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ABSTRACT. In this paper a g-dimonoid which is isomorphic
to the free g-dimonoid is given and a free n-nilpotent g-dimonoid is
constructed. We also present the least n-nilpotent congruence on a
free g-dimonoid and give numerous examples of g-dimonoids.

1. Introduction

Recall that a dialgebra (dimonoid) [1] is a vector space (set) with
two binary operations - and F satisfying the axioms (z 4 y) - z =
x4(y-z) (D), (x Hy) 4z=2 -4 @yt 2 (D2, (zFy 4z=
zE(ydz) (D3), (zr Hy) Fz=akF (ytF 2) (D4, (xFy F 2z =
xF (yF z) (D5). In our time dimonoids are standard tool in the theory
of Leibniz algebras. So, for example, free dimonoids were used for con-
structing free dialgebras and for studying a cohomology of dialgebras.
There exist papers devoted to studying structural properties of dimonoids
(see, e.g., [2 — 4]). If in the definition of a dialgebra delete the axioms
(D1), (D3), (D5), then we obtain a 0-dialgebra which was considered
in [5]. Algebras obtained from the definition of a dimonoid by deleting
the axioms (D2) and (D4) were considered in [6]. In the last paper the
free object in the corresponding variety was constructed. Observe that
dimonoids are closely connected with restrictive bisemigroups considered
by B.M. Schein [7]. In [8-11] the notions of interassociativity, respectively,
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strong interassociativity, related semigroups and doppelalgebras which are
naturally connected with dimonoids were considered. Another reason for
interest in dimonoids is their connection with n-tuple semigroups which
were used in [12] for studying properties of n-tuple algebras of associative
type. If in the definition of a dimonoid delete the axiom (D3), then we
obtain an algebraic system which is called a g-dimonoid (see [13, 14]).

In this paper g-dimonoids are studied. In Section 2 we give nume-
rous examples of g-dimonoids. In Section 3 we suggest a new concrete
representation of a free g-dimonoid using the construction of a free g-
dimonoid from [14]. The main result of this section was announced in [13].
In Section 4 the construction of a free n-nilpotent g-dimonoid is given.
Moreover, here we characterize the least n-nilpotent congruence on a free
g-dimonoid.

2. Examples of g-dimonoids

In this section we give different examples of g-dimonoids.

a) Obviously, any dimonoid is a g-dimonoid.

b) Let X be an arbitrary nonempty set, | X| > 1 and let X* be the
set of all finite nonempty words in the alphabet X. Denoting the first
(respectively, the last) letter of a word w € X* by w(®) (respectively, by
w(l)), define operations 4 and F on X* by w 4u=w®, wku=uW
for all w, uw € X*. From the proof of Theorem 2 [2] it follows that (X™*, H, )
is a g-dimonoid but not a dimonoid.

c¢) Let {D;}ier be a family of arbitrary g-dimonoids D;, i € I, and let
[LeDi be a set of all functions f : I — (J,c; D; such that if € D; for
any ¢ € I.

It is easy to prove the following lemma.

Lemma 1. [[,c;D; with multiplications defined by

i(fi 1 f2) =ifiHdife, i(fik fo) =ifi Fifs (1)
where i € I, f1, f2 € [Lie; Di, s a g-dimonoid.

The obtained algebra is called the Cartesian product of g-dimonoids
D;, i € I.If I is finite, then the Cartesian product and the direct product
coincide. The Cartesian product of a finite number of g-dimonoids Dy,
Do, ..., D, is denoted by D1 x Dy X ... X D,,. In particular, the Cartesian
power of a g-dimonoid can be defined as follows. Let V' be an arbitrary
g-dimonoid and X be any nonempty set. Denote by Map(X; V') the set of
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all maps X — V. Define operations - and F on Map(X; V') by (1) for all
fi,fo € Map(X;V) and i € X. Then (Map(X;V),,F) is a g-dimonoid
which is called the Cartesian power of V.

d) As usual, N denotes the set of all positive integers.

