
Algebra and Discrete Mathematics RESEARCH ARTICLE

Volume 18 (2014). Number 2, pp. 203–233

© Journal “Algebra and Discrete Mathematics”

Additivity of Jordan elementary maps

on standard rings
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Abstract. We prove that Jordan elementary surjective maps
on standard rings are additive.

1. Standard rings and Jordan elementary map

Throughout this paper the word ring will mean a not necessarily
associative or commutative ring. Let R be a ring. For x, y, z ∈ R, we
denote the associator by (x, y, z) = (xy)z − x(yz) and the commutator by
[x, y] = xy − yx. A ring R is called k-torsion free if k x = 0 implies x = 0,
for any x ∈ R, where k ∈ Z, k > 0. Let us define the linear application
f : R → R, by f(x) = kx for all x ∈ R. Clearly, if R is a k-torsion free
ring, then f is an injective application. In his case, we denote x = 1

k
y

when y = kx. A ring R is said prime if IJ 6= 0 for any two nonzero ideals
I, J ⊆ R.

Let R be a 2-torsion free ring satisfying the following identities:

(x, y, z) + (z, x, y) − (x, z, y) = 0, (1)

(wx, y, z) + (xz, y, w) + (wz, y, x) = 0, (2)
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for all w, x, y, z, ∈ R. These identities are satisfied by any associative ring
and any 2-torsion free Jordan ring. Put z = x in (1). Then

(x, y, x) = 0, (3)

for all x, y ∈ R. Moreover, if R is a 3-torsion free ring, then (2) implies

(x2, y, x) = 0, (4)

for all x, y ∈ R.

We say that R is a standard ring if cases (1), (2) and (4) are satisfied.
The condition (4) is redundant if R is 3-torsion free.

So, every standard ring is a noncommutative Jordan ring.

Let us consider R a standard ring and let us fix a nontrivial idempotent
e1 ∈ R, i.e, e2

1
= e1, e1 6= 0 and e1 is not a unity element. Let e2 : R → R

and e′

2
: R → R be given by e2a = a − e1a and e′

2
a = a − ae1. We

denote e′

2
a by ae2. Then, by a process similar to [7], we can show that

R has a Peirce decomposition R = R11 ⊕ R12 ⊕ R 1

2

1

2

⊕ R21 ⊕ R22,

where Rij =
{

xij ∈ R | e1xij = ixij and xije1 = jxij

}

(i, j = 1, 2) and
R 1

2

1

2

=
{

x 1

2

1

2

∈ R | 2e1x 1

2

1

2

= x 1

2

1

2

and 2xije1 = x 1

2

1

2

}

, satisfying the

multiplicative relations:

(i) RijRkl ⊆ δjkRil (i, j, k, l = 1, 2), where δjk is the Kronecker delta;

(ii) RiiR 1

2

1

2

⊆ R 1

2

1

2

and R 1

2

1

2

Rii ⊆ R 1

2

1

2

(i = 1, 2);

(iii) RijR 1

2

1

2

= 0 and R 1

2

1

2

Rij = 0 (i, j = 1, 2; i 6= j);

(iv) R 1

2

1

2

R 1

2

1

2

⊆ R11 ⊕ R22;

(v) [R,R 1

2

1

2

] = 0.

Let R and R
′

be two rings and let

M : R −→ R
′

and M∗ : R
′

−→ R

be two maps. We call the ordered pair (M, M∗) a Jordan elementary map
of R × R

′

if

{

M(aM∗(x) + M∗(x)a) = M(a)x + xM(a)
M∗(M(a)x + xM(a)) = aM∗(x) + M∗(x)a,

for all a ∈ R and x ∈ R
′

.
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We say that the Jordan elementary map (M, M∗) of R×R
′

is additive
( resp., injective, surjective, bijective) if both maps M and M∗ are additive
(resp., injective, surjective, bijective).

The problem of when a map must be additive has been studied for
the case of several rings with nontrivial idempotents. The authors [2], [5]
showed that under the condition of surjectivity a Jordan elementary
map is additive for the case of associative and alternative rings. Also,
the question of when a multiplicative map is additive was investigated
by [4] in which it was shown that under the condition of bijectivity a
multiplicative map is additive for the case of Jordan rings.

Theorem ([5, W. Jing]). Let R and R
′

be two associative rings. Suppose
that R is a 2-torsion free ring containing a non-trivial idempotent e1

satisfying:

(i) eiaejRek = 0 or ekReiaej = 0 implies eiaej = 0 (i, j, k = 1, 2),

(ii) (e2ae2)(be2) + (e2b)(e2ae2) = 0, for each b ∈ R, then e2ae2 = 0.

Then every surjective Jordan elementary map (M, M∗) of R × R
′

is
additive.

Theorem ([2, J. C. M. Ferreira, H. Guzzo Jr.]). Let R and R
′

be two
alternative rings. Suppose that R is a 2-torsion free ring containing a
nontrivial idempotent e1 satisfying:

(i) (eiaej)(Rek) = 0 or
(

(eiaej)R
)

ek = 0 implies eiaej = 0 (1 6

i, j, k 6 2);

(ii) (ekR)(eiaej) = 0 or ek

(

R(eiaej)
)

= 0 implies eiaej = 0 (1 6

i, j, k 6 2);

(iii) if (e2ae2)(be2) + (e2b)(e2ae2) = 0 for each b ∈ R, then e2ae2 = 0.

Then every surjective Jordan elementary map (M, M∗) of R × R
′

is
additive.

Theorem ([4, P. Ji]). Let A and B be two Jordan algebras over a field
F of characteristic not two and p a non trivial idempotent in A. Let
A = A1 ⊕ A 1

2

⊕ A2 be the Peirce decomposition of A with respect to p. If

A satisfies the following conditions:

(i) Let ai ∈ Ai (i = 1, 2). If ait 1

2

= 0 for all t 1

2

∈ A 1

2

, then ai = 0;

(ii) Let a0 ∈ A0. If a0t0 = 0 for all t0 ∈ A0, then a0 = 0;
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(iii) Let a 1

2

∈ A 1

2

. If a 1

2

t0 = 0 for all t0 ∈ A0, then a 1

2

= 0;

Then every map φ from A onto B that is bijective and satisfies

φ(ab) = φ(a)φ(b),

for all a, b ∈ A is additive.

It is clear that for 2-torsion free rings an additive map is a Jordan
elementary map if, and only if, is multiplicative. But in general, we do not
know whether they are still equivalent without the additivity assumption.
Thus, in this paper we consider the question and give affirmative answer
for the case of a Jordan elementary maps on standard rings.

2. The main theorem

We will prove the following result:

Theorem 1. Let R and R
′

be two standard rings such that R is a 2-
torsion free ring containing a non-trivial idempotent e1 and R = R11 ⊕
R12 ⊕ R 1

2

1

2

⊕ R21 ⊕ R22, the Peirce Decomposition of R, relative to e1,

satisfying at least one of the two sets of conditions:

(i) aij(Rek) = 0 or (ekR)aij = 0 implies aij = 0 (i, j, k = 1, 2; i 6= j),

(ii) If (eiaei)tij = 0 for every tij ∈ Rij, then aii = 0 (i, j = 1, 2; i 6= j),

(iii) If tij(ejaej) = 0 for every tij ∈ Rij, then ajj = 0 (i, j = 1, 2; i 6= j),

(iv) If aiit22 = 0 (res., t22aii = 0) (i = 1

2
, 2) for every t22 ∈ R22, then

aii = 0,

(v) If a22t22 + t22a22 = 0 for every t22 ∈ R22, then a22 = 0,

or

(i′) aij(Rej) = 0 or (eiR)aij = 0 implies aij = 0 (i, j = 1, 2; i 6= j),

(ii′) If aiit 1

2

1

2

= 0 (i = 1, 2) for every t 1

2

1

2

∈ R 1

2

1

2

, then aii = 0,

(iii′) If aiit22 = 0 (resp., t22aii = 0) (i = 1

2
, 2) for every t22 ∈ R22, then

aii = 0,

(iv′) If a22t22 + t22a22 = 0 for every t22 ∈ R22, then a22 = 0,

Then every surjective Jordan elementary map (M, M∗) of R × R
′

is
additive.
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The proof of theorem is the same for both sets of axioms and is
organized as a series of lemmas. When necessary in the proves of the
lemmas, we shall present both conditions or separately, of the first and
second set of axioms of the Theorem, or when derived from them, to the
conclusion of each desired result.

Henceforth, where necessary, we shall use the components of the de-
composition of Peirce of any element of ring without making any mention.

We begin with the following lemma that your proof is very simple.

Lemma 1. M(0) = 0 and M∗(0) = 0.

Lemma 2. Let a = a11 + a12 + a 1

2

1

2

+ a21 + a22 ∈ R.

If R satisfies the conditions (i)–(v), of Theorem, then:

(i) If aijtjk = 0 for each tjk ∈ Rjk (i, j, k = 1, 2), then aij = 0. Dually,
if tkiaij = 0 for each tki ∈ Rki (i, j, k = 1, 2), then aij = 0;

(ii) If tija+atij ∈ Rij for every tij ∈ Rij(i, j = 1, 2; i 6= j), then aji = 0;

(iii) If aiitii + tiiaii = 0 for every tii ∈ Rii (i = 1, 2), then aii = 0;

(iv) If tjja + atjj ∈ Rij for every tjj ∈ Rjj (i, j = 1, 2; i 6= j), then
aji = 0, ajj = 0 and a 1

2

1

2

= 0. Dually, if tjja + atjj ∈ Rji for every

tjj ∈ Rjj (i, j = 1, 2; i 6= j), then aij = 0, ajj = 0 and a 1

2

1

2

= 0.

If R satisfies the conditions (i′)–(iv′), of Theorem, then:

(i′) If aijtjj = 0 for each tjj ∈ Rjj (i, j = 1, 2; i 6= j), then aij = 0.
Dually, if tiiaij = 0 for each tii ∈ Rii (i, j = 1, 2; i 6= j), then
aij = 0;

(ii′) If aiitii + tiiaii = 0 for every tii ∈ Rii (i = 1, 2), then aii = 0;

(iii′) If tjja + atjj ∈ Rij for every tjj ∈ Rjj (i, j = 1, 2; i 6= j), then
aji = 0, ajj = 0 and a 1

2

1

2

= 0. Dually, if tjja + atjj ∈ Rji for every

tjj ∈ Rjj (i, j = 1, 2; i 6= j), then aij = 0, ajj = 0 and a 1

2

1

2

= 0.

