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ABSTRACT. In this paper we present a matrix-constructive
proof of an Stafford’s Theorem about stably free modules over
noncommutative rings. Matrix characterizations of noncommutative
Hermite and projective-free rings are exhibit. Quotients, products
and localizations of Hermite and some other classes of rings close
related to Hermite rings are also considered.

1. Introduction

Finitely generated projective modules, stably free modules, projective-
free rings, Bézout rings and Hermite rings have recently encountered
interesting applications in algebraic control theory and algebraic analysis.
For example, in [19], internal stabilization of coherent control systems
over a commutative domain S is characterized in terms of conditions on
S as being a Prifer domain or an Hermite commutative ring (see [19],
Theorems 2 and 4). In [20], the concept of internal stabilizability of stable
time-invariant linear system over S is equivalent to the fact that certain
S-modules are projective, whereas the existence of a doubly coprime
factorization corresponds to the freeness of the same modules. In noncom-
mutative algebraic analysis these homological objects have been applied
to describe functional linear system of differential equations (SLF) over
Ore algebras using matrix interpretations ([5], [6], [7], [18]).
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From a computational approach, it is very useful to study projective
modules, stably free modules, projective-free rings and Hermite rings
from a matrix-constructive point of view. This was done in [15] for the
commutative case, the present paper can be considered as a generalization
from commutative to noncommutative rings of some results presented
in [15], Chapter 6 (see also [14]). The first section, needed for the rest of
the paper, is about elementary facts of linear algebra over noncommutative
rings and stably free modules (see also [8] and [17]). The second section
is dedicated to give a matrix-constructive proof of a theorem due Stafford
about stably free modules. The proof has been adapted from [18] but we
can avoid the involution used in [18]. Matrix characterizations of Hermite
and projective-free rings are presented in Sections 3 and 4. A matrix proof
of a Kaplansky theorem about finitely generated projective modules over
local rings is also included. Some remarkable classes of rings closed related
to Hermite rings are considered in Section 5, in particular, we prove that
for rings without nontrivial idempotents projective-free rings coincide
with ZD rings (i.e., rings for which each idempotent matrix is similar to a
Smith normal diagonal matrix). Moreover, we will see that every ZD ring
S is Hermite when all idempotents of S are central. Products, quotients
and localizations of Hermite rings are studied in Section 6, we proved
that if S is a left Noetherian ring and P is a prime (completely prime)
left localizable ideal of S, then Sp is Hermite (projective-free).

1.1. Some topics from linear algebra

We start recalling some notations and well known elementary prop-
erties of linear algebra for left modules. All rings are noncommutative
and modules will be considered on the left; S will represent an arbitrary
noncommutative ring; S” is the left S-module of columns of size r x 1;

if §° ER S” is an S-homomorphism then there is a matrix associated to f
in the canonical bases of S™ and S*, denoted F' := m(f), and disposed by

columns, i.e., F' € M,»(S). In fact, if f is given by S* Iy g , e fi,

where {ej,...,es} is the canonical basis of S*, f can be represented
T
by a matrix, i.e., if f; := {flj fm} , then the matrix of f in the
canonical bases of S* and S is
fir o fis
F .= [f] fs} = : GMT‘XS(S)'

f;“l frs
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Observe that I'm(f) is the column module of F, i.e., the left S-module
generated by the columns of F', denoted by (F):

Im(f):<f(el)’7f(es)>:<f1avfs>:<F>

We recall also that

Syz({flv"'vfs}) = {a = [al aS}T € Ss‘alfl 4 +a5fs - 0}7
and
Syz({f1,... fs}) = ker(f). (1)
Moreover, observe that if a := (a1, ...,as)’ € S%, then
f(a) = (a"FT)T. (2)

Note that function m : Homg(S*,S") — M,xs(S) is bijective; moreover,
if 57 2 SP is a homomorphism, then the matrix of gf in the canonical
bases is m(gf) = (FTGT)T. Thus, f : S — S” is an isomorphism if
and only if FT € GL,(S). Finally, let C € M,(S); the columns of C
conform a basis of S” if and only if CT € GL,(S). With this notation, a
matrix characterization of f.g. projective modules can be formulated in
the following way.
Proposition 1. Let S be an arbitrary ring and M a S-module. Then,
M is a f.g. projective S-module if and only if there exists a square matrix
F over S such that FT is idempotent and M = (I).
Proof. =): If M = 0, then F' = 0; let M # 0, there exists s > 1 and a
M’ such that S* = M & M'; let f : S* — S° be the projection on M
and F the matrix of f in the canonical basis of S°. Then, f? = f and
(FTFYT = F, so FTFT = FT; note that M = Im(f) = (F).

<): Let f: 5% — S® be the homomorphism defined by F' (see (2));
from FTFT = FT we get that f2 = f, moreover, since M = (F), then
Im(f) = M and hence M is direct summand of 5%, i.e., M is f.g. projective
(observe that the complement M’ of M is ker(f) and f is the projection
on M). O
Remark 1. (i) When S is commutative, or when we consider right mo-
dules instead of left modules, (2) says that f(a) = Fa. Moreover, the
matrix of a compose homomorphism g¢f is given by m(gf) = m(g)m(f).
Note that f : 8™ — S is an isomorphism if and only if F € GL,(S);
moreover, C' € GL,(S) if and only if its columns conform a basis of S”. In
addition, Proposition 1 says that M is a f.g. projective S-module if and
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only if there exists a square matrix F' over S such that F' is idempotent
and M = (F).