Let F[X] be the free semigroup in an alphabet X. We denote the
length of a word w € F[X] by l(w). Fix n € N and define operations -
and F on F[X] x N by

(w1, mq) 4 (w2, m2) = (wiwe, n),

(wl,ml) = (UJQ,mQ) = (wlwg,l(wl) + 7712)

for all (w1, mq), (w2, m2) € F[X]xN. Denote the algebra (F[X]xN, -, )
by XN,,.

Lemma 2. The algebra XN, is a g-dimonoid but not a dimonoid.

Proof. One can directly verify that XN, is a g-dimonoid. Show that it is
not a dimonoid. For all (wy, m1), (w2, m2), (w3, m3) € XN,, obtain

((wl,ml) = (wz,mQ)) . (’wg,mg,) = (wlwg,l(wl) + m2) — (wg,mg) =
= (wjwaws, n) # (wiwews, l(wy) + n) = (w1, m1) F (wows,n) =
= (wl,ml) H ((wz,Tle) - (wg,mg)). ]

e) Let S be an arbitrary semigroup, a,b € S. By Eg denote the set of
all idempotents of .S. Define operations 4 and F on .S by

rdy=ax, xFy=by
for all x,y € S. Denote the algebra (S,,+) by S(a,b).

Lemma 3. Let S be an arbitrary right cancellative semigroup, a,b € Eg.
(i) If a and b are non-commuting, then S(a,b) is a g-dimonoid but
not a dimonoid.
(ii) If a and b are commuting, then S(a,b) is a dimonoid.

Proof. (i) The axioms (D1), (D2), (D4), (D5) are checked directly. Be-
sides,

(xbFy)dz=bydz=aby, zF (ydz)=xk ay=bay

for all z,y,z € S. Suppose that aby = bay. Then, using the right can-
cellability, obtain ab = ba. Thus, we arrive at a contradiction, i.e., the
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assumption that aby = bay does not hold. Consequently, S(a,b) is not a
dimonoid.

(ii) If @ and b are commuting, then, obviously, all axioms of a dimonoid
hold. ]

f) Let S be an arbitrary semigroup, a,b € S. Define operations 4 and
F on S by
rdy=za, zkFy=yb

for all z,y € S. Denote the algebra (S,-,F) by S|a, b].
Similarly to Lemma 3, the following lemma can be proved.

Lemma 4. Let S be an arbitrary left cancellative semigroup, a,b € Eg.
(i) If a and b are non-commuting, then Sla,b] is a g-dimonoid but
not a dimonoid.
(7i) If a and b are commuting, then S[a,b] is a dimonoid.

g) Let S be an arbitrary semigroup, a,b € S. Define operations - and
Fon S by
rdy=azxb, zFy=ayb

for all z,y € S. Denote the algebra (S, ,F) by S(a,b|.
The following lemma could be proved immediately.

Lemma 5. Ifa,b € Eg, then S(a,b] is a dimonoid.

h) Let Y be an arbitrary nonempty set, S = Sy be some monoid
defined on the set of finite words in the alphabet Y and 6 € S be an
empty word which is a unit of S. Denote the operation on S by % and
the length of a word w € S by [(w). By definition () = 0, u® = @ for all
u € S. Fix elements a, b € Y, k € NU{0} and define operations - and -
on S, assuming

w1 Jug = uy * al("2)+k, up b ug = ug x bR

for all uy,us € S. The obtained algebra will be denoted by S?(k).

Lemma 6. Let T be the free monoid in the alphabet Y. Then for any
a,b €Y, ke NU{0} the algebra TL(k) is a g-dimonoid. If a # b, then it
is not a dimonoid.