Proof. If R satisfies the conditions (i)–(v), of Theorem, then:
(i) For the case (i = 1, j = 2). If k = 1, then 2a12(te1) = 2a12t21 = 0,

for all t ∈ R. This implies a12(Re1) = 0. It follows from condition (i),
of Theorem, that a12 = 0. If k = 2, then 2a12(te2) = 2a12t22 = 0. This
implies a12(Re2) = 0. Again, it follows from condition (i), of Theorem,
that a12 = 0. For the case (i = j = 1). If k = 1, then a11t11 = 0 implies
a11 = 0, because e1 ∈ R11. If k = 2, then 4(e1ae1)t12 = 4a11t12 = 0. Hence,
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(e1ae1)t12 = 0. It follows from condition (ii), of Theorem, that a11 = 0.
Now, for the case (i = 2, j = 1). If k = 1, then 2a21(te1) = 2a21t11 = 0, for
all t ∈ R. So a21(Re1) = 0. It follows from condition (i), of Theorem, that
a21 = 0. If k = 2, then 2a21(te2) = 2a21t12 = 0. Therefore, a21(Re2) = 0.
Again, it follows from condition (i), of Theorem, that a21 = 0. For the case
(i = j = 2). If k = 1, then 4(e2ae2)t21 = 4a22t21 = 0, that is, a22t21 = 0.
It follows from condition (ii), of Theorem, that a22 = 0. If k = 2, then
a22t22 = 0 implies a22 = 0, by condition (iv), of Theorem. Similarly, we
prove the dual cases.

(ii) Since tija + atij ∈ Rij , we have (tija + atij)ei = 0 which implies
tijaji = 0. Hence, tijaji = 0. Thus, aji = 0, by (i), of Lemma.

(iii) For the case i = 1, in particular, we have 0 = a11e1 + e1a11 = 2a11

and so a11 = 0, since R is 2-torsion free. The case i = 2 follows direct of
(v), of Theorem.

(iv) If j = 1, then t11a + at11 ∈ R21. Hence, e1(t11a + at11) = 0 which
implies t11a11 +a11t11 = 0, t11a12 = 0 and t11a 1

2

1

2

= 0. So a11 = 0, a12 = 0

and a 1

2

1

2

= 0, because e1 ∈ R11. Now, if j = 2, then t22a + at22 ∈ R12.

Hence, e2(t22a + at22) = 0 which implies t22a 1

2

1

2

= 0, t22a21 = 0 and

t22a22 + a22t22 = 0. So a 1

2

1

2

= 0, a21 = 0 and a22 = 0, by (iv) of Theorem,

(i) and (iii) of Lemma, respectively. Similarly, we prove the dual cases.
If R satisfies the conditions (i′)–(iv′), of Theorem, then the demons-

trations, of the cases (i′)–(iv′), of Lemma, are made identically to the
preceding cases. For this, it is sufficient in the case (i′), of Lemma, to
take the case (i), just to i 6= j, replacing in the proof, the condition (i),
of the theorem, by condition (i′). In the case (ii′), of Lemma, to take the
case (iii), replacing in the proof, the condition (v), of the theorem, by
the condition (iv′), and in the case (iii′), of Lemma, to take the case (iv),
replacing in the proof, the conditions (iv), (i) and (iii), of the theorem,
by the conditions (iii′), (i′) and (iii′), respectively.

Lemma 3. M and M* are injective.

Proof. Let a, b ∈ R be two elements such that M(a) = M(b). For every
tjj ∈ Rjj (i = 1, 2), there exists x(j, j) ∈ R

′

such that M∗(x(j, j)) = tjj ,
by hypothesis of the surjectivity of M∗. Hence,

tjja + atjj = M∗(x(j, j))a + aM∗(x(j, j))

= M∗
(

x(j, j)M(a) + M(a)x(j, j)
)

= M∗
(

x(j, j)M(b) + M(b)x(j, j)
)

= M∗(x(j, j))b + bM∗(x(j, j)) = tjjb + btjj .
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This implies
tjj(a − b) + (a − b)tjj = 0.

By (iv) (resp., (iii′)) in Lemma 2, we have aij−bij = 0 (i, j = 1

2
, 1, 2), that is

a = b. Thus, M is injective. Now, let x, y ∈ R
′

such that M∗(x) = M∗(y).
Since M is a bijection, there are a, b ∈ R such that a = M−1(x) and
b = M−1(y). Hence, for every tjj ∈ Rjj (j = 1, 2), there is a c(j, j) ∈ R

such that M∗M(c(j, j)) = tjj , by the surjectivity of M∗M . This implies

tjja + atjj = tjjM−1(x) + M−1(x)tjj

= M∗M(c(j, j))M−1(x) + M−1(x)M∗M(c(j, j))

= M∗
(

M(c(j, j))MM−1(x) + MM−1(x)M(c(j, j))
)

= M∗
(

M(c(j, j))x + xM(c(j, j))
)

= c(j, j)M∗(x) + M∗(x)c(j, j) = c(j, j)M∗(y) + M∗(y)c(j, j)

= M∗
(

M(c(j, j))y + yM(c(j, j))
)

= M∗
(

M(c(j, j))MM−1(y) + MM−1(y)M(c(j, j))
)

= M∗M(c(j, j))M−1(y) + M−1(y)M∗M(c(j, j))

= tjjM−1(y) + M−1(y)tjj

= tjjb + btjj .

Thus,
tjj(a − b) + (a − b)tjj = 0.

Again, by (iv) (resp., (iii′)) in Lemma 2, we have aij − bij = 0
(i, j = 1

2
, 1, 2) and so a = b. Consequently, we have x = y, by bijectivity

of M . Therefore, we can also infer that M∗ is injective.

The three lemmas that follow, have identical proofs, as in [5]. Thus,
they will be omitted.

Lemma 4. The pair (M∗−1, M−1) is a Jordan elementary map on R×R
′

.

Lemma 5. Let a, b, c ∈ R such that M(c) = M(a) + M(b). Then

M∗−1(tc + ct) = M∗−1(ta + at) + M∗−1(tb + bt)

for all t ∈ R.

Lemma 6. Let x, y, z ∈ R
′

such that M∗(z) = M∗(x) + M∗(y). Then

M−1(wz + zw) = M−1(wx + xw) + M−1(wy + yw)

for all w ∈ R
′

.
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Corollary 1. Let a, b, c ∈ R such that M∗−1(c) = M∗−1(a) + M∗−1(b).
Then

M(tc + ct) = M(ta + at) + M(tb + bt)

for all t ∈ R.

Corollary 2. Let x, y, z ∈ R
′

such that M−1(z) = M−1(x) + M−1(y).
Then

M∗(wz + zw) = M∗(wx + xw) + M∗(wy + yw)

for all w ∈ R
′

.

Lemma 7. Let a11 ∈ R11 and b22 ∈ R22. Then

(i) M(a11 + a22) = M(a11) + M(a22);

(ii) M∗−1(a11 + a22) = M∗−1(a11) + M∗−1(a22).

Proof. (i) Suppose M(c) = M(a11) + M(a22), for some c ∈ R. For arbi-
trary t11 ∈ R11, by Lemma 5, we have

M∗−1(t11c + ct11) = M∗−1(t11a11 + a11t11) + M∗−1(t11a22 + a22t11)

= M∗−1(t11a11 + a11t11).

Hence, t11c + ct11 = t11a11 + a11t11 which implies c11 = a11, c12 = 0,
c 1

2

1

2

= 0 and c21 = 0, because e1 ∈ R11. Now, for arbitrary t22 ∈ R22, by

Lemma 5, we have

M∗−1(t22c + ct22) = M∗−1(t22a11 + a11t22) + M∗−1(t22a22 + a22t22)

= M∗−1(t22a22 + a22t22).

Hence, t22c + ct22 = t22a22 + a22t22 which implies c22 = a22, by (iv)
(resp., (iii′)) in Lemma 2. So c = a11 + a22.

(ii) This proof is similar to case (i).

Lemma 8. Let aii ∈ Rii and aij ∈ Rij (i, j = 1, 2; i 6= j). Then

(i) M(aii + aij) = M(aii) + M(aij);

(ii) M∗−1(aii + aij) = M∗−1(aii) + M∗−1(aij).

Proof. (i) For the case (i = 1, j = 2), suppose that M(c) = M(a11) +
M(a12) for some c ∈ R. For arbitrary t22 ∈ R22, using Lemma 5, we have

M∗−1(t22c + ct22) = M∗−1(t22a11 + a11t22) + M∗−1(t22a12 + a12t22)

= M∗−1(a12t22)
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which yields t22c + ct22 = a12t22 ∈ R12. It follows from (iv) (resp., (iii′)),
in Lemma 2, that c 1

2

1

2

= 0, c21 = 0 and c22 = 0.

Now, if R satisfies the conditions (i)–(v), of Theorem, then for arbitrary
t12 ∈ R12, by Lemma 5, we have

M∗−1(t12c + ct12) = M∗−1(t12a11 + a11t12) + M∗−1(t12a12 + a12t12)

= M∗−1(a11t12).

It follows that t12c + ct12 = a11t12 which implies c11t12 = a11t12. Thus,
c11 = a11, by (i) in Lemma 2.

If R satisfies the conditions (i′)–(iv′), then for arbitrary t 1

2

1

2

∈ R 1

2

1

2

we have

M∗−1(t 1

2

1

2

c + ct 1

2

1

2

) = M∗−1(t 1

2

1

2

a11 + a11t 1

2

1

2

) = M∗−1(2a11t 1

2

1

2

),

by Lemma 5. It follows that t 1

2

1

2

c + ct 1

2

1

2

= 2a11t 1

2

1

2

which implies

c11t 1

2

1

2

= a11t 1

2

1

2

. So c11 = a11, by condition (ii′) of Theorem.

In both cases we have c11 = a11.
Since t22c + ct22 = a12t22 ∈ R12, then we can conclude that

c12t22 = a12t22. Using (i) (resp., (i′)), in Lemma 2 again, we see that
c12 = a12. Thus, c = a11+a12. Therefore, M(a11+a12) = M(a11)+M(a12).

Similarly, we prove the case (i = 2, j = 1).
(ii) By Lemma 4, we can infer that (ii) holds.

Similarly, we can get the following result.

