} is the
set of all proper 7-closed totally saturated subformations of §. Otherwise,
§ is called an 7 _-reducible T-closed totally saturated formation.

Let 99t and $ be some 7-closed totally saturated subformations of F,
X be a class of groups. Then $ is called an X7_-complement to M in §
if § =117 form(M U $H) and M N H C X. A subformation of F is called
X7 -complemented in § if it has an X7 -complement in §. In addition,
the (1)7 -complement to 9 in § is called an [T -complement to M in F,
and in this case M is called [T -complemented in §. A subformation 90t
of § is called complemented in § if § = form(M U $H) and M N H = (1)
for some subformation $ of §.

For a set 7 of primes, we use 91, and G, to denote the class of all
nilpotent m-groups and the class of all soluble 7-groups, respectively.

2. Used Results

Lemma 1. [7, 8]. Let § be a non-soluble T-closed totally saturated for-
mation. Then § has at leat one &7 -critical subformation.

Lemma 2. [7, 8]. Let § be a T-closed totally saturated formation. Then
T is a minimal T-closed totally saturated non-soluble formation if and
only if § = 7 formG, where G is a monolithic T-minimal non-soluble
group with a non-abelian minimal normal subgroup R such that G/R is
soluble.

Lemma 3. [7, 8/. Let G be a monolithic group with a non-abelian socle
R. Then § = I formG has a unique maximal [ -subformation M =
&)l form({G/R}UX), where X is the set of all proper T-subgroups
of G. In particular, Srry CIM C §.

Lemma 4. [9]. The lattice I7 of T-closed totally saturated formations is
distributive.
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Lemma 5. [10]. For any two T-closed totally saturated formations 90
and § we have
MV, F/LM~ F/LMAF.

Lemma 6. [7, 11] The lattice I7, is algebraic.

3. Main Results

Lemma 7. [7]. Let §, X be T-closed totally saturated formations such
that § € X C N. The formation § is an X7 -critical formation if and
only if either of the following conditions is satisfied:

1) § =MN,, where p ¢ w(X);

2) § = M,MN, for some different primes p and q in w(X).

Proof. Necessity. Let § be an X7_-critical formation. Suppose that there
exists p € m(§) such that p ¢ 7(X). Since M, € 17, N, CF\ X, (1) is
the unique (7 -subformation of 9, and (1) € X, we have that § = 91,.
So, § satisfies 1).

Assume that 7(§) C 7(X). We show that § is soluble.

Assume that § € &. Then by Lemma 1, § contains at least one
&7 -critical subformation £. By Lemma 2, £ = [l formL, where L is
a monolithic 7-minimal non-soluble group with a non-abelian minimal
normal subgroup N such that group L/ is soluble. It follows from
Lemma 3 that &, C £, where 7 = 7(/N). Since N is non-abelian, we
have that |7| > 3. But by hypothesis the formation § is an X7_-critical
formation. Hence &, C X C I, a contradiction. Therefore, § is soluble.

Let h is the canonical local satellite of X. By Theorem 2.5.2 [3, p.
94|, § = 17 formG, where G is a group of minimal order in § \ X with
the socle R = G* such that for all p € m(R) the formation 7 (p) is
(h(p))Zo-critical. Since by Theorem 1.3.14 [3, p. 33] M7 (p) = (1), we
have h(p) = N,. Hence, §2 (p) = I form(G/F,(G)) is an (9,)7 -critical
formation. Therefore, |7(F7(p))| = 1 and F (p) = N, for some prime
q # p. Since G is soluble, it follows that R is a p-group and F,(G) = R.
Hence, 7(G) = {p,q} and § = 9,MN,. Thus, § satisfies 2).

Sufficiency. Let § be a formation satisfying 1) or 2). Then § is a
hereditary totally saturated formation. Hence, § is a 7-closed formation,
for any subgroup functor 7. If § = 9M,, then (1) is a unique maximal
[7.-subformation of §. But (1) C X # . Hence, § is an X7 _-critical
formation.