Proof. Let uy,us,u3 € TP(k). In order to prove that T (k) is a g-dimonoid
we consider the following cases.
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Case 1. Let uy #6, w2 #6, wus#6. Then

wr (ugus) = uyd(ug * al(“3)+k)

l(ugal(3) k) 4k I(ug)+1(uz)+2k

=up *a =u; *a =

l(u2)+k % al(ug)—i—k l(uz)—i-k)

=up*xa = (Ul *a Huz = (U1‘|U2) —ug,

ur (uotus) = up(us * bl(“2)+k)

(ugbt(u2)+k) 4k 1(uz)+1(u2)+2k
)

= Ui *xa
urk (ughus) = uih(ug * B2 TRy =

= ug * pllu2)+k o pl(ur)+k _ uz * pl(uz)+(ur)+2k _

= Ul *a

g bl(mbl(u1>+k)+k _ <u2 % bl(u1)+k)|_u3 _ (ul|_u2) |—U3,

u2)+k)|—U3 =

(uyug)Fus = (up * all

upat(@2) k) 1 bl(ul)+l(“2)+2k

:Ug*bl( = us *

Case 2. Let u; = ug = u3z = 6. Then
04 (6-40) = 6-4(0 % a"OTF) = 9a¥ = 0 x gl )h = g2k =
= ¥« d!OFF = gF49 = (0 % ! OFF)H9 = (9-40) 0,
04 (0-0) = 0-4(0 % B OTF) = g4pk = g 4 /O Tk = g2,
OF (0H0) = O (0 % B'OFF) = grpF = pF & plO+k = p2k —
= 05 bOTE = g = (0 % b OTR)-0 = (91-0) 10,
(040) 0 = (0 % ! OFF)g = aFrg = g % b @) Hh = 2k,
Case 3. Let uy =6, wuo #6, wug#60. Then
0 (uptuz) = 04(us * al(U3)+k) — 0« al(ugal(“BHk)Jrk — M u2)+l(us)+2k _
— glu2)th y gllus)thk CE: al(“2)+k)—|u3 = (0-ug) us,
0 (usk-us) = O-4(ug * b1DHEY = 9 & qlusb! 2Ttk Uuz)+(us)+2k
O (usk-us) = O (us * bl(uQHk) — g * pl(uz)+k o plO)+k _ U3 * plluz)+2k _
— g 5 B2 TR — (4 Oy — (OFug) bug,

(0-ug) Fus = (0 % a2+ F)ug = ug « pla' D)k o plu2)+2k,
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Case 4. Let u1 =0, wus #60, wus=206.Then
0 (up0) = 04(ug + a!OFF) = 9-4(uy + a¥) = 0 # gl(w2xa")+h — Glu2)+2k

_ al(u2)+k % al(9)+k _ (9 % al(u2)+k>_|9 = (0—|u2) -0,

9 (uzl—ﬁ) _ 94(9 N bl(u2)+k> — 0« al(bl(u2)+k)+k _ al(u2)+2k’

OF (ugh0) = 0-(6 bl(uz)-i-k) — plluz)tk  plO)+k _ pl(u2)+2k _
= 0% bR — (g 5 HORYg = (GFuy) 16,
(0-4uz) 0 = (0 % al(U2)TF)g = g5 pH(@ 2 TR — piluz) 2k

The cases u1 # 0, us =0, uz # 0; up # 0, us # 0, u3 =60; up =uy =0,
ug # 0; up # 0, us = uz = 0 are considered in a similar way.

Thus, T?(k) is a g-dimonoid.

Finally, show that 7°(k) is not a dimonoid when a # b. For u; # 0,
ug # 0 and us # 0 we have

(urkug) “ug = (ug * b TR qug = ug # pHE)TE 4 gllus)th —

— qul(ul)+k‘al(ug)+k‘ 7é u2al(u3)+k‘bl(ul)+k _

l(ug)+k % bl(u1)+k Z(U3)+k)

=us *a =ui(ug x a = w1t (ugug)

and so, the axiom (D3) of a dimonoid does not hold. O

The following lemma gives an answer on the question when S?(k) is a
dimonoid.

Lemma 7. Let M be the free commutative monoid in the alphabet Y .
For any a,b €Y, k € NU{0} algebras M2(k) and T(k) are dimonoids.

Proof. From Lemma 6 it follows that M?(k) satisfies the axioms (D1),
(D2), (D4), (D5). Show that the axiom (D3) also holds.

Let uy,ug, uz € M2(k). Consider the following eight cases.