Lemma 9. Let aii ∈ Rii (i, j = 1, 2; i 6= j) and aji ∈ Rji. Then

(i) M(aii + aji) = M(aii) + M(aji);

(ii) M∗−1(aii + aji) = M∗−1(aii) + M∗−1(aji).

Lemma 10. Let aii ∈ Rii (i = 1, 2) and aij ∈ Rij (i, j = 1, 2; i 6= j).
Then

(i) M(a11 + aij + a22) = M(a11) + M(aij) + M(a22);

(ii) M∗−1(a11 + aij + a22) = M∗−1(a11) + M∗−1(aij) + M∗−1(a22).

Proof. (i) For the case (i = 1, j = 2), suppose that M(c) = M(a11) +
M(a12) + M(a22) for some c ∈ R. From Lemma 5, we have

M∗−1(e1c + ce1) = M∗−1(2a11) + M∗−1(a12) = M∗−1(2a11 + a12),
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by Lemma 8, which yields e1c + ce1 = 2a11 + a12. Hence, c11 = a11,
c12 = a12, c 1

2

1

2

= 0 and c21 = 0. Now, for arbitrary t22 ∈ R22, by Lemma 5

again, we have

M∗−1(t22c + ct22) = M∗−1(a12t22) + M∗−1(t22a22 + a22t22)

= M∗−1(a12t22 + t22a22 + a22t22),

by Lemma 9. It follows that t22(c22−a22)+(c22−a22)t22 = 0, which implies
c22 = a22, by (v) (resp., (iv′)) of Theorem. Therefore, c = a11 + a12 + a22.
Hence, M(a11 + a12 + a22) = M(a11) + M(a12) + M(a22).

Similarly, we prove the case (i = 2, j = 1).

(ii) By Lemma 4, we can infer that (ii) holds.

Lemma 11. Let t22 ∈ R22 and aij ∈ Rij (i, j = 1, 2; i 6= j). Then

(i) M(a12t22 + t22a21) = M(a12t22) + M(t22a21);

(ii) M∗−1(a12t22 + t22a21) = M∗−1(a12t22) + M∗−1(t22a21).

Proof. First at all, let us note that

2e1+a12a21+a12+a21+a21a12 = (e1+a12)(e1+a21)+(e1+a21)(e1+a12).

Hence,

M
(

2e1 + a12a21 + a12 + a21 + a21a12

)

= M
(

(e1 + a12)(e1 + a21) + (e1 + a21)(e1 + a12)
)

= M
(

(e1 + a12)M∗M∗−1(e1 + a21) + M∗M∗−1(e1 + a21)(e1 + a12)
)

= M(e1 + a12)M∗−1(e1 + a21) + M∗−1(e1 + a21)M(e1 + a12)

= M(e1 + a12)M∗−1(e1) + M(e1 + a12)M∗−1(a21)

+ M∗−1(e1)M(e1 + a12) + M∗−1(a21)M(e1 + a12)

= M
(

(e1 + a12)e1+e1(e1 + a12)
)

+M
(

(e1 + a12)a21 + a21(e1 + a12)
)

= M(2e1 + a12) + M(a12a21 + a21 + a21a12)

= M(2e1) + M(a12) + M(a12a21) + M(a21) + M(a21a12),

by (i), in Lemma 8, (i), in Lemma 9 and (i), in Lemma 10. So

M
(

2e1 + a12a21 + a12 + a21 + a21a12

)

= M(2e1) + M(a12) + M(a12a21) + M(a21) + M(a21a12).
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Now,

M∗−1(22e1 + 2a12a21 + a12 + a21)

= M∗−1(22e1) + M∗−1(a12) + M∗−1(2a12a21) + M∗−1(a21),

by Lemma 5, which implies M(a12t22 + t22a21) = M(a12t22) + M(t22a21),
by Corollary 1.

(ii) By Lemma 4, we can infer that (ii) holds.

Lemma 12. Let aij ∈ Rij (i, j = 1, 2; i 6= j). Then

(i) M(a12 + a21) = M(a12) + M(a21);

(ii) M∗−1(a12 + a21) = M∗−1(a12) + M∗−1(a21).

Proof. (i) Suppose that M(c) = M(a12) + M(a21) for some c ∈ R. By
Lemma 5, we have

M∗−1(e1c + ce1) = M∗−1(e1a12 + a12e1) + M∗−1(e1a21 + a21e1)

which implies

M∗−1(2c11 + c12 + c 1

2

1

2

+ c21) = M∗−1(a12) + M∗−1(a21). (5)

Next, for arbitrary t22 ∈ R22, by Corollary 1 and Lemma 11, we have

M(c12t22+2c 1

2

1

2

t22+t22c21)=M(a12t22)+M(t22a21) = M(a12t22+t22a21).

It follows that c12t22 = a12t22, c 1

2

1

2

t22 = 0 and t22c21 = t22a21. So c12 =

a12, c 1

2

1

2

= 0 and c21 = a21, by (i) (resp., (i′)) in Lemma 2 and (iv) (resp.,

(iii′)) in Theorem.
Now, if R satisfies the conditions (i)–(v), of Theorem, then for arbitrary

t12 ∈ R12, by (5) and Lemma 7, we have

M(2c11t12 + t12c21 + c21t12) = M(t12a21 + a21t12)

which implies c11t12 = 0. So c11 = 0, by (i) in Lemma 2.
If R satisfies the conditions (i′)–(iv′), of Theorem, then for arbitrary

t 1

2

1

2

∈ R 1

2

1

2

, by (5) and Lemma 7, we have M(22c11t 1

2

1

2

) = 0 which implies

c11t 1

2

1

2

= 0. So c11 = 0, by (ii′) in Theorem.

In both cases we have c11 = a11.
Finally, for arbitrary t22 ∈ R22, we have

M∗−1(t22c+ct22)=M∗−1(a12t22)+M∗−1(t22a21)=M∗−1(a12t22+t22a21),
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by Lemma 11. It follows that t22c + ct22 = a12t22 + t22a21 which implies
c12t22 = a12t22, t22c21 = t22a21 and c22t22 + t22t22 = 0. So c22 = 0, by (v)
(resp., (iv′)) of Theorem.

(ii) By Lemma 4, we can infer that (ii) holds.

Lemma 13. Let a11 ∈ R11 and aij ∈ Rij (i, j = 1, 2; i 6= j). Then

(i) M(a11 + a12 + a21) = M(a11) + M(a12) + M(a21);

(ii) M∗−1(a11 + a12 + a21) = M∗−1(a11) + M∗−1(a12) + M∗−1(a21).

Proof. (i) Suppose that M(c) = M(a11) + M(a12) + M(a21) for some
c ∈ R. For arbitrary t22 ∈ R22, we have

M∗−1(t22c+ct22)=M∗−1(a12t22)+M∗−1(t22a21)=M∗−1(a12t22+t22a21),

by Lemmas 5 and 12. Hence, t22c + ct22 = a12t22 + t22a21 which implies
c12t22 = a12t22, c 1

2

1

2

t22 = 0, t22c21 = t22a21 and c22t22 + t22t22 = 0. So

c12 = a12, c 1

2

1

2

= 0, c21 = a21 and c22 = 0, by (i) (resp., (i′)) in Lemma 2,

(iv) (resp., (iii′)) and (v) (resp., (iv′)) in Theorem, respectively.
Now, if R satisfies the conditions (i)–(v), of Theorem, then for arbitrary

t12 ∈ R12, by Lemmas 5 and 10, we have

M∗−1(t12c + ct12) = M∗−1(a11t12) + M∗−1(t12a21 + a21t12)

= M∗−1(a11t12 + t12a21 + a21t12).

It follows that t12c + ct12 = a11t12 + t12a21 + a21t12 which implies c11t12 =
a11t12. Thus, c11 = a11, by (i) in Lemma 2.

If R satisfies the conditions (i′)–(iv′), of Theorem, then for arbitrary
t 1

2

1

2

∈ R 1

2

1

2

, we have

M∗−1(t 1

2

1

2

c + ct 1

2

1

2

) = M∗−1(2a11t 1

2

1

2

).

It follows that t 1

2

1

2

c + ct 1

2

1

2

= 2a11t 1

2

1

2

which implies c11t 1

2

1

2

= a11t 1

2

1

2

.

Thus, c11 = a11, by (ii′) in Theorem.
In both cases we have c11 = a11.
(ii) By Lemma 4, we can infer that (ii) holds.

Lemma 14. Let aii ∈ Rii (i = 1, 2), aij ∈ Rij (i, j = 1, 2; i 6= j) and
a 1

2

1

2

∈ R 1

2

1

2

. Then

(i) M(aii + aij + a 1

2

1

2

) = M(aii) + M(aij + a 1

2

1

2

);

(ii) M∗−1(aii + aij + a 1

2

1

2

) = M∗−1(aii) + M∗−1(aij + a 1

2

1

2

).
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Proof. (i) For the case (i = 1, j = 2), suppose that M(c) = M(a11) +
M(a12 + a 1

2

1

2

) for some c ∈ R. For arbitrary t22 ∈ R22, by Lemma 5, we

have

M∗−1(t22c + ct22) = M∗−1(t22a11 + a11t22)

+ M∗−1(t22(a12 + a 1

2

1

2

) + (a12 + a 1

2

1

2

)t22)

which implies

M∗−1(t22c + ct22) = M∗−1(a12t22 + 2a 1

2

1

2

t22).

It follows that t22c+ct22 = a11t22 +2a 1

2

1

2

t22 which implies c12t22 = a12t22,

c 1

2

1

2

t22 = a 1

2

1

2

t22, t22c21 = 0 and c22t22 + t22c22 = 0. By (i) (resp., (i′)), in

Lemma 2, (iv) (resp., (iii′)) and (v) (resp., (iv′)), in Theorem, we have
c12 = a12, c 1

2

1

2

= a 1

2

1

2

, c21 = 0 and c22 = 0.

Now, if R satisfies the conditions (i)–(v), of Theorem, then for arbitrary
t12 ∈ R12, by Lemma 5, we have

M∗−1(t12c + ct12) = M∗−1(a11t12).

It follows that t12c + ct12 = a11t12 which implies c11t12 = a11t12. Thus,
c11 = a11, by (i) in Lemma 2.

