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ABSTRACT. We show that the Gao’s construction gives for
any finite field Fy» elements with the multiplicative order at least

" Hf;(l) 4, where d = [2log, n|, t = [log,n].

Introduction

It is well known that the multiplicative group of a finite field is cyclic.
A generator of the group is called a primitive element. The problem
of constructing efficiently a primitive element for a given finite field is
notoriously difficult in the computational theory of finite fields. That is
why one considers less restrictive question: to find an element with high
multiplicative order. We are not required to compute the exact order
of the element. It is sufficient in this case to obtain a lower bound on
the order. High order elements are needed in several applications. Such
applications include but are not limited to cryptography, coding theory,
pseudo random number generation and combinatorics.

Throughout this paper Fj is a field of ¢ elements, where ¢ is a power
of prime number p. We use F to denote the multiplicative group of Fj.

Previous work. If no constraint is put on the extension degree n,
very few results are known. Gao gives in [5] an algorithm for constructing

high order elements for general extensions Fy» of finite field F, with
logqn 1

lower bound on the order n*'°eal°2a™) 2 His algorithm assumes some
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reasonable but unproved conjecture. Conflitti [4] provided a more careful
analysis of results from [5].

A polynomial algorithm that find a primitive element in finite field of
small characteristic is described in [8]. However, the algorithm relies on
two unproved assumptions, and the second assumption is not supported
by any computational example.

For special finite fields, it is possible to construct elements which
can be proved to have much higher orders. Extensions connected with a
notion of Gauss period are considered in [1,6,7,10]. The lower bound on
exp(2.5\/nT2>

13(n—2)
Artin-Schreier polynomials are considered in [2,11]. Some generalization
of the extensions is given in [3].

Field extension based on the Kummer polynomial is of the form
Fy[z]/(2™ — a). It is shown in [2] how to construct high order element in
the extension Fj[z]/(2™ —a) with the condition ¢ = 1 (mod n). The lower
bound 5, 8" is obtained in this case. High order elements are constructed
in [11] for Kummer extensions without the condition ¢ =1 (mod n) with

lower bound 2| V2],
Voloch [12,13] proposed a method which constructs an element of
order at least exp((logn)?) in finite fields from elliptic curves.

Our results. Set F,(0) = Fjn = Fylz]|/f(x), where f(z) is an
irreducible polynomial over F, of degree n and § = = mod f(x) is the
coset of x.

We improve the Gao’s construction and its modification by Conflitti
for any finite field Fy». The method similar to that in [4,5] is used for
the proof. Our main result is the following theorem.

the order equals to . Extensions based on the Kummer and

Theorem 1. Set d = [2log,n|, ¢ = [loggn|. The 0 has in the field
Fy(0) = Fyn = Fylz]/ f(x) the multiplicative order at least

-1
<n+t 1) l . W
t ) itd
1. Preliminaries

We recall that the multiplicative order ord(3) of the element 8 € Fyn
is the smallest positive integer u such that g% = 1.

Let m be the smallest power of ¢ greater or equal to n. The Gao
approach [5] depends on the following conjecture.
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Conjecture. For any integer n, there exist a polynomial g(x) € Fy[x] of
degree d at most 2log,n such that ™ — g(x) has irreducible factor f(x)
of degree n.

If the conjecture holds, then clearly 0™ = ¢g(6). Gao considered the
set S = { ﬁ;é u;mi|0 < u; < ,u} and chase t and p from the condi-
tion pd® < n. He proved that 6% are distinct elements for u € S, took

logq n

I __%%¢" 1
t= | mEa |, = v/ and showed |S] = (u +1)! > n TR 2,

Conflitti [4] considered the following set

t—1
- n n
S = Ewmz()éug v— — 1<y < —
{i:O i P td’ . tdl}

and chase t and p from the condition Zﬁ;é p;d® < n. He proved that 6%
are distinct elements for u € S, took ¢ = [log;n| and showed

5 =TT+ 1) > (”) ! (2)

1=0 L 1=0 d'

Substituting t = |log;n] into (2), we obtain

O,rd(e) >< nd >élogdn

logZn

The results from [4,5] are based on the following statement (see
[5, Theorem 1.4]).