Case 1. Let uy #£ 0, wus #60, wus#0. Then

(u1kug) dus = (ug * bl(“1)+k)—|u;:, = g x bHETE . Gllus)+h

Z(U5)+k * bl(U1)+k l(ug)-f—k)

= U *ka = urH(ug x a = upk (ugus) .

Case 2. Let u; = up = uz = 6. Then

(0-0) 40 = (0 % b OFF)49 = bpiHg = bF 5 o/ OFk = pk 4 oF =
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= aP b = aF « 0'OTF = g-aF = 0-(0 % ! OFF) = o+ (90) .
Case 3. Let u1 =60, wus #0, wug#6. Then
(OFug) Hus = (ug x b OFF) Jug = gy s bl OFF s qlua)Hh — g s b s gl ua)+h —
= ugxa (WIFR P — 4wl (W) TR PUOTE — G- (45 a!3)FF) = O (ugus) .
Case 4. Let uy #6, wus =10, wug#6. Then
(u1k0) —us = (6 * bl(u1)+k)_|u3 — pllu)tk  l(us)+k _
= al(u3)+k * bl(u1)+k = ull—(H * al(u3)+k) = ull— (9—|U3) .
Case 5. Let uy #6, wus #60, wuz=40. Then
(u1Fug) 40 = (ug *bl(“1)+k)—|c9 = ugx b (W FE  glO+E — g s plu)h gk —
= ug % a¥ x p' Wtk — urt(ug * al(9)+k) = uit (ug0).
Case 6. Let uy =ue =6, wug # 6. Then
(6-0) uz = (8 % b"OFF)qug = pFqug = bF x o) +k =
=l bk g b — glua)th o O — g (9« o) HR) = gk (us) .
Case 7. Let u1 # 60, w9 =wu3 =0. Then
(ul}_g) Hh = (9 * bl(u1)+k)_|9 _ bl(u1)+k » al(&)—i—k _ bl(u1)+k vk =
= P % 0O — 0k = ug (0 % dMOFF) = uik (66) .
Case 8. Let u1 =60, w9 #0, wuz=20. Then
(OFug) 0 = (ug * bl(€)+k)—|9 = g * ¥ % @/ OFF = g 5 bF 5 0F =
= g * a¥ % BF = uy ¥ 0 % HOTE — OF (ug * al(9)+k) = 6+ (ug0) .

Thus, M?(k) is a dimonoid.
A proof is the same for T (k). O

Note that independence of axioms of a g-dimonoid follows from inde-
pendence of axioms of a dimonoid (see [2], Theorem 2).
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3. Free g-dimonoids

In this section we construct a g-dimonoid which is isomorphic to
the free g-dimonoid of an arbitrary rank and consider separately free
g-dimonoids of rank 1.

A nonempty subset A of a g-dimonoid (D, H,F) is called a g-subdimo-
noid, if for any a,b € D, a, b € A implies a 4b, a - b € A.

Note that the class of all g-dimonoids is a variety as it is closed under
taking of homomorphic images, g-subdimonoids and Cartesian products.
A g-dimonoid which is free in the variety of all g-dimonoids is called a
free g-dimonoid.

In order to prove the main result of this section we need the construc-
tion of a free g-dimonoid from [14].

Let e be an arbitrary symbol. Consider the following sets:

I'={e}, I"={(e1,...,en_1)|er €{0, 1,1 <k <n—1}, n>1,

=

n=1
If I = 0, we will regard the sequence €1, ..., without brackets as
empty, and the sequence (e1,...,;) with brackets as e. Define operations
—+and F on I by
(81,.. . 75n—1) = (01,. . .,Gm_l) = (61,... ,En_l,l,l,...,l),
——
m
(61,... ,6n,1) F (91,.. .,Gm,l) = (91,... ,Hm,l,0,0,...,O).
———

n

By Lemma 3 from [14] (I, H,+) is a g-dimonoid. Observe that eHe=(1),
ek e=(0)and (I,,}) is not a dimonoid.