If R satisfies the conditions (i′)–(iv′), of Theorem, then for arbitrary
t 1

2

1

2

∈ R
1

2

1

2

we have

M∗−1(t 1

2

1

2

c + ct 1

2

1

2

) = M∗−1(2a11t 1

2

1

2

) + M∗−1(2a 1

2

1

2

t 1

2

1

2

)

and

M
(

e1(t 1

2

1

2

c + ct 1

2

1

2

) + (t 1

2

1

2

c + ct 1

2

1

2

)e1

)

= M(2a11t 1

2

1

2

) + M
(

2(a 1

2

1

2

t 1

2

1

2

)11

)

,

by Lemma 5 and Corollary 1, which implies

M
(

2c11t 1

2

1

2

+ 22(c 1

2

1

2

t 1

2

1

2

)11

)

= M(2a11t 1

2

1

2

) + M
(

2(a 1

2

1

2

t 1

2

1

2

)11

)

.

Hence, we have

M∗−1
(

22(c11t 1

2

1

2

)u22

)

= M∗−1
(

22(a11t 1

2

1

2

)u22

)

,

for arbitrary u22 ∈ R22, which implies (c11t 1

2

1

2

)u22 = (a11t 1

2

1

2

)u22. Thus

c11 = a11, by (ii′) and (iii′) of Theorem.
In both cases we have c11 = a11.
(ii) By Lemma 4, we can infer that (ii) holds.
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Similarly, we can get the following result.

Lemma 15. Let aii ∈ Rii (i = 1, 2), aij ∈ Rij (i, j = 1, 2; i 6= j) and
a 1

2

1

2

∈ R 1

2

1

2

. Then

(i) M(aii + a 1

2

1

2

+ aji) = M(aii) + M(a 1

2

1

2

+ aji);

(ii) M∗−1(aii + a 1

2

1

2

+ aji) = M∗−1(aii) + M∗−1(a 1

2

1

2

+ aji).

Lemma 16. Let tii ∈ Rii (i = 1, 2), aij ∈ Rij (i, j = 1, 2; i 6= j) and
a 1

2

1

2

∈ R 1

2

1

2

. Then

(i) M(aij + 2tiia 1

2

1

2

) = M(aij) + M(2tiia 1

2

1

2

);

(ii) M∗−1(aij + 2tiia 1

2

1

2

) = M∗−1(aij) + M∗−1(2tiia 1

2

1

2

).

Proof. For the case (i = 1, j = 2), note that for arbitrary t11 ∈ R11

a12 + 2t11 + 2t11a 1

2

1

2

= (e1 + a 1

2

1

2

)(a12 + t11) + (a12 + t11)(e1 + a 1

2

1

2

).

Hence,

M(2t11) + M(a12 + 2t11a 1

2

1

2

) = M(2t11 + a12 + 2t11a 1

2

1

2

)

= M((e1 + a 1

2

1

2

)(a12 + t11) + (a12 + t11)(e1 + a 1

2

1

2

))

= M((e1 + a 1

2

1

2

)M∗M∗−1(a12 + t11)

+ M∗M∗−1(a12 + t11)(e1 + a 1

2

1

2

))

= M(e1 + a 1

2

1

2

)M∗−1(a12 + t11) + M∗−1(a12 + t11)M(e1 + a 1

2

1

2

)

= M(e1 + a 1

2

1

2

)M∗−1(a12) + M(e1 + a 1

2

1

2

)M∗−1(t11)

+ M∗−1(a12)M(e1 + a 1

2

1

2

) + M∗−1(t11)M(e1 + a 1

2

1

2

)

= M((e1 + a 1

2

1

2

)a12 + a12(e1 + a 1

2

1

2

))

+ M((e1 + a 1

2

1

2

)t11 + t11(e1 + a 1

2

1

2

))

= M(a12) + M(2t11 + 2t11a 1

2

1

2

)

= M(a12) + M(2t11) + M(2t11a 1

2

1

2

),

by (i) in Lemma 14. So M(a12 + 2t11a 1

2

1

2

) = M(a12) + M(2t11a 1

2

1

2

).

Similarly, we prove the case (i = 2, j = 1), from the identity

a21 + 2t22a 1

2

1

2

= (e1 + a 1

2

1

2

)(a21 + t22) + (a21 + t22)(e1 + a 1

2

1

2

).

(ii) By Lemma 4, we can infer that (ii) holds.
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Lemma 17. Let aij ∈ Rij (i, j = 1, 2; i 6= j), tjj ∈ Rjj (j = 1, 2) and
a 1

2

1

2

∈ R 1

2

1

2

. Then

(i) M(aij + 2tjja 1

2

1

2

) = M(aij) + M(2tjja 1

2

1

2

) ;

(ii) M∗−1(aij + 2tjja 1

2

1

2

) = M∗−1(aij) + M∗−1(2tjja 1

2

1

2

) .

Proof. For the case (i = 1, j = 2), note that for arbitrary t22 ∈ R22

a12 + 2t22a 1

2

1

2

= (e1 + a 1

2

1

2

)(a12 + t22) + (a12 + t22)(e1 + a 1

2

1

2

).

Hence,

M(a12 + 2t22a 1

2

1

2

)

= M((e1 + a 1

2

1

2

)(a12 + t22) + (a12 + t22)(e1 + a 1

2

1

2

))

= M((e1 + a 1

2

1

2

)M∗M∗−1(a12 + t22)

+ M∗M∗−1(a12 + t22)(e1 + a 1

2

1

2

))

= M(e1 + a 1

2

1

2

)M∗−1(a12 + t22) + M∗−1(a12 + t22)M(e1 + a 1

2

1

2

)

= M(e1 + a 1

2

1

2

)M∗−1(a12) + M(e1 + a 1

2

1

2

)M∗−1(t22)

+ M∗−1(a12)M(e1 + a 1

2

1

2

) + M∗−1(t22)M(e1 + a 1

2

1

2

)

= M((e1 + a 1

2

1

2

)a12 + a12(e1 + a 1

2

1

2

))

+ M((e1 + a 1

2

1

2

)t22 + t22(e1 + a 1

2

1

2

))

= M(a12) + M(2t22a 1

2

1

2

),

by (ii) in Lemma 9. So M(a12 + 2t22a 1

2

1

2

) = M(a12) + M(2t22a 1

2

1

2

).

Similarly, we prove the case (i = 2, j = 1) from the identity

a21 + 2t11 + 2t11a 1

2

1

2

= (e1 + a 1

2

1

2

)(a21 + t11) + (a21 + t11)(e1 + a 1

2

1

2

).

(ii) By Lemma 4, we can infer that (ii) holds.

Lemma 18. Let aij ∈ Rij (i, j = 1, 2; i 6= j) and a 1

2

1

2

∈ R 1

2

1

2

. Then

(i) M(aij + a 1

2

1

2

) = M(aij) + M(a 1

2

1

2

);

(ii) M∗−1(aij + a 1

2

1

2

) = M∗−1(aij) + M∗−1(a 1

2

1

2

).
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Proof. For the case (i = 1, j = 2), suppose that M(c) = M(a12)+M(a 1

2

1

2

)

for some c ∈ R. For arbitrary t11 ∈ R11, by Lemma 16, we have

M∗−1(t11c + ct11) = M∗−1(t11a12 + a12t11) + M∗−1(t11a 1

2

1

2

+ a 1

2

1

2

t11)

= M∗−1(t11a12) + M∗−1(2t11a 1

2

1

2

)

= M∗−1(t11a12 + 2t11a 1

2

1

2

).

Hence, t11c + ct11 = t11a12 + 2t11a 1

2

1

2

which implies t11c11 + c11t11 = 0,

t11c12 = t11a12, t11c 1

2

1

2

= t11a 1

2

1

2

and c21t11 = 0. So c11 = 0, c12 = a12,

c 1

2

1

2

= a 1

2

1

2

and c21 = 0. Finally, for arbitrary t22 ∈ R22, we have

M∗−1(t22c + ct22) = M∗−1(t22a12 + a12t22) + M∗−1(t22a 1

2

1

2

+ a 1

2

1

2

t22)

= M∗−1(a12t22) + M∗−1(2t22a 1

2

1

2

)

= M∗−1(a12t22 + 2t22a 1

2

1

2

),

by Lemma 17. Hence, t22c + ct22 = a12t22 + 2t22a 1

2

1

2

which implies

t22c22 + c22t22 = 0. So c22 = 0, by (v) (resp., (iv′)) of Theorem.

Similarly, we prove the case (i = 2, j = 1).

(ii) By Lemma 4, we can infer that (ii) holds.

Lemma 19. Let aii ∈ Rii (i = 1, 2) and a 1

2

1

2

∈ R 1

2

1

2

. Then

(i) M(aii + a 1

2

1

2

) = M(aii) + M(a 1

2

1

2

);

(ii) M∗−1(aii + a 1

2

1

2

) = M∗−1(aii) + M∗−1(a 1

2

1

2

).

Proof. (i) For the case (i = 1), suppose that M(c) = M(a11) + M(a 1

2

1

2

)

for some c ∈ R. For arbitrary t22 ∈ R22, by Lemma 5, we have

M∗−1(t22c + ct22) = M∗−1(t22a11 + a11t22) + M∗−1(t22a 1

2

1

2

+ a 1

2

1

2

t22)

= M∗−1(2t22a 1

2

1

2

).

It follows that t22c + ct22 = 2t22a 1

2

1

2

which implies c12t22 = 0,

t22c 1

2

1

2

= t22a 1

2

1

2

, t22c21 = 0 and t22c22 + c22t22 = 0. By (i) (resp., (i′)) in

Lemma 2, and (iv) and (v) (resp., (iii′) and (iv′)) of Theorem, we have
c12 = 0, c 1

2

1

2

= a 1

2

1

2

, c21 = 0 and c22 = 0.
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Next, if R satisfies the conditions (i)–(v), of Theorem, then for arbitrary
t12 ∈ R12, by Lemma 5, we have

M∗−1(t12c + ct12) = M∗−1(t12a11 + a11t12) + M∗−1(t12a 1

2

1

2

+ a 1

2

1

2

t12)

= M∗−1(a11t12).

It follows that t12c + ct12 = a11t12 which implies c11t12 = a11t12. So
c11 = a11, by (ii) of Theorem.