(ii) When the matrices of homomorphisms of left modules are disposed
by rows instead of by columns, i.e., if S is the left free module of rows

vectors of length s and the matrix of the homomorphism S1** Iy g1xr g
defined by
fli 0 fu o fm
Fr=| D= L | € Moxn(S),
L/el ;r Jis 0 frs
then
flai,...,as) = (a1,...,as)F’, (3)
i.e., f(a) = a”FT. Thus, the values given by (3) and (2) agree since
F" = FT. Moreover, the composed homomorphism ¢f means that g acts
first and then acts f, and hence, the matrix of gf is given by m(gf) =
m(g)m(f). Note that f: S — S1X7 is an isomorphism if and only if
m(f) € GL,(S); moreover, C € GL,(S) if and only if its rows conform a
basis of S1*7. This left-row notation is also used in [8] and [18]. Observe
that with this notation, the proof of Proposition 1 says that M is a f.g.
projective S-module if and only if there exists a square matrix F' over S
such that F' is idempotent and M = (F'), but in this case (F') represents
the module generated by the rows of F'. Note that Proposition 1 could
has been formulated this way: In fact, the set of idempotents matrices of
M;(S) coincides with the set {FT|F € My(S), FT idempotent}.

Definition 1 ([12]). Let S be a ring.
(i) S satisfies the rank condition (RC) if for any integers r, s > 1, given
an epimorphism S” i) S%, then r > s.

(ii) S is an ZBN ring (Invariant Basis Number) if for any integers
r,s =1, 8" = 5% if and only if r = s.

Proposition 2. Let S be a ring.

(i) S is RC if and only if given any matriz F € Mgy.(S) the following
condition holds:

if ' has a right inverse then r > s.

(ii) S is RC if and only if given any matriz F € Mgy, (S) the following
condition holds:

if F' has a left inverse then s > r.
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Proof. (i) =): Let G be a right inverse of F', FG = I; let f : S" — S% and
g:S° — 8" such that m(f) = F and m(g) = G. Then, (F))T(GT)TT =
Ig; let fT: 8% — S" and g7 : S — S° such that m(f7) = FT and
m(g’) = G, then m(g? f') = m(iss) and hence g* fT =igs, i.e., g7 is
surjective. Since S is RC, then r > s.

<): Let S” ER S® be an epimorphism, there exists 5° 9, 8" such that
fg =igs; let F:=m(f) € Msx,(S) and G := m(g) € M,«s(S5), then
m(fg) = (GTFT)T = I, so GTFT = I, i.e., GT has right inverse, and
by hypothesis > s. This means that S is RC.

(ii) =): Let G € M,«s(S) a left inverse of F', then G has right inverse,
and by (i), s > 7.

<): Let S” 4, $% be an epimorphism; as in (i), GTFT = I, so

FT € M,(S) has a left inverse and by the hypothesis r > s. Thus, S
is RC. []

Proposition 3. RC = ZBN.

Proof. Let S” 15 85 be an isomorphism, then f is an epimorphism, and
hence r > s; considering f~! we get that s > r. [

Remark 2. Most of rings are RC, and hence, ZBN. For example, com-
mutative rings and left Noetherian rings are RC (see [17] and [9]). The
condition ZBN for rings is independent of the side we are considering the
modules (see [8]). The same is true for the RC property. From now on we
will assume that all rings considered in the present paper are RC.

1.2. Stably free modules

Definition 2. Let M be an S-module and ¢ > 0 an integer. M is stably
free of rank ¢ > 0 if there exist an integer s > 0 such that ST = 8% @ M.

The rank of M is denoted by rank(M). Note that any stably free
module M is finitely generated and projective. Moreover, as we will show

in the next proposition, rank(M) is well defined, i.e., rank(M) is unique
for M.

Proposition 4. Let t,t',s,s' > 0 integers such that STt = S ® M and
Ss'+t = G @ M. Then, t' = t.

Proof. We have S% @S5+t =~ S8 ¢S5 @ M and S5 S5+ =~ S5@ S M,
then since S is an ZBN ring, s’ + s+t =s+s +t, and hence t' =¢t. [J
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Corollary 1. M is stably free of rank t > 0 if and only if there exist
integers r,s = 0 such that S™ = S*® M, withr > s andt =r — s.

Proof. If M is stably free of rank ¢, then S*T* = §%@® M for some integers
s,t = 0, then taking r := s+t we get the result. Conversely, if there exist
integers r, s > 0 such that S™ = S*® M, with r > s, then S5 = SSp M,
i.e., M is stably free of rank r — s. O

Proposition 5. Let M be an S-module and let r,s > 0 integers such
that S" = S5 @® M. Then r > s.

Proof. The canonical projection S” — S§* is an epimorphism, but since
we are assuming that S is RC, then r > s. O

Corollary 2. M is stably free if and only if there exist integers r,s = 0
such that S" = S* & M.

Proof. This is a direct consequence of Corollary 1 and Proposition 5. [

Proposition 6. Let M be an S-module. Then, the following conditions
are equivalent

(i) M is stably free.

(i) M has a minimal presentation, i.e., M has a finite presentation

S® f—1> ST f—0> M — 0, where f1 has a left inverse.
Proof. See [17], Chapter 11. O

From this proposition we get a matrix characterization of stably free
modules (compare with [18], Lemma 16).

Corollary 3. Let M be an S-module. Then the following conditions are
equivalent:

(i) M is stably free.

(ii) M is projective and has a finite system of generators fi, ..., f, such
that Syz{fy,...,f.} is the module generated by the columns of a
matriz Fy of size r x s such that F{ has a right inverse.

Proof. (i) = (ii) By Proposition 6, M is projective and has a finite
presentation S* f—1> ST ﬁ) M — 0, where fi; has a left inverse. Let
fi = fo(e;), where {e;}1<i<, is the canonical basis of S". Then M =
(fi,.-.,fr) and Im(f1) = ker(fo) = Syz{f1,-..,f,}, but Im(f1) is the
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module generated by the columns of the matrix Fi defined by fi in the
canonical bases. Thus, let g; : S™ — S® be a left inverse of f;, then
g1f1 = igs and the matrix of g1 f1 in the canonical bases is I, = (F{ GT)7,
so I, = FLGT.