Let X be an arbitrary nonempty set and F[X]| be the free semigroup
in the alphabet X. Define operations 4 and - on FG = {(w,e)|w €
F[X], e € I'"®)} by

(wlag) . (w2a§) = (w1w2,5 . 5)7

(w1,€) F (we,§) = (wiwa, e F §)

for all (wy,¢), (we,&) € FG. The algebra (FG,,F) is denoted by FG[X].
By Theorem 4 from [14] FG[X] is the free g-dimonoid.
Using notations from Section 2, introduce the set

XT2(k) = {(w,u) € FIX] x T(k) | lw) — U(u) = 1}.
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If s = 1, we will regard the sequence y192...ys_1 € T2(k) as 6.
The main result of this section is the following.

Theorem 1. The g-dimonoid XTP(1) is free if |Y| =2 and a # b.

Proof. By Lemma 1 F [X] x T?(k) is a g-dimonoid. Tt is not difficult to
check that XT?(1) is a g-subdimonoid of F[X] x T?(1).

Let |Y| = 2 and @ # b. Let us show that XTP(1) is free. Take
(2129...25, Yy192.-.Yys—1) € XTP(1), where z; € X, 1<i<s, y; €Y,
1< j7<s—1, and define a map

7 XT(1) —» FG[X] :

(1‘11‘2---33579192---31371) = (wlifz--ws,Z/ly2---y371)7ﬂ

assuming

(x122...T5, Y1Y2...Ys—1)T = (T1Z2...T5, (Y1, Y2y -, Ys—1)),

~ L, yi = a,
vi= { 07 Yi = b
forall1<i<s—1,s#1,and (y1,92,...,Ys—1) is e for s = 1. Show that

7 is an isomorphism.
For all

where

(3311:2 - Tsy Y1Y2 - - ‘ys—l) ) (a1a2 c e Qi blb2 cee bm—l) € XT:(I),
where a; € X, 1 <i<m, b; €Y,1 <j<m— 1, obtain
(@122 .. 25, Y1y2. - Ys—1) T (@102 .. am, biba.. . by1)) T =

m
= (X122 .. T501G2 . . . G, Y1Y2 ... Ys—1 ¥ a") T =

= (‘Tle"'xSalaZ"'am) (gla@éa"'ags17a557"'aa)> =
——_———
m

——
m

= (xla:g...xsalag...am, (gl,gg,...,gs_l,l,l,...,1)> =

= (ZElLEQ - L, (g17g27 B 7g8—1)) = (CLIGZ -G, (51)527 s 75m—1)) =

= (r122...Ts, Y1Y2...Ys—1) 7™ 1 (@102 ... am, biby...by_1)T,



YuL. V. ZHUCHOK 315

((1’11’2 o Tey Y1Y2 .. ysfl) = (a1a2 v Oy, blbg ce bmfl)) ™=

S
= (z122... 250102 . .. A, bibo ... by xb°) T =

————
s

= (l‘lxg L Ts1Q2 .. Ay, (51752, e ,Em_l,0,0, . ,O))
N—_———

= (xlxz T2 . . . Oy, (51,52, . ,gm_l,g,g, . ,g)

= (l‘lfﬂg ... Tg, (ﬂl,gg, . .,g‘s,l)) + (a1a2 e Qi (51,52, .. .,bmfl)) =
= (1'1.%'2 o Tgy Y1Y2 - -ys—l)ﬂ' F (alag v Oy, blbg .. .bm_l)ﬂ'.

So, w is a homomorphism. Obviously, 7 is a bijection and thus, 7 is an
isomorphism. Hence we obtain that X7?(1) is the free g-dimonoid. [

The following lemma gives one property of S%(k).
Lemma 8. If S°(k) is a dimonoid, then a* and b* are commuting in S.
Proof. Let S°(k) be a dimonoid. Then
(0F0) =0 = (0 % b OFFYH49 = b0 = bF « ! OFF = pF & o,
OF (040) = 0 (0 % a!DFF) = graF = aF « B O+F = gF 4 pF
and, using the axiom (D3), obtain b* x a¥ = a” * b¥. O

Now we construct a g-dimonoid which is isomorphic to the free g-
dimonoid of rank 1.
Let |Y| =2, a # b. Define operations - and - on