If if R satisfies the conditions (i′)–(iv′), then for arbitrary t 1

2

1

2

∈ R 1

2

1

2

,

we have

M∗−1(t 1

2

1

2

c + ct 1

2

1

2

) = M∗−1(2a11t 1

2

1

2

) + M∗−1(2a 1

2

1

2

t 1

2

1

2

),

by Lemma 5, which implies

M∗−1(2c11t 1

2

1

2

+ 2c 1

2

1

2

t 1

2

1

2

) = M∗−1(2a11t 1

2

1

2

) + M∗−1(2a 1

2

1

2

t 1

2

1

2

).

It follows that

M
(

2c11t 1

2

1

2

+ 22(c 1

2

1

2

t 1

2

1

2

)11

)

= M(2a11t 1

2

1

2

) + M
(

22(a 1

2

1

2

t 1

2

1

2

)11

)

,

by Corollary 1. Now, for arbitrary u22 ∈ R22, we have

M∗−1
(

22(c11t 1

2

1

2

)u22

)

= M∗−1
(

22(a11t 1

2

1

2

)u22

)

,

by Lemma 5, which implies
(

(c11 − a11)t 1

2

1

2

)

u22 = 0. From hypothesis (ii′)

and (iii′), of Theorem, we have c11 = a11.

In both cases we conclude that c11 = a11. Hence,

M(a11 + a 1

2

1

2

) = M(a11) + M(a 1

2

1

2

).

Similarly, we prove the case (i = 2).

(ii) By Lemma 4, we can infer that (ii) holds.

Lemma 20. Let a11 ∈ R11 and a22 ∈ R22 and a 1

2

1

2

∈ R 1

2

1

2

. Then

(i) M(a11 + a 1

2

1

2

+ a22) = M(a11) + M(a 1

2

1

2

) + M(a22);

(ii) M∗−1(a11 + a 1

2

1

2

+ a22) = M∗−1(a11) + M∗−1(a 1

2

1

2

) + M∗−1(a22).
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Proof. (i) Suppose that M(c) = M(a11) + M(a 1

2

1

2

) + M(a22) for some

c ∈ R. For arbitrary t11 ∈ R11, by Lemma 19, we have

M∗−1(t11c + ct11) = M∗−1(t11a11 + a11t11) + M∗−1(t11a 1

2

1

2

+ a 1

2

1

2

t11)

+ M∗−1(t11a22 + a22t11)

= M∗−1(t11a11 + a11t11) + M∗−1(2t11a 1

2

1

2

)

= M∗−1(t11a11 + a11t11 + 2t11a 1

2

1

2

).

It follows that t11c + ct11 = t11a11 + a11t11 + 2t11a 1

2

1

2

which implies

t11c11+c11t11 = t11a11+a11t11, t11c12 = 0, t11c 1

2

1

2

= t11a 1

2

1

2

and c21t11 = 0.

Thus, c11 = a11, c12 = 0, c 1

2

1

2

= a 1

2

1

2

and c21 = 0. Next, for arbitrary

t22 ∈ R22, we have

M∗−1(t22c + ct22) = M∗−1(t22a11 + a11t22) + M∗−1(t22a 1

2

1

2

+ a 1

2

1

2

t22)

+ M∗−1(t22a22 + a22t22)

= M∗−1(2t22a 1

2

1

2

+ t22a22 + a22t22),

by Lemma 19. It follows that t22c+ ct22 = 2t22a 1

2

1

2

+ t22a22 +a22t22 which

implies t22c22 + c22t22 = t22a22 + a22t22. Thus c22 = a22, by (v) (resp.,
(iv′)), of the Theorem.

(ii) By Lemma 4, we can infer that (ii) holds.

Lemma 21. Let aij ∈ Rij (i, j = 1, 2; i 6= j) and a 1

2

1

2

∈ R 1

2

1

2

. Then

(i) M(aii + aij + a 1

2

1

2

) = M(aii) + M(aij) + M(a 1

2

1

2

);

(ii) M∗−1(aii + aij + a 1

2

1

2

) = M∗−1(aii) + M∗−1(aij) + M∗−1(a 1

2

1

2

).

Proof. (i) For the case (i = 1, j = 2), suppose that M(c) = M(a11) +
M(a12) + M(a 1

2

1

2

) for some c ∈ R. For arbitrary t22 ∈ R22, by Lemmas 5

and 18, we have

M∗−1(t22c + ct22) = M∗−1(t22a11 + a11t22) + M∗−1(t22a12 + a12t22)

+ M∗−1(t22a 1

2

1

2

+ a 1

2

1

2

t22)

= M∗−1(a12t22) + M∗−1(2t22a 1

2

1

2

)

= M∗−1(a12t22 + 2t22a 1

2

1

2

).
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Hence t22c+ct22 = a12t22+2t22a 1

2

1

2

which implies c12t22 = a12t22, t22c 1

2

1

2

=

t22a 1

2

1

2

, t22c21 = 0 and t22c22 + c22t22 = 0. By (i) (resp., (i′)) in Lemma 2

and (iv) and (v) (resp., (iii′) and (iv′)), of Theorem, we have c12 = a12,
c 1

2

1

2

= a 1

2

1

2

, c21 = 0 and c22 = 0.

Now, if R satisfies the conditions (i)–(vi), of Theorem, then for arbi-
trary t12 ∈ R12, we have

M∗−1(t12c + ct12) = M∗−1(t12a11 + a11t12) + M∗−1(t12a12 + a12t12)

+ M∗−1(t12a 1

2

1

2

+ a 1

2

1

2

t12) = M∗−1(a11t12),

by Lemma 5. Hence, t12c + ct12 = a11t12 which implies c11t12 = a11t12,
So c11 = a11, by (i) in Lemma 2.

If R satisfies the conditions (i′)–(iv′), of Theorem, then by Lemma 5,
we have

M∗−1(t 1

2

1

2

c + ct 1

2

1

2

) = M∗−1(2a11t 1

2

1

2

) + M∗−1(2a 1

2

1

2

t 1

2

1

2

)

implying

M∗−1(2c11t 1

2

1

2

+ 2c 1

2

1

2

t 1

2

1

2

) = M∗−1(2a11t 1

2

1

2

) + M∗−1(2a 1

2

1

2

t 1

2

1

2

).

Hence,

M
(

2c11t 1

2

1

2

+ 22(c 1

2

1

2

t 1

2

1

2

)11

)

= M(2a11t 1

2

1

2

) + M
(

22(a 1

2

1

2

t 1

2

1

2

)11

)

,

by Corollary 1. Thus, for arbitrary u22 ∈ R22, we have

M∗−1
(

22(c11t 1

2

1

2

)u22

)

= M∗−1
(

22(a11t 1

2

1

2

)u22

)

,

by Lemma 5, which implies
(

(c11 − a11)t 1

2

1

2

)

u22 = 0. From hypothesis (ii′)

and (iii′), of Theorem, we have c11 = a11.
In both cases we conclude that c11 = a11. Hence,

M(a11 + a12 + a 1

2

1

2

) = M(a11) + M(a12) + M(a 1

2

1

2

).

Similarly, we prove the case (i = 2, j = 1).
(ii) By Lemma 4, we can infer that (ii) holds.

Similarly, we can get the following result.

Lemma 22. Let aij ∈ Rij (i, j = 1, 2; i 6= j) and a 1

2

1

2

∈ R 1

2

1

2

. Then
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(i) M(aii + aji + a 1

2

1

2

) = M(aii) + M(aji) + M(a 1

2

1

2

);

(ii) M∗−1(aii + aji + a 1

2

1

2

) = M∗−1(aii) + M∗−1(aji) + M∗−1(a 1

2

1

2

).

Lemma 23. Let aij ∈ Rij (i, j = 1, 2; i 6= j) and b 1

2

1

2

∈ R 1

2

1

2

. Then

(i) M(a11 + aij + a 1

2

1

2

+ a22) = M(a11) + M(aij) + M(a 1

2

1

2

) + M(a22);

(ii) M∗−1(a11+aij+a 1

2

1

2

+a22) = M∗−1(a11)+M∗−1(aij)+M∗−1(a 1

2

1

2

)+

M∗−1(a22).

Proof. (i) For the case (i = 1, j = 2), suppose that M(c) = M(a11) +
M(a12) + M(b 1

2

1

2

) + M(a22) for some c ∈ R. For arbitrary t11 ∈ R11, we

have

M∗−1(t11c + ct11) = M∗−1(t11a11 + a11t11) + M∗−1(t11a12 + a12t11)

+ M∗−1(t11b 1

2

1

2

+ a 1

2

1

2

t11) + M∗−1(t11a22 + a22t11)

= M∗−1(t11a11 + a11t11 + t11a12 + 2t11a 1

2

1

2

),

by Lemma 21. Hence, t11c+ct11 = t11a11 +a11t11 +t11a12 +2t11a 1

2

1

2

which

implies t11c11 + c11t11 = t11a11 + a11t11, t11c12 = t11a12, t11c 1

2

1

2

= t11a 1

2

1

2

and c21t11 = 0. So c11 = a11, c12 = a12, c 1

2

1

2

= a 1

2

1

2

and c21 = 0. Now, for

arbitrary t22 ∈ R22, by Lemma 5 again, we have

M∗−1(t22c + ct22) = M∗−1(t22a11 + a11t22) + M∗−1(t22a12 + a12t22)

+ M∗−1(t22b 1

2

1

2

+ a 1

2

1

2

t22) + M∗−1(t22a22 + a22t22)

= M∗−1(a12t22 + 2t22a 1

2

1

2

+ t22a22 + a22t22),

by Lemma 22. Hence, t22c + ct22 = a12t22 + 2t22a 1

2

1

2

+ t22a22 + a22t22

which implies t22c22 + c22t22 = t22a22 + a22t22. So c22 = a22, by (v) (resp.,
(iv′)), of Theorem.

Similarly, we prove the case (i = 2, j = 1).
(ii) By Lemma 4, we can infer that (ii) holds.

Lemma 24. Let aij ∈ Rij (i, j = 1, 2; i 6= j), t22 ∈ R22 and a 1

2

1

2

∈ R 1

2

1

2

.

Then

(i) M(a12t22+2a 1

2

1

2

t22+t22a21) = M(a12t22)+M(2a 1

2

1

2

t22)+M(t22a21);

(ii) M∗−1(a12t22 + 2a 1

2

1

2

t22 + t22a21) = M∗−1(a12t22) + M∗−1(2a 1

2

1

2

t22)

+ M∗−1(t22a21).
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Proof. First at all, let us note that

(e1+a12+a21)(e1+a 1

2

1

2

)+(e1+a 1

2

1

2

)(e1+a12+a21) = 2e1+a12+a 1

2

1

2

+a21.