(i) = (i) Let fy,...,f, be a set of generators of M such that
Syz{fi,...,f,} is the module generated by the columns of a matrix
Fy of size r x s such that F{ has a right inverse. We have the exact

sequence 0 — ker(fy) = S” ELNy VN 0, where ¢ is the canonical injection
and fo is defined as above. We have ker(fo) = Syz{f;,....f,} = (F1),

and thus we get the finite presentation S*® g Jog pp 0, where f1(e;)
is the j*" column of Fy, 1 < j < s. By hypothesis F{ has a right inverse,
FIGT =1, 50 I, = (FFGT)T. Let g1 : S* — S° be the homomorphism
defined by G1 € My, (S) in the canonical bases, then g; fi = igs and f;
is injective, this implies that the sequence 0 — S* i) S” ELNG V) — 0 is
exact. By Proposition 6, M is stably free. [

2. Stafford’s theorem: a constructive proof

A well known result due Stafford says that any left ideal of the Weyl
algebras D := A, (K) or B,(K), where K is a filed with char(K) = 0,
is generated by two elements. Recall that the Weyl algebra is defined
by An(K) = Klt1,...,ty]|[x1;0/0t1] - - - [xn;0/0t,]) and B, (K) is the
extended Weyl algebra defined as K (t1,...,t,)[x1;0/0t1] - [xy;0/0t,]
(see [22] and [18]). From the Stafford’s Theorem follows that any stably
free left module M over D with rank(M) > 2 is free. In [18] is presented
a constructive proof of this result that we want to study for arbitrary RC
rings. Actually, we will consider the generalization given in [18] staying
that any stably free left S-module M with rank(M) > sr(S) is free, where
sr(S) denotes the stable rank of the ring S. Our proof have been adapted
from [18], however we do not need the involution of ring S used in [18]
because of our left notation for modules and column representation for
homomorphism. This could justify our special left-column notation.

Definition 3. Let I’ be a matrix over S of size r x s. Then,

(i) Let r > s. F' is unimodular if and only if F has a left inverse.

(ii) Let s > r. F' is unimodular if and only if F" has a right inverse.
In particular, the set of unimodular column matrices of size r x 1 is
denoted by Umc(r, S). Um,(s,S) is the set of unimodular row matrices
of size 1 x s.
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Note that a column matrix is unimodular if and only if the left ideal
generated by its entries coincides with S, and a row matrix is unimodular
if and only if the right ideal generated by its entries is S.

T
Definition 4. Let S be a ring and v := [01 ’UT} € Ume(r, S) an
unimodular column vector. v is called stable (reducible) if there exists
T
ai,...,ar—1 € S such that v/ := [Ul +a1v, ... Up_1 —i—a,«_lvr} is

unimodular. It says that the left stable rank of S is d > 1, denoted
sr(S) = d, if d is the least positive integer such that every unimodular
column vector of length d + 1 is stable. It says that sr(S) = oo if for every
d > 1 there exits a non stable unimodular column vector of length d + 1.

In a similar way is defined the right stable rank of S, however, both
ranks coincide ([2]). Two preliminary results are needed for the main
theorem of this section.

T
Proposition 7. Let S be a ring and v := [vl vr} an unimodu-

lar stable column vector over S, then there exists U € E,.(S) such that
Uv=e.

Proof. See [18], Proposition 38. O

Lemma 1. Let S be a ring and M a stably free S-module given by a

minimal presentation S* S gr oo v 0. Let g1 : 8" — 5% such that
g1f1 = igs. Then the following conditions are equivalent:

(i) M is free of dimension r — s.

(ii) There exists a matriz U € GL.(S) such that UGT = 1(.)8 , where

G1 is the matriz of g1 in the canonical bases. In such case, the last
r — s columns of UL conform a basis for M. Moreover, the first s
columns of UT conform the matriz Fy of f1 in the canonical bases.

(iii) There ewists a matriz V € GL.(S) such that G coincides with
the first s columns of V, i.e., GT can be completed to an invertible
matriz V' of GL.(S).

Proof. By the hypothesis, the exact sequence 0 — S* , S” ELNY /N 0
splits, so F{ admits a right inverse G, where Fy is the matrix of f; in
the canonical bases and (i1 is the matrix of g1 : 8" — 5%, with g1 f1 = igs,
ie., FlTG%F = [;. Moreover, there exists gy : M — S” such that fogo = ins.
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From this we get also the split sequence 0 — M 2, gr 2 §5 -5 0. Note
that M = ker(g1).

(i) = (ii): We have S™ = ker(g1) @ Im(f1); by the hypothesis ker(g; )
is free. If s = r then ker(g;) = 0 and hence f; is an isomorphism, so
fig1 = igs, i.e., GTFL = I,. Thus, we can take U := F{.
Let r > s;if {e1,..., es} is the canonical basis of S%, then {wu1,..., us} is
a basis of I'm(f1) with u; :== fi(e;), 1 <i <s;let {vy,...,v,} be a basis
of ker(g1) with p =r —s. Then, {v1,...,vp, u1,...,us} is a basis of S”.
We define S™ 2 §7 by h(e;) := u; for 1 < i <'s, and h(esyj) := v; for
1 < j < p. Clearly h is bijective; moreover, g1h(e;) = g1(u;) = g1 f1(e;) =
I
0
observe that the last p columns of U? conform a basis of ker(g;) = M
and the first s columns of UT conform F.

(i) = (i): Let Uy, the k-th row of U, then we have that UGT =

e; and g1h(esi;) = g1(vj) =0, ie., H'GT = . Let U := HT, so we

[U(1) . U(s) o U(T)]TGT —=

I .
O]’ SO U(i)Gr{ =el, 1<i<s, U(SJFJ»)G%’ =

— 5. This means that (U4 € ker(gr)

0,1 < j < pwith p:=
1<y < p) C ker(gy). On the other hand, let ¢ €

and hence ((U s+]))

0
0 and hence (¢'U1)T € ker(l), where | : S™ — S° is the homo-
morphism with matrix [Is 0}. Let d = [dy,...,d.]T € ker(l), then

ker(gy) € S”, then ¢'G{ = 0 and "U~'UGT] = 0, thus ¢ U* H —

[d1,...,d] [IS] = 0 and from this we conclude that dy = --- = ds = 0,

i.e., ker(l) = (€541, €542, - - -, €syp). From (cTU T € ker(l) we get that
(cTU Y =ay €1+ +ap-esip,s0 cTUL = (ay-esp1+ - +ap-esip)t,
ie., el =(ar- e+ -+ ap - es+p)TU and from this we get that ¢ €
((Uis4))"11 < j < p). This proves that ker(g1) = ((Ugss5) 7|1 < j < p);
but since U is invertible, then ker(g;) is free of dimension p. We have

proved also that the last p columns of U7 conform a basis for ker(g1) = M.