Let § = MpM,. Then by Theorem 2.5.3. [3, p. 94| mathfrakF is an
N -critical formation. Since My, 4 C X, it follows that § is a minimal
T-closed totally saturated non-X-formation. 0
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Lemma 8. [7]. Let § and X be I7_-formations such that § £ X C N.
Then § has at least one X7_-critical subformation.

Proof. Assume that 7(F) € 7(X) and p € 7(F) \7(X). Then according to
Lemma 6, 91, is a required X7 -critical formation. Now we assume that
7(F) C 7(X), and let A be a group of minimal order in §\ X. Then A is a
monolithic 7-minimal non-X-group with the socle R = A*. Let p € (R)
and £ = [7_formA. Assume that R is non-abelian. Then by Lemma 3,
& (r) C £. Since |w(R)| > 3, there exists a prime ¢ # p, ¢ € 7(R), such
that
M = ‘ﬁp‘ﬁq C Gw(R) C 5

Since My, 4y C X, from Lemma 6 it follows that 9 is a required X7 -
critical formation.

Suppose now that R is an abelian p-group. Since R Z ®(A), we have
R = 0,(A) = F,(A) and A = [R]B for some maximal subgroup B in A.
By Theorem 1.3.14 3, p. 33|,

£ (p) = Il form(A/F,(A)) = 17 formB.

Let ¢ € m(B) \ {p}, and @ be a group of prime order ¢. Since £7(p)
is totally saturated, @ € £7_(p). Denote by V an exact irreducible F,[Q]-
modul, and let F' = [V]Q. Then

F/O,(F) =~ Q € £, (p).
Therefore, by Lemma 8.2 [2, p. 78], F € £. But
§ = L formF = N,MN,.
Hence, by Lemma 6, § is a required X7_-critical formation. ]

Lemma 9. Let X, 9 and § be T-closed totally saturated formations such
that M C X CN, and § = M VL (VL (Hili € 1)), where {$H;]i € I} is
some set of XT_-critical formations. If § is an X7 -critical subformation

of §, then $ € {$9;li € I}.

Proof. Let $) be a X7_-critical subformation of §. By Lemma 6, ) satisfies
either of the following conditions:

1) 5 =MN,, where p ¢ w(X);

2) = 9,MN, for some primes p # ¢ in 7(X).

Assume that 9 satisfies 1). Since $ C §, we have by Corollary 1.3.10
[3, p. 31 that 97, < FT,. Therefore, H (p) C Fo.(p). By Theo-
rem 1.3.14 [3, p. 33|, we have H7_(p) = (1). Hence, (1) C F7 (p) # <.
By Lemma 4.1.2 |3, p. 152],

§(p) = M (p) Ve (Ve (Din ()i € 1))
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Since p ¢ w(X), it follows that p ¢ w(9M) and M7_(p) = @. Hence,
3%(p) = Vi (9 ()i € I).

Suppose that p ¢ 7(9;) for all ¢ € I. Then from Theorem 1.3.14 |3, p.
33] it follows that $] (p) = @ for all i € I. Therefore, F7 (p) = &, a
contradiction. So, there exists i € I such that p € 7($;). Since §; is an
X7 -critical formation and p ¢ 7(X), we see that §); = 91,. Thus, $; = 9.

Assume that §) satisfies 2). Then p, ¢ is a suitable sequence for $ and
§. By Corollary 1.3.10 and Theorem 1.3.14 [3], we obtain that

95 (p) € Foo(p) and H5p(g) = (1) € Fople) # 2.
From Lemma 4.1.2 [3, p. 152] it follows that

Foop(q) = MLp(q) Vi (Va(Hiaop(q)li € 1)).

Suppose that g € m(9M7 (p)). Since M7 (p) is a saturated formation,
we have that 91, C 97 (p). By Theorem 1.3.12 [3, p. 32],

NI (p) € M.
Hence,
H =N, € MM (p) CMC X.