Hence,

M∗−1
(

2e1 + a12 + a 1

2

1

2

+ a21)

= M∗−1
(

(e1 + a12 + a21)(e1 + a 1

2

1

2

) + (e1 + a 1

2

1

2

)(e1 + a12 + a21)
)

= M∗−1
(

(e1 + a12 + a21)M−1M(e1 + a 1

2

1

2

)

+ M−1M(e1 + a 1

2

1

2

)(e1 + a12 + a21)
)

= M∗−1(e1 + a12 + a21)M(e1 + a 1

2

1

2

)

+ M(e1 + a 1

2

1

2

)M∗−1(e1 + a12 + a21)

=
(

M∗−1(e1) + M∗−1(a12) + M∗−1(a21)
)(

M(e1) + (M(a 1

2

1

2

)
)

+
(

M(e1) + M(a 1

2

1

2

)
)(

M∗−1(e1) + M∗−1(a12) + M∗−1(a21)
)

=
(

M∗−1(e1)M(e1) + M(e1)M∗−1(e1)
)

+
(

M∗−1(e1)M(a 1

2

1

2

) + M(a 1

2

1

2

)M∗−1(e1)
)

+
(

M∗−1(a12)M(e1) + M(e1)M∗−1(a12)
)

+
(

M∗−1(a12)M(a 1

2

1

2

) + M(a 1

2

1

2

)M∗−1(a12)
)

+
(

M∗−1(a21)M(e1) + M(e1)M∗−1(a21)
)

+
(

M∗−1(a21)M(a 1

2

1

2

+ M(a 1

2

1

2

)M∗−1(a21)
)

= M∗−1
(

e1M−1M(e1) + M−1M(e1)e1

)

+ M∗−1
(

e1M−1M(a 1

2

1

2

) + M−1M(a 1

2

1

2

)e1

)

+ M∗−1
(

a12M−1M(e1) + M−1M(e1)a12

)

+ M∗−1
(

a12M−1M(a 1

2

1

2

) + M−1M(a 1

2

1

2

)a12

)

+ M∗−1
(

a21M−1M(e1) + M−1M(e1)a21

)

+ M∗−1
(

a21M−1M(a 1

2

1

2

) + M−1M(a 1

2

1

2

)a21

)

= M∗−1(e1e1 + e1e1) + M∗−1(e1a 1

2

1

2

+ a 1

2

1

2

e1)

+ M∗−1(a12e1 + e1a12) + M∗−1(a12a 1

2

1

2

+ a 1

2

1

2

a12)

+ M∗−1(a21e1 + e1a21) + M∗−1(a21a 1

2

1

2

+ a 1

2

1

2

a21)

= M∗−1(2e1) + M∗−1(a 1

2

1

2

) + M∗−1(a12) + M∗−1(a21).



224 Additivity of Jordan elementary maps

This implies that

M∗−1
(

2e1 + a12 + a 1

2

1

2

+ a21)

= M∗−1(2e1) + M∗−1(a 1

2

1

2

) + M∗−1(a12) + M∗−1(a21).

Thus, for an arbitrary element t22 ∈ R22, we have

M(a12t22 + 2a 1

2

1

2

t22 + t22a21) = M(a12t22) + M(2a 1

2

1

2

t22) + M(t22a21),

by Corollary 1.
(ii) By Corollary 2 and using the same identity in the precedent case,

we prove that (ii) holds.

Lemma 25. Let aij ∈ Rij (i, j = 1, 2; i 6= j) and a 1

2

1

2

∈ R 1

2

1

2

. Then

(i) M(aii + aij + a 1

2

1

2

+ aji) = M(aii) + M(aij) + M(a 1

2

1

2

) + M(aji);

(ii) M∗−1(aii +aij +a 1

2

1

2

+aji) = M∗−1(aii)+M∗−1(aij)+M∗−1(a 1

2

1

2

)+

M∗−1(aji).

Proof. (i) For the case (i = 1, j = 2), suppose that M(c) = M(a11) +
M(a12) + M(a 1

2

1

2

) + M(a21) for some c ∈ R. For arbitrary t22 ∈ R12, by

Lemma 5, we have

M∗−1(t22c + ct22) = M∗−1(t22a11 + a11t22) + M∗−1(t22a12 + a12t22)

+ M∗−1(t22a 1

2

1

2

+ a 1

2

1

2

t22) + M∗−1(t22a21 + a21t22)

implying

M∗−1(t22c + ct22) = M∗−1(a12t22 + 2a 1

2

1

2

t22 + t22a21),

by Lemma 24. Hence, t22c + ct22 = a12t22 + 2a 1

2

1

2

t22 + t22a21. It follows

that c12t22 = a12t22, c 1

2

1

2

t22 = a 1

2

1

2

t22, t22c21 = t22a21 and t22c22+c22t22 =

t22a22 + a22t22. Thus, c12 = a12, c 1

2

1

2

= a 1

2

1

2

, c21 = a21 and c22 = a22, by

(i) (resp., (i′)), in Lemma 2, and (iv) and (v) (resp., (iii′) and (iv′)), in
Theorem.

Now, if R satisfies the conditions (i)–(vi), of Theorem, then for arbi-
trary t12 ∈ R12, by Lemmas 5 and 10, we have

M∗−1(t12c + ct12) = M∗−1(a11t12) + M∗−1(t12a21 + a21t12)

= M∗−1(a11t12 + t12a21 + a21t12)
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which implies c11t12 = a11t12. Thus, c11 = a11, by (i), in Lemma 2.
If R satisfies the conditions (i′)–(iv′), of Theorem, then for arbitrary

t 1

2

1

2

∈ R 1

2

1

2

, we have

M∗−1(t 1

2

1

2

c + ct 1

2

1

2

) = M∗−1(2a11t 1

2

1

2

) + M∗−1(2a 1

2

1

2

t 1

2

1

2

)

which implies M∗−1(2c11t 1

2

1

2

+ 2c 1

2

1

2

t 1

2

1

2

) = M(2a11t 1

2

1

2

+ 2a 1

2

1

2

t 1

2

1

2

), by

Lemma 20. Hence, c11t 1

2

1

2

+ c 1

2

1

2

t 1

2

1

2

= a11t 1

2

1

2

+ a 1

2

1

2

t 1

2

1

2

, which implies

c11t 1

2

1

2

= a11t 1

2

1

2

. So c11 = a11, by (ii′), in Theorem.

In both cases we conclude that c11 = a11. Similarly, we prove the case
(i = 2, j = 1).

(ii) By Lemma 4, we can infer that (ii) holds.

Lemma 26. Let aij ∈ Rij (i, j = 1, 2; i 6= j) and a 1

2

1

2

∈ R 1

2

1

2

then

(i) M(a11 + a12 + a 1

2

1

2

+ a21 + a22) = M(a11) + M(a12) + M(a 1

2

1

2

) +

M(a21) + M(a22);

(ii) M∗−1(a11 + a12 + a 1

2

1

2

+ a21 + a22) = M∗−1(a11) + M∗−1(a12) +

M∗−1(a 1

2

1

2

) + M∗−1(a21) + M∗−1(a22).

Proof. (i) Suppose that M(c) = M(a11) + M(a12) + M(a 1

2

1

2

) + M(a21) +

M(a22). Then M∗−1(e1c+ce1) = M∗−1(2a11)+M∗−1(a12)+M∗−1(a 1

2

1

2

)+

M∗−1(a21) = M∗−1(2a11 + a12 + a 1

2

1

2

+ a21), by Lemmas 5 and 25. Hence,

2c11 + c12 + c 1

2

1

2

+ c21 = 2a11 + a12 + a 1

2

1

2

+ a21 which implies c11 = a11,

c12 = a12, c 1

2

1

2

= a 1

2

1

2

and c21 = a21. Now, for arbitrary t22 ∈ R22, we

have

M∗−1(t22c + ct22) = M∗−1(t22a11 + a11t22) + M∗−1(t22a12 + a12t22)

+ M∗−1(t22a 1

2

1

2

+ a 1

2

1

2

t22) + M∗−1(t22a21 + a21t22)

+ M∗−1(t22a22 + a22t22)

= M∗−1(a12t22) + M∗−1(2t22a 1

2

1

2

)

+ M∗−1(t22a21) + M∗−1(t22a22 + a22t22)

= M∗−1(a12t22 + 2t22a 1

2

1

2

+ t22a21 + t22a22 + a22t22),

again by Lemmas 5 and 25 again, which implies t22c22 + c22t22 = t22a22 +
a22t22. By (v) (resp., (iv′)), in the Theorem, we obtain c22 = a22.

(ii) By Lemma 4, we can infer that (ii) holds.
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Lemma 27. (i) M(a12 + b12c22) = M(a12) + M(b12c22);

(ii) M∗−1(a12 + b12c22) = M∗−1(a12) + M∗−1(b12c22);

(iii) M(a21 + b22c21) = M(a21) + M(b22c21);

(iv) M∗−1(a21 + b22c21) = M∗−1(a21) + M∗−1(b22c21).

Proof. First of all, let us note that

a12 + b12c22 = (e1 + b12)(a12 + c22) + (a12 + c22)(e1 + b12).

Hence, M(a12 + b12c22) = M((e1 + b12)(a12 + c22) + (a12 + c22)(e1 +
b12)) = M((e1 + b12)M∗M∗−1(a12 + c22) + M∗M∗−1(a12 + c22)(e1 +
b12)) = M(e1 + b12)M∗−1(a12 + c22) + M∗−1(a12 + c22)M(e1 + b12) =
M(e1 +b12)M∗−1(a12)+M(e1 +b12)M∗−1(c22)+M∗−1(a12)M(e1 +b12)+
M∗−1(c22)M(e1+b12) = M((e1+b12)a12+a12(e1+b12))+M((e1+b12)c22+
c22(e1+b12)) = M(a12)+M(b12c22). Similarly, we prove M(a21+b22c21) =
M(a21) + M(b22c21), from the identity

a21 + b22c21 = (e1 + c21)(a21 + b22) + (a21 + b22)(e1 + c21).

The identities (ii) and (iv) follow from (i) and (iii), respectively, by
Lemma 4.

Lemma 28. The following are true.

(i) M(a12 + b12) = M(a12) + M(b12);

(ii) M∗−1(a12 + b12) = M∗−1(a12) + M∗−1(b12).