(ii) & (iil): UGT = [{;] if and only if GT = U~! [{;], but the first
s columns of U~} {)8 coincides with the first s columns of U~!; taking

V :=U~! we get the result. O
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Theorem 1. Let S be a ring. Then any stably free S-module M with
rank(M) > sr(S) is free with dimension equals to rank(M).

Proof. Since M is stably free it has a minimal presentation, and hence,
it is given by an exact sequence

0—>SS£>S’”f—°>M—>O;

moreover, note that rank(M) = r — s. Since this sequence splits, F
admits a right inverse G7, where F} is the matrix of f; in the canonical
bases and (G is the matrix of ¢g; : ™ — 5%, with g1 f1 = igs. The idea

of the proof is to find a matrix U € GL,(S) such that UGT = Is] and

0
then apply Lemma 1.

We have F'GT = I, and from this we get that the first column g of
G7T is unimodular, but since r > r — s > sr(9), then g, is stable, and by
Proposition 7, there exists Uy € E,.(S) such that Ujg; = e;. If s =1, we
finish since GT = g.

Let s > 2; we have

1 =*
UIGT = [O F2]7 I e M(rfl)x(sfl)(s)-

Note that U3 G7 has a left inverse (for instance F{'U; 1), and the form of
this left inverse is

1 *
L= |f) L2‘|7 Ly € M(S—l)X(T‘—l)(S)7

and hence LoFy = I,_1. The first column of F5 is unimodular and since
r—1>r—s > sr(S) we apply again Proposition 7 and we obtain a
matrix Uj € E,_1(S) such that

1
UéFQ = [0 Fgl, VRS M(T—Q)X(S—Q)(S)'

Let

1 0
U := [0 Ué‘| S ET(S),

then we have

U, U GT =

O O =
S~ %
xox
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By induction on s and multiplying on the left by elementary matrices we
get a matrix U € E,(5) such that

T __ Is
et - [t .

From this result we get automatically Stafford’s Theorem.

Corollary 4 (Stafford). Let D := A, (K) or B,(K), with char(K) = 0.
Then, any stably free left D-module M satisfying rank(M) > 2 is free.

Proof. The results follows from Theorem 1 since sr(D) = 2. O

3. Matrix descriptions of Hermite rings

Rings for which all stably free modules are free have occupied special
attention in homological algebra. In this section we will extend the matrix-
constructive interpretation of commutative Hermite rings given in [15] to
the more general case of noncommutative rings.

Definition 5. Let S be a ring.

(i) S is a projective-free (PF') ring if every f.g. projective S-module is
free.

(ii) S is a PSF ring if every f.g. projective S-module is stably free.

(iii) S is a Hermite ring, property denoted by H, if any stably free
S-module is free.

The right versions of the above rings (i.e., for right modules) are
defined in a similar way and denoted by PF,, PSF, and H,, respectively.
We say that S is a PF ring if S is PF and PF, simultaneously; similarly,
we define the properties PSF and H. However, we will prove below later
that these properties are left-right symmetric, i.e., they can be denoted
simply by PF, PSF and H. For domains we will write PFD, PSFD
and HD.

From Definition 5 and Theorem 6 we get that

HnN PSF = PF. (4)

The following theorem gives a matrix description of H rings (see [8] and
compare with [15] for the particular case of commutative rings. In [4]
is presented a different and independent proof of this theorem for right
modules).
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Theorem 2. Let S be a ring. Then, the following conditions are equi-
valent.

(i) Sis H.

(ii) For every r > 1, any unimodular row matriz w over S of size 1 X r
can be completed to an invertible matriz of GL,(S) adding r — 1
new rows.

(iii) For every r > 1, if w is an unimodular row matriz of size 1 X r,
then there exists a matriz U € GL,(S) such that wU = (1,0,...,0).

(iv) For every r > 1, given an unimodular matriz F of size s X r, r > s,
there exists U € GL,(S) such that

FU =L, | 0],

Proof. (i) =) (ii): Let u := [u; --- u,] and v := [v1 --- v,]T such that
uv =1, ie., ujvy + - -+ + u,v, = 1; we define

sT5 S

e; —r U;

where {ey,..., e } is the canonical basis of the left free module S” of
columns vectors. Observe that a(u’) = 1; we define the homomorphism
B :S — S by B(1) := u’, then af = is. From this we get that
S = Im(B) @ ker(a), B is injective, (ul) = Im(B) = S and Im(B) is
free with basis {u’}. This implies that S” = S @ ker(a), i.e., ker(a) is
stably free of rank r — 1, so by hypothesis, ker(«) is free of dimension
r—1;let {x1,..., @, 1} be a basis of ker(c), then {u”, @1,..., 2, 1} is
a basis of S”. This means that {uT Ty--- mr,l]T € GL.(S), i.e., u can
be completed to an invertible matrix of GL,(S) adding » — 1 rows.

(ii) =) (i): Let M be an stably free S-module, then there exist integers
r,s > 0 such that S™ = S° @ M. It is enough to prove that M is free for
the case when s = 1. In fact, S" =2 S*® M = S @ (S*~1 @ M) is free and
hence S*~! @ M is free; repeating this reasoning we conclude that S @ M
is free, so M is free.

Let » > 1 such that S" =2 S ® M, let 7 : S — S be the canoni-
cal projection with kernel isomorphic to M and let {ej,..., e.} be the
canonical basis of S”; there exists p : § — S” such that 7y = ig
and S" = ker(n) @ Im(u). Let u(1) := u” := [ug --- u,]T € S”, then
m(ul) =1=wuim(e)) + - +um(e), e, v:=[r(er) .- m(e,)|T is such
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that wv = 1, moreover, S” = ker(7) @ (u”). By hypothesis, there exists
U € GL,(S) such that U = u.