NT (1) = {(m,u) € N x TV(1) | m — I(u) = 1}

(m1,u1)(ma, ug) = (m1 + ma, uy * a2+,

(M1, ur)(ma, uz) = (m1 + ma, ug * )

for all (m1,u1), (me,us) € NATZ(I) By Lemma 1 (N,+) x T%(1) is a
g-dimonoid. An immediate verification shows that operations 4 and F are
well-defined. Thus, (I@Z(l), +,F) is a g-subdimonoid of (N, +) x T?(1).
Denote it by NT2(1).
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Lemma 9. The free g-dimonoid of rank 1 is isomorphic to the g-dimonoid
NT?(1).

Proof. Let X = {r}. An easy verification shows that a map
¢: XT(1) — NI (1),

defined by wé = (k,u) < w = (r¥,u), is an isomorphism. O

4. Free n-nilpotent g-dimonoids

In this section we construct a free n-nilpotent g-dimonoid of an arbi-
trary rank and consider separately free n-nilpotent g-dimonoids of rank 1.
We also characterize the least n-nilpotent congruence on a free g-dimonoid.

An element 0 of a g-dimonoid (D, H,+) will be called zero, if x x0 =
0=0xz forall z € D and x € {H,F}.

A g-dimonoid (D, H,t) with zero will be called nilpotent, if for some
ne€Nandany z; € D, 1 <i<n+1,and x; € {4,F}, 1 < j < n, any
parenthesizing of

T k1 T2 *9 ... %y 1 (2)

gives 0 € D. The least such n we shall call the nilpotency index of (D, 4, ).
For k € N a nilpotent g-dimonoid of nilpotency index < k is said to be
k-nilpotent.

Note that from (2) it follows that operations of any l-nilpotent g-
dimonoid coincide and it is a zero semigroup.

It is not difficult to see that the class of all n-nilpotent g-dimonoids is
a subvariety of the variety of all g-dimonoids. A g-dimonoid which is free
in the variety of n-nilpotent g-dimonoids will be called a free n-nilpotent
g-dimonoid.

Fix n € N and, using notations from Section 3, assume

Gn = {(w,u) € XT7(1) | l(w) <n} U0} (Y] =2, a#b).

Define operations < and > on G, by

(wl Ul) ~ <w2 u2) _ (wlwg,ul * al(u2)+l) 7 l(’LU1w2) <n,
) ) 0, l(’ll)le) > n,
(wl ul) - ('LUQ 'LLQ) = (QUl’LUQ’ Uz * bl(UI)+1) ; l(’LUl'LUQ) < n,
) ) 0, l(U)l’wg) > n,
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(wi,u1) *0=0x (wi,u;) =0%x0=0

for all (wy,u1), (wa,u2) € G,\{0} and x € {<, >}. The algebra (G, <, >)
will be denoted by G, (X).

Theorem 2. G, (X) is the free n-nilpotent g-dimonoid.

Proof. Prove that Gp(X) is a g-dimonoid. Let (wi,u1), (w2, us),
(ws,u3) € Gp\{0}. If l(wiwz) > n or l(waws) > n, then the proof
is straightforward. The fact that axioms of a g-dimonoid hold when
l(wiwows) < n follows from Theorem 1. In the case [(wijwz) < n,
l(wows) < n and l(wywews) > n we have

(w1, uy) *1 (w2, ug)) *2 (ws,uz) = 0 = (wi,u1) *1 ((we2,u2) *2 (w3, us))

for x;, %9 € {<,>}. The proofs of the remaining cases are obvious. Thus,
Gn(X) is a g-dimonoid.

For any (w;,u;) € Gp\{0},1 <i<n+1,and %; € {<,>},1<j<n,
any parenthesizing of

(w1, uy) *1 (wa, uz) *2 ... %y (Wpt1, Unt1)

gives 0, hence G, (X) is nilpotent. Moreover, for any (z;,6) € G,\{0},
where z; € X, 1 <i<n,

($1,9> < (332,9) < ... = (a;mﬁ) — (x1x2 B _xmanfl) 7& 0.