But § is an X7_-critical formation. We have a contradiction. Therefore,

q & (M (p)), Mp(g) = @ and

woP(@) = (Voo (Disop(a)]i € 1))

If 97 _p(q) = @ for all ¢ € I, then §F7 p(q) = @. It is impossible. There-
fore, there exists i € I such that $7 _p(q) ;é @. Hence, ¢ € (9] (p))
and N, C H7_(p). But by Theorem 1.3.12 [3]| we have 9,97 (p) C 9H;.
Therefore,

9 =N, CMNH . (p) C 9.

Since 9; is an X7 _-critical formation, we see that ; = . O
Lemma 10. 5 Let X, MM, £, and § be T-closed totally saturated forma-

tions such that X C 9 C £ C §. If 9 is an [T -complement to M in
§/T.X, then 9N L is an I3 -complement to M in £/T X

Proof. Let 1 = HN L. Since M is I _-complemented in the lattice F/7 X
by 9, it follows that N H = X and MV H = §. From Lemma 4 it
follows that

MV H =MV (HNL) =MV H) NMV, L) =FNL=L.



V. G. SAFONOV 115

Besides,
MNH; =MN(HNL)=MNH=X%.

But then 9, is an I7_-complement to 9t in £/7 X. O

Lemma 11. Let X and § be T-closed totally saturated formations, $) be
some X7 -critical subformation of §. Then $ has an X7 -complement in
§ if and only if H VI, (§NX) has an I -complement in §/T.FNX.

Proof. Let M be an X7 _-complement to § in §. Then by definition $ N
M C X and HVIM = F. Put My = MV (FNX) and H; = HV (FNX).
Then 9 and $); are elements of the lattice §/7 & N X. By Lemma 4,

f)lﬂiml:ﬁlﬂ(im\/go(gﬂi)):(ﬁlﬂim)\/; (ﬁlﬂ(gﬁ%)):

(HV (FNX)NM) VT (FNX) = (HNM) VI, (MNX) VL (FNX) = FNX.

Besides,
M VLM =HVE FNX)VE MV, (FNX) =3

Therefore, M; is an I7_-complement to $H; in the lattice F/7 F N X.
Conversely, assume that $; has an [7 -complement 91 in the lattice

§/T.8NX. Then H1NM = FNX and H; VI M = §. Hence, by definition,

M is an X7 _-complement to §; in §. ]

Proof of Theorem 1. For an arbitrary (7 -formation £, we denote by
Q(L) the set of all its X7_-critical subformations.

Assume that for § Condition 1) is true, and 9 = (FNX)VL (VL (9|9 €
Q(3F))). Assume that 9 # F. Since FNX C M C F, M is an element
of the lattice §/2.§ N X. Let £ be an [7_-complement to 9 in the lattice
§/28NX. Then MV, £ =Fand MNL =FNX. If £ C X, then
LCFNX CIMand § =MV £ =M, which contradicts to our assump-
tion. Therefore, £ € X. Hence, by Lemma 8, the formation £ contains
at least one X7 _-critical subformation $. Since § C £ C §, we have that
$H e QF) C M. But then H C £NIM = FN X, a contradiction. Hence,
Mm=73.

Now we show that Condition 2) implies Condition 3). Let $; be an
X7 _-critical subformation of the formation §, ¥ = Q(F) \ {1},

L£=E@NX) Vi M and M= (FNX) VL, (VL9 € X))

Then £V 9 = F. Suppose that £NM # FNX. Since FNX C £NIMN,
we have £NM Z FN X, ie., LNM < X. Then by Lemma 8, £NIM
contains some X7 _-critical subformation $2. Since $ C £, it follows
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from Lemma 9 that $o = H1. But $Ho C 9. Hence by Lemma 9, o € X,
a contradiction. Thus, £NMW = FN X. It means that the formation £ is
[7.-complemented in the lattice §/2 N X. So, Condition 3) is true for §.