Let fT : 8" — S” be the homomorphism defined by U7, then
fT(e1) = u' and f7(e;) = wu; for i > 2, where uo,...,u, are the
others columns of U” (i.e., the transpose of the other rows of U). Since
U = (UT)T then f7 is an isomorphism. If we prove that f7(e;) € ker(r)
for each i > 2, then ker(m) is free, and consequently, M is free. In fact, let

f’ be the restriction of f7 to (es, ..., e.), ie., f': (es,..., e.) — ker(m).
Then f’ is bijective: of course f’ is injective; let w be any vector of S”, then
there exists ¢ € S” such that f1(z) = w, we write x := [z1 -+ x,]T =

r1ey + z, with 2 = x0ey + - - + z,e,. We have f7(x) = fT(z1e1 + 2) =
z1fT(e1) + f1(z) = z1u” + fT(2) = w. In particular, if w € ker(r), then
w— f1(z) € ker(m) N (u?) =0, so w = f7(2) and hence w = f'(2), i.e.,
f! is surjective.

In order to conclude the proof we will show that f7(e;) € ker(n) for
each i > 2. Since fT was defined by U7, the idea is to change U7 in a
such way that its first column was u” and for the others columns were
u; € ker(m), 2 <i < 7. Let m(w;) :=r; €5,i>2, and v} := u; — rju’l;
then adding to column 4 of U7 the first column multiplied by —r; we get
a new matrix U7 such that its first column is again u” and for the others
we have 7(u}) = n(u;) — rim(u’) =r; —r; =0, i.e., ul € ker(n).

(ii) < (iii): w can be completed to an invertible matrix of GL,(S) if
and only if there exists V' € GL,(S) such that (1,0,...,0)V = w if and
only if (1,0,...,0) = uV ! thus U := V1.

(iii) =) (iv): The proof will be done by induction on s. For s =1 the
result is trivial. We assume that (iv) is true for unimodular matrices with
[ < s—1rows. Let F' be an unimodular matrix of size s X r,r > s, then
there exists a matrix B such that F'B = I,. This implies that the first
row u of F' is unimodular; by (iii) there exists U’ € GL,(S) such that
ulU’ = (1,0,...,0) = el, and hence FU' = F",

F' = [?T,] ,

with F’ a matrix of size (s — 1) x r. Since F'B = I, then I, = F"(U'"'B),
i.e., " is an unimodular matrix; let F”” be the matrix obtained elimi-
nating the first column of F”, then F"" is unimodular of size (s—1) x (r—1),
0

*
with » — 1 > s — 1, since the right inverse of F” has the form L( ol
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By induction, there exists a matrix C € GL,_1(S) such that F"'C =
[Is_l ] O}. From this we get,

1 0 0
a a, .« .. a//r
o e : :li FQ,,],
_a; 11 a/s 12 a/sflr
and hence
1 ol [t o]t o 1 0 0
! _ —
ru [0 c| L F’”] l() C] - l* I, O]'

Multiplying the last matrix on the right by elementary matrices we get

(iv).
(iv) =) (iii): Taking s = 1 and F' = u in (iv) we get (iii). O

From the proof of the previous theorem we get the following result.

Corollary 5. Let S be a ring. Then, S is H if and only if any stably free
S-module M of type S = S & M is free.

Remark 3. (a) If we consider right modules and the right S-module
structure on the module S” of columns vectors, the conditions of the
previous theorem can be formulated in the following way:

()" Sis H,.
(ii)* For every r > 1, any unimodular column matrix v over S of size

r x 1 can be completed to an invertible matrix of GL,(S) adding
r — 1 new columns.

(iii)" For every r > 1, given an unimodular column matrix v over S of
size r x 1 there exists a matrix U € GL,(95) such that Uv = e;.

(iv)" For every r > 1, given an unimodular matrix F' of size r X s, r > s,
there exists U € GL,(S) such that

or-[t]

The proof is as in the commutative case, see [15]. Corollary 5 can be
formulated in this case as follows: S is H,. if and only if any stably free
right S-module M of type S” = S & M is free.
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(b) Considering again left modules and disposing the matrices of
homomorphisms by rows and composing homomorphisms from the left
to the right (see Remark 1), we can repeat the proof of Theorem 2 and
obtain the equivalence of conditions (i)-(iv). With this notation we do
not need to take transposes in the proof of Theorem 2.

(c) If S is a commutative ring, of course, left and right conditions
are equivalent, see [15]. This follows from the fact that (FG)T = GTFT
for any matrices F' € M,+s(S),G € Msx,(S). However, as we remarked
before, the Hermite condition is left-right symmetric for general rings
(Proposition 9). Another independent proof of this fact can be found in [4],
Theorem 11.4.4.

4. Matrix characterization of PF rings

In [8] are given some matrix characterizations of projective-free rings;
in this section we present another matrix interpretation of this important
class of rings. The main result presented here (Corollary 7) extends
Theorem 6.2.2 in [15]. This result has been proved independently also
in [4], Proposition 11.4.9.

Theorem 3. Let S be a Hermite ring and M a f.g. projective module
given by the column module of a matriz F € M(S), with FT idempotent.
Then, M is free with dim(M) = r if and only if there exists a matrix
U € M,(S) such that UT € GL4(S) and

()

T
-1 777 _ |0 0
T FU_[O L«]'

In such case, a basis of M is given by the last r rows of (UT)™1.