It means that G, (X) has nilpotency index n.

Let us show that G,,(X) is free in the variety of n-nilpotent g-dimo-
noids.

The g-dimonoid (G(X),,t) which is isomorphic to FG[X] from
Section 3 was constructed in [14]. The corresponding isomorphism
(G(X),4,F) = FG[X] is denoted by o (see [14], Theorem 4). In the
last paper for an arbitrary g-dimonoid (D, ,F) the homomorphism
from (G(X),,F) to (D,H,F) was given. We will call ¢y as a canonical
homomorphism. Observe that 1y sends an arbitrary term with elements
Z1,..., Ty to the product of some n elements from D.

Let (P,+,}') be an arbitrary n-nilpotent g-dimonoid, « be the ca-
nonical homomorphism from (G(X),,+) to (P,4,F) and p =m0 'a
(see Section 3). Obviously, x is a homomorphism from X7?(1), where
Y|=2,a#b,to (P, -, I—/). Define a map

§:Gp(X) = (P, F):w s wd,
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assuming

) owp, we GL\{0},
wo = { 0, w=0.

Show that ¢ is a homomorphism.

Let wy = (z1292...25, Yy1Y2.-.Ys—1), w2 = (a1a2...am, biba...by_1) €
Gp\{0}, wherez; € X, 1 <i<s,y; €Y, 1<j<s—1,a,€ X,1<i<m,
bjeY,1<j<m—1. Assume s +m < n. As wi < wy € G,\{0}, then

(W1 < w2)d = (w1 < wo)p = (w1 Fwo)p = wip ~ wop = w1d = wsd.

Analogously, (w1 = w9)d = w10 F wed. Taking into account the previous
arguments, in the remaining cases the equalities

(w1 = w2)5 = (w1 - WQ)(S =0= wlék'wgé = wl(H'wg(S

hold. Thus, § is a homomorhism.
The proof is complete. O

Now we construct a g-dimonoid which is isomorphic to the free n-
nilpotent g-dimonoid of rank 1.
Assume Y| =2, a #b. For any n € N let

L, = {(m,u) € Nx T’(1) |m — I(u) = 1,m < n} U {0}.

Define operations 4 and + on L, by the rule

(1, 0) A (g ) = { (1 x @) mg <,
’ ’ 0, mi -+ mg > n,
(m1,u1) = (mao, uz) = (m1 ma, ug bl(m)ﬂ) ’ mi+my S,
7 ’ 0, mi + mo > n,

(mi,u1)) *0=0%(m1,u;) =0%x0=0

for all (my,u1), (me,us) € in\{()} and x € {-,F}. An immediate verifi-
cation shows that axioms of a g-dimonoid hold concerning operations
and F. So, (L, ,F) is a g-dimonoid. Denote it by L,.

Lemma 10. If |X| =1, then G, (X) = L,.

Proof. Let X = {r}. An easy verification shows that a map ¢ : G,,(X) —
L, defined by

is an isomorphism. O
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We finish this section with the description of the least n-nilpotent
congruence on a free g-dimonoid.

If f: Dy — Ds is a homomorphism of g-dimonoids, then the corre-
sponding congruence on D will be denoted by Ay. If p is a congruence on
a g-dimonoid (D, ,F) such that (D, ,F) /p is an n-nilpotent g-dimonoid,
then we say that p is an n-nilpotent congruence.

Let XT?(1) be the free g-dimonoid (|Y| = 2, a # b) (see Section 3).
Fix n € N and define a relation #(n) on X7T°(1) by

(w1, u1)k(n)(we, ug) if and only if
(w1, u1) = (wa,uz) or l(wy) > n, l(wg) > n.

Theorem 3. The relation r(n) on the free g-dimonoid XT?(1) is the
least n-nilpotent congruence.

Proof. Define a map 7: XT?(1) — G,(X) by

(w,u) T = { (w(,]’u), ggzgin?’% (w,u) € XT;’(I).

Similarly to the proof of Theorem 4 from [4], the facts that 7 is a
surjective homomorphism and A; = k(n) can be proved. O
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