Lemma 1. Suppose that f(z) € F,[z] is not a monomial nor a binomial of

the form az? +0b, where p is the characteristic of Fy;. Then the polynomials

fV@) = f@), fPx)=f"V(@), k=2

are multiplicatively independent in Fylx], that is, if

SV @) (f P @) (f () =1
for any integers s > 1, ki,... ks, then ky = ko = ... = ks =0.

The following lemma [9] gives lower bound for the number of non-
negative solutions of linear Diophantine inequality.
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Lemma 2. Letag,...,a,—1 be positive integers with ged(ag, . .., ar—1)=1.
Then the number of non-negative integer solutions xq,...,T,—1 of the
linear Diophantine inequality

r—1
Z ;T < M,
i=0

<m+ T) ﬁi
T i—0 a;

s at least

2. Main result

To improve the Conflitti result we consider the set of solutions
UuQ, . . ., Up_1 of the linear Diophantine inequality

r—1
Z d'u; < m,
=0

and show that 6* are distinct elements in Fj» for all u € S.
We give below the proof of our main result.

Proof of Theorem 1. If 6 is a root of ™ — g(x) , then since m is a power
of ¢, applying iteratively the Frobenius automorphism we have

o™ = ¢ (9),i € N. (3)

where as in the statement of lemma 1, g (z) is the polynomial obtained
by composing g(z) with itself ¢ times.
Consider the set

t—1 -1
S = {Zuzmz\ Zdiui <n-—-1, wu; > 0} .
i=0 i=0

For every element v € S we construct the power §* that belongs to the
group generated by 6. We show that if two elements u,v € S are distinct,
then the correspondent powers do not coincide.

Assume that elements u = >./_0 u;m’ and v = Y!23 v;m’ from S are
distinct, and the correspondent powers are equal: 8% = 6. Then we have

t—1 t—1

I ()" - TL ()

i=0 =0
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Taking into account the equality (3), we get

11 ()" =TI (" ®)".
1=0 =0

Define the following polynomials hy(x) = [, <. (g(i)(é?))mivi and

ha(z) = [y, 50, (g(i) (9))1}1 “ Then h1(0) = ha(0), and since g(z) is the
characteristic polynomial of 6 |, we write: hy(x) = ha(x) mod f(z). As
¢ (z) has degree d’, hi(x) is of degree at most Zﬁ;é wid® < n—1 and
ha(z) is of degree at most 3.'—5 v;d’ < n — 1. Thus hy(x) and hg(z) must
be equal as polynomials over F,. Therefore

t—1

[T (s7@)" " =1

=0

According to lemma 1 the polynomials ¢(?)(z) are multiplicatively inde-
pendent in Fylz]. So u; = v; for i = 0,...,t — 1, and thus u = v - a
contradiction.

Hence, the number of elements of S (and the multiplicative order of 6)
is at least the number of nonnegative integer solutions of the Diophantine
inequality Z’;;(l) d'z; < n — 1. Finally, applying lemma 2, we have

n+t—1\'=1

S| > —,

s> ()

and the result follows. O

Now we compare our result with the Conflitti result. Let us calculate
for this purpose the ratio R of the bound (1) to the bound (2):

t—1

=1

i=1

n+1v t

n 7

It is clear that R > 1 for any ¢ and n (recall that ¢t depends on ¢ and n).

We provide below a few numerical examples of lower bounds on the
multiplicative orders of the considered previously element 6. Denote lower
bounds on the orders of § obtained in [4] and in this paper by b; and by
respectively. Values of ¢, n, d, t, b, by and R in examples 1-3 are given
in the table.
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No. q n d t b1 bQ R

1 127 1000 3 |6 [1,49-10°|9,82-107 | 65,77

2 257 10000 |3 [8 [2,6-10" [1,08-10' | 417,26

3 19991 | 100000 | 2 | 16 | 4,07-10%* | 3,59 - 10° | 882716,52
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