Proof. =): As in the proof of Proposition 1, let f : S* — S° be the
homomorphism defined by F' and S* = M & M’ with Im(f) = M and
M’ = ker(f); by the hypothesis M es free with dimension 7, so r < s (recall
that S is RC). Let h : M — S an isomorphism and {z1,...,2,} C M
such that h(z;) = €;, 1 <7 < r, then {z1,..., 2.} is a basis of M. Since S
is an Hermite ring, M’ is free, let {wy, ..., ws_,} be a basis of M’ (recall
that S is ZBN). Then {w, ..., ws_,; 21,..., 2.} is a basis for S¥. With
this we define u in the following way:

u(w;) ==ej, for 1 <j<s—r,
w(z;) = es—pqi, for 1 <i < 7.
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Note that u is an isomorphism and we get that uf = tgu, where ¢t is given
by to(ej) :==01if 1 < j < s—r, and to(es—pqi) = €s—pyi if 1 <7 < 7 thus,
the matrix of ¢y in the canonical basis is
0 0
To= [o Ir]'
Thus, FTUT = UTTT; note that (UT)~! exists since u is an isomorphism,
hence (UT)LFTUT = T¥. From u(z;) := es_,1; we get that (2 UT)T =
€s_rii, 50 21 UT = esTfrH and hence z! = esTfrﬂ-(UT)_l, i.e., the basis
of M coincides with the last r rows of (U1)~1.
<): Let f, u be the homomorphisms defined by F' and U, then m(uf) =
m(tou), where tg is the homomorphism defined by T, this means that
uf = tou, but by the hypothesis U7 is invertible, so u is an isomorphism;
from this we conclude that Im(f) = Im(tg), i.e., M = Im(f) = Im(tg) =
(To) = S”. Note that this part of the proof does not use that S is an
Hermite ring. ]

From the previous theorem we get the following matrix description of
PF rings.

Corollary 6. Let S be a ring. S is PF if and only if for each s > 1,
given a matriz F € M(S), with FT idempotent, there exists a matric
U € My(S) such that UT € GL4(S) and

(6)

T
T-1p77,7 _ |0 0
w7) FU—[O H

where r = dim((F)), 0 <r < s.

Proof. =): Let F € M(S), with FT idempotent, and let M be the S-
module generated by the columns of F. By Proposition 1, M is a f.g.
projective module, and by the hypothesis, M is free. Since S is H, we
can apply Theorem 3. If r = dim(M), then r = dim((F’)).

<): Let M be a finitely generated projective S-module, so there exists

s > 1 such that S* = M @ M’; let S* I, $% be the canonical projection on
M, so FT is idempotent and, by the hypothesis, there exists U € M(S)
such that UT € GL4(S) and (6) holds. From the second part of the proof
of Theorem 3 we get that M is free. O

Remark 4. (i) If we consider right modules instead of left modules, then
the previous corollary can be reformulated in the following way: S is PF,
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if and only if for each s > 1, given an idempotent matrix F' € M(S),
there exists a matrix U € GL4(S) such that

UFU ! = [8 ﬂ , (7)

where r = dim((F)), 0 < r < s, and (F) represents the right S-module
generated by the columns of F'. The proof is as in the commutative case,
see [15].

(ii) Considering again left modules and disposing the matrices of
homomorphisms by rows and composing homomorphisms from the left
to the right (see Remark 1), we can repeat the proofs of Theorem 3 and
Corollary 6 and get the characterization (7) for the PF property; with this
row notation we do not need to take transposes in the proofs. However,
observe that in this case (F') represents the left S-module generated by
the rows of F'. Note that Corollary 6 could has been formulated this way:

In fact,
T
o o] fo o
0 | |0 I
and we can rewrite (6) as (7) changing F” by F (see Remark 1) and
(U~ by U.
(iii) If S is a commutative ring, of course PF = PF, = PF. However,

we will prove in Corollary 8 that the projective-free property is left-right
symmetric for general rings.

Corollary 7. S is PF if and only if for each s > 1, given an idempotent
matriz F' € M(S), there exists a matrix U € GLs(S) such that

UFU ! = [8 ? ] , (8)

where r = dim((F)), 0 < r < s, and (F) represents the left S-module
generated by the rows of F.

Proof. This is the content of the part (ii) in the previous remark. O

Corollary 8. Let S be a ring. S is PF if and only if S is PF,, i.e.,
PF = PF,. =PF.
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Proof. Let F' € My(S) be an idempotent matrix, if S is PF', then there
exists U € GLg(S) such that

4 Jooo
oro = [0 7],

where r is the dimension of the left S-module generated by the rows
of F. Observe that UFU ! is also idempotent, moreover, the matrices
X:=UF and Y := U ! satisfy UFU! = XY and F = Y X, then from
Proposition 0.3.1 in [8] we conclude that the left S-module generated
by the rows of UFU ™! coincides with the left S-module generated by
the rows of F, and also, the right S-module generated by the columns
of UFU~! coincides with the right S-module generated by the columns
of F. This implies that the left S-module generated by the rows of F'
coincides with the right S-module generated by the columns of F. Thus,
S is PF,. The symmetry of the problem completes the proof. O

Another interesting matrix characterization of PF rings is given in [8],
Proposition 0.4.7: a ring S is PF if and only if given an idempotent
matrix F' € M,(S) there exist matrices X € Msx,(S),Y € M,«s(S) such
that FF = XY and Y X = I,.. Note that from this characterization we get
again that PF' = PF,. = PF.

A similar matrix interpretation can be given for PSF rings using
Proposition 0.3.1 in [8] and Corollary 2.

Proposition 8. Let S be a ring. Then,

(i) S is PSF if and only if given an idempotent matriz F € M,(S)
there exist s > 0 and matrices X € M(y4g)x,(5),Y € Myy(r44)(5)
such that

F 0
lo IJXchdYXIT.

(il) PSF = PSF, =PSF.
Proof. Direct consequence of Proposition 0.3.1 in [8] and Corollary 2. [

For the H property we have a similar characterization that proves the
symmetry of this condition.

Proposition 9. Let S be a ring. Then,

(i) S is H if and only if given an idempotent matriz F' € M,(S) with
factorization
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[F 0 = XY and YX = I, for some matrices

0 1

X € Migy1)xr(8), Y € My (i) (5),

there exist matrices X' € M,y (;—1)(S),Y" € M, _1)x,(S) such that
F=XY andY'X" =1,_;.

(i) H=H, = H.