Proof. (i) Let us suppose that c ∈ R satisfies M(c) = M(a12) + M(b12).
For any t22 ∈ R22, we have M∗−1(t22c + ct22) = M∗−1(t22a12 + a12t22) +
M∗−1(t22b12 + b12t22) = M∗−1(a12t22) + M∗−1(b12t22) = M∗−1(a12t22 +
b12t22), by (ii) in Lemma 27. Therefore we have t22c + ct22 = a12t22 +
b12t22 ∈ R12. It follows that c 1

2

1

2

= 0, c21 = 0 and c22 = 0, by (iv) (resp.,

(iii′)), in Lemma 2. It follows yet, from identity above, that c12t22 =
a12t22 +b12t22 which implies c12 = a12 +b12, by (i) (resp., (i′)) in Lemma 2.

Now, if R satisfies the conditions (i)–(v), of Theorem, then for arbi-
trary t12 ∈ R12, we have M∗−1(t12c + ct12) = M∗−1(t12a12 + a12t12) +
M∗−1(t12b12 + b12t12) = 0, by Lemma 5. Hence, t12c + ct12 = 0 implying
c11t12 = 0. So c11 = 0, by (i) in Lemma 2.

If R satisfies the conditions (i′)–(iv′), of Theorem, then for arbitrary
t 1

2

1

2

∈ R 1

2

1

2

, we have M∗−1(t 1

2

1

2

c + ct 1

2

1

2

) = 0. Hence, t 1

2

1

2

c + ct 1

2

1

2

) = 0

which implies c11t 1

2

1

2

= 0. So c11 = 0, by (ii′), of the Theorem.



B. L. M. Ferreira, H. Guzzo Jr., J. C. M. Ferreira 227

In both cases we conclude that c11 = 0, and therefore c = a12 + b12.
(ii) By Lemma 4, we can infer that (ii) holds.

Similarly, we can get the following result.

Lemma 29. The following hold:

(i) M(a21 + b21) = M(a21) + M(b21);

(ii) M∗−1(a21 + b21) = M∗−1(a21) + M∗−1(b21).

Lemma 30. For arbitrary a 1

2

1

2

, b 1

2

1

2

∈ R 1

2

1

2

and tii ∈ Rii (i = 1, 2), the

following hold:

(i) M
(

2a 1

2

1

2

tjj + 22(tiib 1

2

1

2

)tjj

)

= M(2a 1

2

1

2

tjj) + M
(

22(tiib 1

2

1

2

)tjj

)

;

(ii) M∗−1
(

2a 1

2

1

2

tjj +22(tiib 1

2

1

2

)tjj

)

=M∗−1(2a 1

2

1

2

tjj)+M∗−1
(

22(tiib 1

2

1

2

)tjj

)

.

Proof. (i) For the case (i = 1). First of all, note that a 1

2

1

2

+2t11 +2t11b 1

2

1

2

+

2a 1

2

1

2

b 1

2

1

2

= (e1 + b 1

2

1

2

)(a 1

2

1

2

+ t11) + (a 1

2

1

2

+ t11)(e1 + b 1

2

1

2

). Hence,

M(a 1

2

1

2

+ 2t11b 1

2

1

2

+ 2t11 + 2a 1

2

1

2

b 1

2

1

2

)

= M
(

(e1 + b 1

2

1

2

)(a 1

2

1

2

+ t11) + (a 1

2

1

2

+ t11)(e1 + b 1

2

1

2

)
)

= M
(

(e1 + b 1

2

1

2

)M∗M∗−1(a 1

2

1

2

+ t11)

+ M∗M∗−1(a 1

2

1

2

+ t11)(e1 + b 1

2

1

2

)
)

= M(e1 + b 1

2

1

2

)M∗−1(a 1

2

1

2

+ t11) + M∗−1(a 1

2

1

2

+ t11)M(e1 + b 1

2

1

2

)

= M(e1 + b 1

2

1

2

)M∗−1(a 1

2

1

2

) + M(e1 + b 1

2

1

2

)M∗−1(t11)

+ M∗−1(a 1

2

1

2

)M(e1 + b 1

2

1

2

) + M∗−1(t11)M(e1 + b 1

2

1

2

)

= M
(

(e1 + b 1

2

1

2

)a 1

2

1

2

+ a 1

2

1

2

(e1 + b 1

2

1

2

)
)

+ M
(

(e1 + b 1

2

1

2

)t11 + t11(e1 + b 1

2

1

2

)
)

= M(a 1

2

1

2

+ 2a 1

2

1

2

b 1

2

1

2

) + M(2t11 + 2t11b 1

2

1

2

)

= M(a 1

2

1

2

) + M(2a 1

2

1

2

b 1

2

1

2

) + M(2t11) + M(2t11b 1

2

1

2

).

It follows that

M∗−1
(

a 1

2

1

2

+ 2t11b 1

2

1

2

+ 22t11 + 22(a 1

2

1

2

b 1

2

1

2

)11

)

= M∗−1(a 1

2

1

2

) + M∗−1(2t11b 1

2

1

2

) + M∗−1(22t11)

+ M∗−1
(

22(a 1

2

1

2

b 1

2

1

2

)11

)

.
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So

M
(

2a 1

2

1

2

t22 + 22(t11b 1

2

1

2

)t22

)

= M(2a 1

2

1

2

t22) + M
(

22(t11b 1

2

1

2

)t22

)

.

Similarly, we prove the case (i = 2), from the identity

a 1

2

1

2

+2t22b 1

2

1

2

+2a 1

2

1

2

b 1

2

1

2

= (e1 + b 1

2

1

2

)(a 1

2

1

2

+ t22)+(a 1

2

1

2

+ t22)(e1 + b 1

2

1

2

).

(ii) By Lemma 4, we can infer that (ii) holds.

Lemma 31. For arbitrary a 1

2

1

2

, b 1

2

1

2

∈ R 1

2

1

2

and tii ∈ Rii (i = 1, 2), the

following hold:

(i) M(2tiia 1

2

1

2

+ 2tiib 1

2

1

2

) = M(2tiia 1

2

1

2

) + M(2tiib 1

2

1

2

);

(ii) M∗−1(2tiia 1

2

1

2

+ 2tiib 1

2

1

2

) = M∗−1(2tiia 1

2

1

2

) + M∗−1(2tiib 1

2

1

2

).

Proof. (i) For the case i = 1. Let c be an element of R, satisfying M(c) =
M(2t11a 1

2

1

2

) + M(2t11b 1

2

1

2

). For any t22 ∈ R22, we have

M∗−1(t22c + ct22) = M∗−1
(

22(t11a 1

2

1

2

)t22 + 22(t11b 1

2

1

2

)t22

)

,

by Lemmas 5 and 30. Therefore, t22c+ct22 = 22(t11a 1

2

1

2

)t22+22(t11b 1

2

1

2

)t22.

It follows that c12t22 = 0, c 1

2

1

2

t22 = (2t11a 1

2

1

2

+ 2t11b 1

2

1

2

)t22, t22c21 = 0

and t22c22 + c22t22 = 0, which implies c12 = 0, c 1

2

1

2

= 2t11a 1

2

1

2

+ 2t11b 1

2

1

2

,

c21 = 0 and c22 = 0, by (i) and (iv) (resp., (i′) and (iii′)), in Lemma 2,
and (v) (resp., (iv′)) in Theorem. This implies that M(c11 + c 1

2

1

2

) =

M(2t11a 1

2

1

2

) + M(2t11b 1

2

1

2

).

Now, if R satisfies the conditions (i)–(v), of Theorem, then for arbitrary
t12 ∈ R12, we have c11t12 = 0, Lemma 5. So c11 = 0, by (i) in Lemma 2.

If R satisfies the conditions (i′)–(iv′), of Theorem, then for arbitrary
t 1

2

1

2

∈ R 1

2

1

2

,

M∗−1(2c11t 1

2

1

2

+ 2c 1

2

1

2

t 1

2

1

2

)

= M∗−1
(

22(t11a 1

2

1

2

)t 1

2

1

2

)

+ M∗−1
(

22(t11b 1

2

1

2

)t 1

2

1

2

)

,

by Lemma 5, which implies

M
(

2c11t 1

2

1

2

+ 22(c 1

2

1

2

t 1

2

1

2

)11

)

= M
(

23((t11a 1

2

1

2

)t 1

2

1

2

)11

)

+ M
(

23((t11b 1

2

1

2

)t 1

2

1

2

)11

)

,
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by Corollary 1. Hence, for arbitrary u22 ∈ R22, we obtain

M∗−1(22
(

c11t 1

2

1

2

)u22

)

= 0

and so (c11t 1

2

1

2

)u22 = 0. From the hypothesis (ii′) and (iii′), of Theorem,

we conclude that c11 = 0.
In both cases we conclude that c11 = 0. So c = 2t11a 1

2

1

2

+ 2t11b 1

2

1

2

.

Similarly, we prove the case i = 2.
(ii) By Lemma 4, we can infer that (ii) holds.

Lemma 32. For arbitrary a 1

2

1

2

and b 1

2

1

2

∈ R 1

2

1

2

, the following hold:

(i) M(a 1

2

1

2

+ b 1

2

1

2

) = M(a 1

2

1

2

) + M(b 1

2

1

2

);

(ii) M∗−1(a 1

2

1

2

+ b 1

2

1

2

) = M∗−1(a 1

2

1

2

) + M∗−1(b 1

2

1

2

).

Proof. (i) Let c be an element of R, satisfying M(c) = M(a 1

2

1

2

)+M(b 1

2

1

2

).

For any t22 ∈ R22, we have

M∗−1(t22c + ct22) = M∗−1(2t22a 1

2

1

2

+ 2t22b 1

2

1

2

),

by Lemmas 5 and 31. Therefore, we have t22c + ct22 = 2t22a 1

2

1

2

+ 2t22b 1

2

1

2

.

It follows that c12t22 = 0, t22c 1

2

1

2

= t22(a 1

2

1

2

+ b 1

2

1

2

), t22c21 = 0 and

t22c22 + c22t22 = 0, which implies c12 = 0, c 1

2

1

2

= a 1

2

1

2

+ b 1

2

1

2

, c21 = 0 and

c22 = 0, by (i) and (iv) (resp., (i′) and (iii′)), in Lemma 2, and (v) (resp.,
(iv′)) in Theorem.