Now we assume that for § Condition 3) is true. We show that Con-
dition 1) is true. By Lemma 4, the lattice §/7.§ N X is distributive.
Therefore, it is enough to establish that §/7 & N X is a complemented
lattice.

Let 9 be an (7 _-irreducible 7-closed totally saturated subformation
of §F, M & X. We prove that 9 is an X7_-critical formation. Suppose
that it is false, and let 91; be a maximal [7_-subformation in 9t. Since 9
is non-X7_-critical, MMy € X. Hence, by Lemma 8 the formation 9t; has
at least one X7 -critical subformation 9. Let £ = 9 VI (N X). Then
£ is an element of the lattice §/7 FNX. Let R be an [7_ -complement to
L£inF/ZFNX. Then F=RV £Land RN L =FNX. By Lemma 11,
RN MV (FNX)) is an I -complement to £ in the lattice M VI (FN
X)/T. 8 N X. Therefore,

RN VL (FNX))) Ve, £=MVE (FNX)).
By Lemma 4,
RNMVL (FNX) = RNM) VY (FNX).
It means that
RN MV (FNX))C M VL (FNX).
Since £ C My VI, (§ N X) we have that
RNV, (FNX)) VL £C M VL (FNX).
But (RN (M VY (FNX))) VL £ =MV (FNX). Hence,
MV (FNX) C M VL (FNX).
The inverse inclusion is obvious. Therefore,
MV (FNX)) =D VL (§NX).
But by Lemma 5 we have a lattice isomorphism
MV (FNX) /LM VL (FNX) = MV, (M1 VE (FNX))/ LMV (FNX) ~

~ M/TINN (M VL (FOX)) =M/ (MAM) VL, (MAFNX)) =
— M/ N (MNX) = M/,
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Therefore, M VI (§ N X) is a maximal 7-closed totally saturated sub-
formation of the formation 9 V2, (F N X). We obtain a contradiction.
Hence, 91 is an X7_-critical formation.

We show now that for any {7 -formation R in §/7 § N X such that the
set of all its X7 _-critical subformations is finite, the following equality is
true:

R = (FNX) Vs (VL9 € UR))). (@)

We shall prove («) by induction on |Q(R)|. If R is an [7_-irreducible
formation, then from above we know that R is a X7 -critical formation,
and («) is true. Let R be an (7 -reducible formation. Since R € X, we
have by Lemma 8 that 2R contains some X7 _-critical formation ). Let
H1=H VL (FNX). By hypothesis, $; has an 7 -complement 9t in the
lattice /2. (§ N X).

By Lemma 11, 9NN is a complement to $; in the lattice R/ (FNX).
Then

MNR)NH: =FNX and (MNR) VL, H1 =R,

Since $ ¢ M, the number of X7 -critical subformations of M N R is
less than the number of X7 -critical subformations in R. Therefore, by
induction we can conclude that

MNR=(FNX) VL (VL (BB € Q(MNNR))).

Hence,

R= (MNR) VL, H =
=(FNX) VL (V(B[B € Q(MNNR)))) Vi, (H VL (FNX)) =
=(FNX) VL, (VL (B|B € Q(R))),

ie., () is true.
Let now 9t be an [7_-subformation of §/7 § N X. Assume that

L= ENX) VL (Vi (99 € Q) \ Q).

We show that £ is an [7_-complement to 9t in the lattice F/7.§ N X.

It is obvious that §NX CIMNL. FMNL € FNX, then by Lemma 8,
M N £ has at least one X _-critical subformation . But then, using
Lemma 9, we have that £ € Q(9) N (Q(F) \ QM) = &, a contradiction.
Hence, MNL=FNX.

Let §1 = £ VI, 9. Suppose that §; # § and G is a group in § \ 1.