Proof. Direct consequence of Propositions 0.3.1 and 0.4.7 in [8], and
Corollary 5. O

We conclude this section given a matrix constructive proof of a well
known Kaplansky’s theorem.

Proposition 10. Any local ring S is PF.

Proof. Let M a projective left S-module. By Remark 1, part (ii), there
exists an idempotent matrix F' = [f;;] € M,(S) such that the module
generated by the rows of F' coincides with M. According to Corollary 7,
we need to show that there exists U € GL(S) such that the relation (8)
holds. The proof is by induction on s.

s = 1: In this case F' = [f;;] = [f]; since S is local, its idempotents
are trivial, then f =1 or f =0 and hence M is free.
s = 2: In view of fact that S is local, two possibilities arise:

fi1 is invertible. One can find G € GLo(S) such that GFG~! =

[(1) ?] , for some f € S. In fact, in this case note that

G = [_ f; = / ﬁllf 121 € GLy(S) with
a1 = 11 —f12
for —fafithe+1

Since F' is idempotent, f so is; applying the case s = 1 we get the result.
1 — fy1 is invertible. In the same way, we find H € GL2(S) such that
0

-1 _
HFH " = lo

0] , we take
[Y

T P ALV I '
= |j31 —fo1(1 — fll)_1f12 + ;| € GLy(S) with
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0 |T=fu = fu) e
= —Jf21 1 '

Note that g is an idempotent of S, then g = 0 or ¢ = 1 and the statement
follows.

Now suppose that the result holds for s — 1; considering both possibil-
ities for fi; we have:

If f1; is invertible, taking

1 fatfi faths o fatfis

_f21f1—11 1 0 0
G:= |-fufii 0 1 0
_fslfﬂl 0 0 s 1
we have that G € GL4(S) and its inverse is:
i —f12 —f13 —fis
for —foafifizet1l —fafa'fis — fa fiit fis
al—|fsn  —fafafie  —fafgfis+1l - — a1 i fis
fs1 —fafitfie —fafatfis o —fafntfs+1
1 01,5—1

Moreover, GFG™! = where Iy € Ms_1(S) is an idempo-

O0s-11 P

tent matrix. Only remains to apply the induction hypothesis.
If 1 — f11 is invertible, taking

1 —(1— f11) " 12 —(1—f11)" f1s —(1 = f11) " s

fa1 —fa1(1— f11) " tfiz 41 —f21(1 = f11) "' f13 —f21(1 = f11) 7 f1s
g | f31 —fa31(1 = f11) "' f12 —fs1(1— f11) "tz 1 e —f31(1 = f11) " f1s

fs1 —fe1(1 = f11) "' f12 —fe1(1 = f11) "' f1s e a1 = f11) T e 1

we have that H € GL,(S) with inverse given by:

1—fuu (A—=fi) e (= fui) " fiz - (1= fi1) " fas
—fo1 1 0 0
H—l — 7f31 0 1 0 ,
i 0 0 N 1
0 01,5—1

and also HFH™! = with Fy € M,_1(S) an idempotent

Os-11 o
matrix. One more time we apply the induction hypothesis.
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5.

Some important subclasses of Hermite rings

There are some other classes of rings close related to Hermite rings
(see [8], [11], [12] and [25]) that were studied in [15] for commutative rings,
now we will consider the general noncommutative situation. Some proofs
are easy adaptable from [15] and hence we omit them.

Definition 6. Let S be a ring.

(i)

S is an elementary divisor ring (£D) if for any r,s > 1, given a
rectangular matrix F' € M,y (S) there exist invertible matrices P €
GL,(S)and Q € GL4(S) such that PF( is a Smith normal diagonal
matrix, i.e., there exist dy,ds,...,d; € S, with [ = min{r, s}, such
that

PFQ = diag(dl,dQ, - ,dl), with Sd; 115 C Sd; Nd;S for 1 < i <1,

where SdS denotes the two-sided ideal generated by d.

S is an ZD ring if for any s > 1, given an idempotent matrix
F € M(S) there exists an invertible matrix P € GL4(S) such that
PFP~!is a Smith normal diagonal matrix.

S is a left K-Hermite ring (KH) if given a,b € S there exist U €
T T
GL2(S) and d € S such that U [a b] = [d 0} . S is a right

K-Hermite ring (K H,) if [a b} U= {d 0}. The ring S is KH if
Sis KH and KH,.

S is a left Bézout ring (B) if every f.g. left ideal of S is principal. S
is a right Bézout ring (B, ) if every f.g. right ideal of S is principal.
S is a Bring if S is B and B,.

S is a left cancellable ring (C) if for any f.g. projective left S-
modules P,P" holds: P® S = PP S & P = P'. S is right
cancellable (C,) if for any f.g. projective right S-modules P, P’
holds: P& S = P ¢S < P = P. S is cancellable (C) if S is (C)
and (Cy).

From Proposition 0.3.1 of [8] it is easy to give a matrix interpretation
of C rings, and also, we can deduce that C'= C, = C.

Proposition 11. Let S be a ring. Then,

(i)

S is C if and only if given idempotent matrices F € My(S), G €
M, (S) the following statement is true: The matrices
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F 0
[0 1] and

G 0
0 1

can be factorized as

Fol .. lc

(1) =Y'X', for some matrices
X' € Misy1yx(ri1) (), Y € Mipy1yx(s41)(S)
if and only if F = XY, G =YX, for some matrices X € M(S),
Y € M,(5).

(i) C=C, =C.
Proof. Direct consequence of Proposition 0.3.1 in [8]. O

For domains, the above classes of rings are denoted by EDD, IDD,
KHD, KHD,, KHD, BD, BD,, BD and CD, respectively.

Proposition 12. (i) D C KH C B.

(il) KHD = BD C PFD.

(iii) PF C ID

(iv)ID = PF for rings without nontrivial idempotents. In particular,
IDD =PFD.

(v) PFCCCH.

Similar relations are valid for KH,,KH, B, and B.