Next, by Lemma 5 again, we have

M∗−1(2c11 + c 1

2

1

2

) = M∗−1(a 1

2

1

2

) + M∗−1(b 1

2

1

2

). (6)

If R satisfies the conditions (i)–(v), of Theorem, then for arbitrary
t12 ∈ R12, we have M(2c11t12) = 0, by (6) and Corollary 1, which implies
c11t12 = 0. So c11 = 0, by (i) in Lemma 2.

If R satisfies the conditions (i′)–(iv′), of Theorem, then for arbitrary
t 1

2

1

2

∈ R 1

2

1

2

, we have

M(22c11t 1

2

1

2

+ 2c 1

2

1

2

t 1

2

1

2

) = M(2a 1

2

1

2

t 1

2

1

2

) + M(2b 1

2

1

2

t 1

2

1

2

),

by (6) and Corollary 1, which implies that

M∗−1
(

22c11t 1

2

1

2

+ 22(c 1

2

1

2

t 1

2

1

2

)11

)

= M∗−1
(

22(a 1

2

1

2

t 1

2

1

2

)11

)

+ M∗−1
(

22(b 1

2

1

2

t 1

2

1

2

)11

)

,
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Lemma 5. Hence, for arbitrary u22 ∈ R22, by Corollary 1, we obtain

M(23(c11t 1

2

1

2

)u22) = 0

and so (c11t 1

2

1

2

)u22 = 0. From the hypothesis (ii′) and (iii′), of Theorem,

we conclude that c11 = 0.
In both cases we conclude that c11 = 0. So c = a 1

2

1

2

+ b 1

2

1

2

.

(ii) By Lemma 4, we can infer that (ii) holds.

Lemma 33. For arbitrary a11, b11 ∈ R11, we have:

(i) M(a11 + b11) = M(a11) + M(b11);

(ii) M∗−1(a11 + b11) = M∗−1(a11) + M∗−1(b11).

Proof. (i) Let c ∈ R be such that M(c) = M(a11) + M(b11). For any
t22 ∈ R22, we have M∗−1(t22c + ct22) = 0, by Lemma 5. This implies that
t22c + ct22 = 0. Thus, c12 = c 1

2

1

2

= c21 = c22 = 0, by (iv) (resp., (iii′)), in

Lemma 2.
Now, if R satisfies the conditions (i)–(vi), of Theorem, then for arbi-

trary t12 ∈ R12, we compute

M∗−1(t12c + ct12) = M∗−1(t12a11 + a11t12) + M∗−1(t12b11 + b11t12)

= M∗−1(a11t12) + M∗−1(b11t12)

= M∗−1(a11t12 + b11t12),

by Lemma 28. It follows that c11t12 = (a11 +b11)t12. Thus, c11 = a11 +b11,
by (i), in Lemma 2.

if R satisfies the conditions (i′)–(iv′), of Theorem, then for arbitrary
t 1

2

1

2

∈ R 1

2

1

2

, we have

M∗−1(t 1

2

1

2

c + ct 1

2

1

2

) = M∗−1(2a11t 1

2

1

2

) + M∗−1(2b11t 1

2

1

2

),

which implies

M∗−1(2t 1

2

1

2

c11) = M∗−1(2a11t 1

2

1

2

+ 2b11t 1

2

1

2

),

by Lemma 32. It follows that
(

c11 − (a11 + b11)
)

t 1

2

1

2

= 0, which implies

c11 = a11 + b11, by (ii′), in Theorem.
In both cases we conclude that c11 = a11 + b11.
(ii) By Lemma 4, we can infer that (ii) holds.
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Lemma 34. For arbitrary a22, b22 ∈ R22, we have:

(i) M(a22 + b22) = M(a22) + M(b22);

(ii) M∗−1(a22 + b22) = M∗−1(a22) + M∗−1(b22).

Proof. The proof is similar to Lemma 33.

Proof of main Theorem

Let a and b be two arbitrary elements of R. Then

M(a+b) = M((a11+b11)+(a12+b12)+(a 1

2

1

2

+b 1

2

1

2

)+(a21+b21)+(a22+b22))

= M(a11 + b11) + M(a12 + b12) + M(a 1

2

1

2

+ b 1

2

1

2

)

+ M(a21 + b21) + M(a22 + b22)

= M(a11) + M(b11) + M(a12) + M(b12) + M(a 1

2

1

2

)

+ M(b 1

2

1

2

) + M(a21) + M(b21) + M(a22) + M(b22)

= M(a11+a12+a 1

2

1

2

+a21 + a22) + M(b11+b12+b 1

2

1

2

+b21+b22)

= M(a) + M(b).

That is, M is additive. Now, for any x, y ∈ R
′

, there are elements c, d

in R such that c = M∗(x) + M∗(y) and d = M∗(x + y). For arbitrary
tjj ∈ Rjj (j = 1, 2), using the additivity of M , we compute

M(tjjc + ctjj) = M(tjj(M∗(x) + M∗(y)) + (M∗(x) + M∗(y))tjj)

= M(tjjM∗(x)) + M(tjjM∗(y))

+ M(M∗(x)tjj) + M(M∗(y)tjj)

= M(tjjM∗(x) + M∗(x)tjj) + M(tjjM∗(y) + M∗(y)tjj)

= M(tjj)x + xM(tjj) + M(tjj)y + yM(tjj)

= M(tjj)(x + y) + (x + y)M(tjj)

= M(tjjM∗(x + y) + M∗(x + y)tjj)

= M(tjjd + dtjj).

Therefore, tjjc + ctjj = tjjd + dtjj (i, j = 1, 2). So c = d, by (iv) (resp.,
(iii′)), in Lemma 2. Consequently, M∗(x + y) = M∗(x) + M∗(y), which
completes the proof.
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The following two examples show that the conditions of the Theorem 1
are not artificial.

Example 1. Let F be a field of characteristic different from 2, J a
four dimensional algebra over F and a basis {e11, e12, e21, e22} with the
multiplication table given by: eijekl = δjkeil (i, j, k, l = 1, 2), where
δjk is the Kronecker delta. We can verify that J is a standard algebra.
In fact, J is an associative algebra where e11 and e22 are orthogonal
idempotents such that e = e11 + e22 is the unity element of J. Moreover,
if J = J11 ⊕ J12 ⊕ J21 ⊕ J22 is the Peirce decomposition of J, relative to
e11, then we have Jij = Feij (i, j = 1, 2). From a direct calculation, we
can verify that J satisfies the conditions (i)–(v) of the Theorem 1.

Example 2. Let K be the algebra obtained from the associative algebra J,
in Example 1, on replacing the product xy by x · y = 1

2
(xy + yx). We

can verify that K is a standard algebra. In fact, K is a Jordan algebra
where e11 and e22 are orthogonal idempotents such that e = e11 + e22

is the unity element of K. Moreover, if K = K1 ⊕ K 1

2

⊕ K2 is the Peirce

decomposition of K, relative to e11, then we have Kii = Feii (i = 1, 2)
and K 1

2

= Fe12 + Fe21. From a direct calculation, we can verify that the

algebra K satisfies the conditions (i′)–(iv′) of the Theorem 1.

We conclude with the following result.

Theorem 2. Let J and J
′

be two standard algebras. If J is a unital non-
degenerate prime standard algebra over a field of characteristic different
from 2 and 3 containing a non-trivial idempotent e1, then every surjective
Jordan elementary map (M, M∗) of J × J

′

is additive.

Proof. Let J = J1 ⊕ J 1

2

⊕ J2 be the Peirce decomposition of J, relative to

e1. If J is a prime standard algebra, then either J is an associative algebra
or a Jordan algebra, by [6, Theorem 1] and [7]. If J is associative, then
it is easy to verify that the conditions (i)–(v) of Theorem 1 hold in J. If
J is a Jordan algebra, then it is also easy to verify that the conditions
(i′), (iii′) and (iv′) of Theorem 1 hold in J. In addition, for an arbitrary
element a1 ∈ J1 such that a1t 1

2

= 0, for every t 1

2

∈ J 1

2

, and e2 = 1 − e1,

we have the Jordan triple product {a1Je2} = 0 which results in a1 = 0, by
[1, Theorem 2]. Similarly, we prove that for an arbitrary element a2 ∈ J2,
if a2t 1

2

= 0 for every t 1

2

∈ J 1

2

, then a2 = 0. Thus, the condition (ii′) also

holds in J. Consequently, we can conclude that every surjective Jordan
elementary map (M, M∗) of J × J

′

is additive.



B. L. M. Ferreira, H. Guzzo Jr., J. C. M. Ferreira 233

References

[1] K.I. Beidar, A.V. Mikhalev and A.M. Slin’ko, Criteria for primeness of non-

degenerate alternative and Jordan algebras, Tran. Moscow Math. Soc. (1988),
129-137.

[2] J. C. M. Ferreira and H. Guzzo Jr., Additivity of Jordan elementary maps on

alternative rings. II. (Submitted for publishing).

[3] J. C. M. Ferreira and H. Guzzo Jr., On the Generalized Standard Baric Algebras.
Algebras, Groups and Geometries. 27 (2010) 11-24.

[4] P. Ji, Additivity of Jordan maps on Jordan algebras, Linear Algebra Appl. 431

(2009), 179-188.

[5] W. Jing, Additivity of Jordan Elementary Maps on Rings, arXiv:0706.0488v2.

[6] R. L. San Soucie, Weakly standard rings. Amer. J. Math. 79 (1957), 80-86.

[7] R. D. Schafer, Standard algebras, Pacific J. Math. 29 (1969), 203-223.

Contact information

B. L. M. Ferreira Universidade Tecnológica Federal do Paraná, Co-
ordenação de Engenharia Mecânica, Rua Presi-
dente Zacarias de Góes, 875, 85015-430 - Paraná,
Brazil
E-Mail(s): brunoferreira@utfpr.edu.br

H. Guzzo Jr. Universidade de São Paulo, Instituto de
Matemática e Estatística, Rua do Matão, 1010,
05508-090 - São Paulo, Brazil
E-Mail(s): guzzo@ime.usp.br

J. C. M. Ferreira Universidade Federal do ABC, Centro de
Matemática, Computação e Cognição, Rua
Santa Adélia, 166, 09210-170 - Santo André,
Brazil
E-Mail(s): joao.cmferreira@ufabc.edu.br

Received by the editors: 07.03.2013
and in final form 01.11.2013.