Since 7(G) is a finite set, by Lemma 7 the set of all X7_-critical
subformations of the formation R = [ formG is finite. Denote by 9y
the formation R VI (F N X). By Lemma 9, the set of all X7_-critical
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subformations of the formation 2, is finite. Therefore, by (a)) we have
that

Ry = (FNX) Ve (Vi (H]H € QR))).

Since (M) C QUF) = QL) U QM) and FN X C Fy, it follows that
M1 C F1. Therefore, G € 1, a contradiction. So, §F = §1, and §F/2,FNX
is a complemented lattice. ]

In particular, if X = (1), from Theorem 1 we deduce the following
result.

Theorem 2. Let § be a T7-closed totally saturated formation. Then the
following conditions are equivalent:

1) the lattice LT (§) is Boolean;

2) 8 =Ny

3) every subformation of the form M, in § is complemented in §.

Proof. By Lemma 7, any (1)7 -critical formation § has a form § = ,,
where p is a prime. Therefore by Theorem 1,

§ =V p € w(F)) = N

Thus, Conditions 1) and 2) are equivalent to Conditions 1) and 2) of
Theorem 1.

Now we show that any subformation 0, of § has a complement in §.
By Theorem 1, Condition 2) is equivalent to the following: every subfor-
mation N, of § has an [7-complement. Let 9t be an [T -complement
to M, in §. Then 9, VI, M = § and N, N M = (1). By Theo-
rem 1.3.16 [3, p. 34|, § = form(Uyer(5NySt(q)). Since § € N, we
have by Theorem 1.3.14 [3, p. 33] that §7.(¢) = (1). It means that
§ = form(Uyer(5MNy). Since M is contained in I and is an 17 -formation,
we have by Theorem 1.3.16 3, p. 34| that

M = form(Uge(omMg) = Nr(z)\{p}-

Hence,
§ = form (M, U (quw(S)\{p}mq)) =

= form (M, U form(Uger 3\ 1 Ng)) = form (N, UM).

Thus, 9 is a complement to M, in §.

Let £ be a complement to M, in §. Then N,V L = §F and N,NL = (1).
We show that £ is an (7 -complement to 91, in §. Let 9 = [ form&.
Suppose that 9 € £, and let A be a group of minimal order in 9\ £.
Then A is a monolithic group, and R = Soc(A) = A*. Since A € N, we
conclude that A is a p-group. If A # R, then from A/R € £ we have
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N, N L # (1), a contradiction. It means that A = R, and A is a group of
order p. By Theorem 1.1.5 |3, p. 14|, 7(9) = w(£). Therefore, p € 7(£).
Since £ C N, we have N, N £ # (1), a contradiction. Hence, M = £.
Thus, £ is an [ -complement to 9, in §. ]

Theorem 2 gives the answer to Question 4.3.16 [3, p. 178].
In the case when 7(G) = S(G) is the set of all subgroups of G, from
Theorem 1 we have the following.

Corollary 1. Let § be a hereditary totally saturated formation. Then the
following conditions are equivalent:

1) the lattice LS () is Boolean;

2) 8 =Nu(z);

3) every subformation of the form M, in § is complemented in §.

If 7(G) = S,(G) is the set of all normal subgroups of G, from Theorem
1 we have

Corollary 2. Let § be a normal hereditary totally saturated formation.
Then the following conditions are equivalent:

1) the lattice L3»(F) is Boolean;

2) 13: = mﬂ(%) 5

3) every subformation of the form M, in § is complemented in §.

Corollary 3. [3, p. 177]. Let § be a soluble totally saturated formation.
Then the following conditions are equivalent:

1) the lattice Loo(F) is Boolean;

2) 8 = Nug);

3) every subformation of the form M, in § is complemented in F.

Let 7 be a trivial subgroup functor. Then from Theorem 1 we obtain
the following.

Corollary 4. Let § and X be totally saturated formations, § € X C .
Then the following conditions are equivalent:

1) the lattice /o N X is Boolean;

2)F=@FNX) Vo (Voo (Hili € 1)), where {$;|i € I} is the set of all
Xoo-critical subformations of §;

3) every subformation of the form (FNX) Voo $ in § is complemented
in §/ooS NX, where § is some Xoo-critical subformation of §;

4) any X -critical subformation of § has an Xo-complement in §.

Corollary 5. [12]. Let § be a totally saturated formation. Then the
following conditions are equivalent:
1) LT (§) is a complemented lattice;
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2) §= mﬂ(&) 5
3) the lattice LT (F) is Boolean;
4) every subformation of the form M, in § is complemented in §.

In the case when X = 91 from Theorem 1 we have

Corollary 6. Let § be a non-nilpotent T-closed totally saturated forma-
tion. Then the following conditions are equivalent:

1) the lattice §/T.F NN is Boolean;

2)F=@FNN) VL (VI (9:li € I)), where {9;|i € I} is the set of all
N7 -critical subformations of §;

3) every subformation of the form (FNX) VI, 9 in § is [T -comple-
mented in §/I.F N X, where ) is some NT -critical subformations of §.

4) every subformation of the form 9,MN, in § has an N -complement

m§.

Corollary 7. [6]. Let § be a non-nilpotent totally saturated formation.
Then the following conditions are equivalent:

1) §/ o0& NN is a complemented lattice;

2) formation § is soluble, and the lattice §/oF NN is algebraic; fur-
thermore, § = (FNN) Voo (Voo ($ilt € I)), where {9;|i € I} is the set of
all Noo-critical subformations in §;

3) the lattice /7§ NN is Boolean.

Proof. By Lemma 7, every Mo-critical formation is soluble. Then from
Condition 2) of Theorem 1 the formation § is soluble. By Lemma 6, the
lattice [T is algebraic for every subgroup functor 7. Therefore, the lattice
§/T. 8NN is also algebraic (it is a sublattice of complete algebraic lattice
7). Applying Theorem 1 and Lemma 4 we conclude that Conditions 1)
and 3) are equivalent. O

Corollary 8. Let § and X be hereditary totally saturated formations,
$Z X CN. Then the following conditions are equivalent:

1) the lattice T /5. N % is Boolean;

2)F = (FNX)V (VE(9ili € 1)), where {$;|i € I} is the set of all
X5 -critical subformations of §;

3) every subformation of the form (FNX) VS $ in § is complemented
in §/5F N X, where § is some X3 -critical subformations of F;

4) any X3 -critical subformation of § has an X3, -complement in §.

Corollary 9. Let § and X be normal hereditary totally saturated forma-
tions, § € X CN. Then the following conditions are equivalent:
1) the lattice T /52T N X is Boolean;
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2)F = (FNX) VI (V3 (9:]i € I)), where {$;]i € I} is the set of all
XS0 -critical subformations of §;

3) every subformation of the form (FNX) V3§ in § is complemented
in §/3F N X, where § is some X5 -critical subformations of §;

4) any X3n-critical subformation of § has an X357 -complement in §.

Corollary 10. Let § be a non-nilpotent hereditary totally saturated for-
mation. Then the following conditions are equivalent:

1) the lattice F /5.8 NN is Boolean;

2)F = (FNN) VL (VL (94]i € T)), where {;]i € I} is the set of all
NS -critical subformations of §;

3) every subformation of the form (FNM) VS § in F is complemented
in §/5F NN, where § is some NI, -critical subformations of F;

4) every subformation of the form M, Ny in § has an ‘ﬁfo-complement

m§.

Corollary 11. Let § be a non-nilpotent normal hereditary totally satu-
rated formation. Then the following conditions are equivalent:

1) the lattice §/32F NN is Boolean;

2) F = (FNN) VI (VI (9,)i € I)), where {$;]i € I} is the set of all
MNSn -critical subformations of F;

3) every subformation of the form (FNMN) Ve 6 in § is complemented
in §/32F NN, where § is some NI -critical subformations of F;

4) every subformation of the form 9,N, in § has an MSn -complement

m 5.
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