Proof. (i) It is clear that ED C KH. Let a,b € S, we want to proof that
any left ideal Sa + Sb is principal. There exist U € GLy(S) and d € S

T T
such that U [a b} = [d O} , this implies that Sd C Sa+ Sb, but since

[a b}T =U! [d O]T, then Sa + S C Sd. This proved that KH C B.

(ii) The equality K HD = BD was proved by Amitsur in [1], Theorem
1.4. The proof of the inclusion BD C PFD is as in the commutative case,
see [15], Example 6.1.2.

(iii) Using permutation matrices it is clear that PF C ZD (see Corol-
lary 7).

(iv) Let S be an ZD ring and let F' = [f;;] € M,(S) be an idempotent
matrix over S; by the hypothesis, there exists P € GL4(S) such that
PFP~!isdiagonal, let D := PFP~! = diag(dy,ds, . ..,ds); since PFP~!
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is idempotent, then each d; is idempotent, so d; = 0 or d; = 1 for each
1 <7 < s. By permutation matrices we can assume that

4 _fo o
PFP _[0 i

in addition, note that r is the dimension of the left S-module generated
by the rows of F'. Then, S is PF.

(v) Let P, P’ be f.g. S-modules such that P®S = P'®S; since S is PF
there exists n, n’ such that P 2 ™, P’ 2 $" and hence S"® S =~ S" & S,
son+1=n'+1ie, P=P.

Let now M be a stably free module, M ¢ S° =2 S", since r > s and S
is left cancellable, then M = S"~%, [

Remark 5. (a) Zg shows that PF # H and also that PSF # H (see [15],
Example 6.1.2). On the other hand, note that if K is a field, then K[z, y] is
PFD but is not BD. Thus, B # PJF, and consequently, B # H, KH # H,
ED # H. Z[/—5| shows that ZD # H, see [15], Example 6.6.1 and Remark
6.7.14.

(b) In [8] P.M. Cohn asks if there exist examples of H rings that are
not C rings, in other words, C # H is probably still an open problem.

(c) Tt is well known that B # B,, a classical example is given by
the skew polynomial ring T'[z; o], where T is a division ring a o is an
endomorphism of 7" that is not automorphism. Every left ideal of this
ring is principal, hence, it is a left Bézout ring; but if a ¢ o(7T'), then the
right ideal generated by x and axz is not principal. This example shows
also that KH # KH,.

(d) From proposition 12 we conclude that for domains the following
inclusions hold:

EDD C KHD = BD C PFD =IDD C CD C HD. (9)

Similar relations are valid for the right side.

(e) Many authors have considered additional relations between these
classes of rings in some particular cases, for example, for commutative rings
KH CHand ZD C H ([12], [16], [23]). In [25] and [26] are analyzed many
cases for which B coincides with K H, see also [10] and [21]. Kaplansky
has conjectured that for commutative domains, BD = EDD (see [11]).
This conjecture probably has not been solved yet.

Next we will see that ZD C H in rings for which all idempotents are
central.
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Proposition 13. Let S be a ring such that all idempotents are central.
Then the following conditions are equivalent:

(i) S is ID.
(ii) Any idempotent matriz over S is similar to a diagonal matriz.

(iii) Given an idempotent matriz F' € M, (S) there exists an unimodular
vector v = [v1,...,v.]T over S and an invertible matriz U € GL,(S)
such that Uv = ey and Fv = av, for some a € S.

Proof. The proof is an easy adaptation of the commutative case, see [15],
Proposition 6.3.2. 0J

Theorem 4. Let S be a ring such that all idempotents are central. Then,
ID CH.

Proof. We start with the following remark: If w is an unimodular row of
size 1 x r over S and P € GL,(S), then w is completable to an invertible
matrix if and only if wP is completable.

Let w = [u1 -+ u,] be an unimodular row matrix of size 1 x r, there
exists v = [v; -+ v.]7 such that ujvy + - -+ + u,v, = 1; we consider the
matrix F' = [f;;] € M.(S), with f;; := vju;, 1 < 4,5 < r. Note that
F? = F; by the hypothesis there exists P € GL,(S) such that PFP~!
is diagonal, let D := PFP~! = diag(dy,ds,...,d,); since PFP~! is
idempotent, then each d; is idempotent. Let w := wP~! and  := Pwv, then
wz = uP~'Pv =1 and zw = PvuP~! = PFP~! = D. By the above
remark, u is completable if and only if w is. Thus, we will show that w is
completable. From xw = D we obtain that x;w; = d; is idempotent for all
1 <i<randzw; =0 for i # j. But Y wiz; = 1, then w; = wjzw;
and z; = z;w;x;. Let f; := w;x; for 1 <4 < r, hence each f; is idempotent.
By the hypothesis d;, f; are central, then d; = d? = z; fiw; = f;d; and
fi= fi2 =d, f;, so that d; = f; and z;w; = w;x; for 1 < ¢ < r. Therefore,
O x) (X wi) = 1, hence ¢ := Y I_; w; is left invertible, d'c = 1.
Observe that c¢c’ is idempotent, so central, and by the hypothesis there
exists © € S* such that zeda™! = d, with d € S idempotent, from this
we get that ¢ = d and ¢ = dd, i.e., /(1 —d)=0,s0 (1—d)d =0 and
consequently 1 —d = 0, i.e, c¢ = 1. This means that c is invertible. Hence,
the matrix
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wy w2 w3 - Wy
-1 1 0 - 0
Vie=|-1 0 1 - 0]
-1 0 0 --- 1
is invertible, i.e., w is completable. ]

6. Products, quotients and localizations

Next we will study the properties introduced in Definition 6 with respect
to some algebraic standard constructions. Rad(S) represents the Jacobson
radical of the ring S and S* the group of units of S.

Proposition 14. Let S be a ring and I C Rad(S) an ideal of S. Let
{Si}iec be a family of rings. Then,
(i) S is H if and only if S/I is H.
(ii) TLiec Si is H if and only if each S; is H.
(iii) If [Licc Si is PF, then each S; is PF.
(iv) If S is ED, then S/I is ED for any proper ideal I of S.
(v) Tliec Si is ED if and only if each S; is ED.
)

(vi) If S is B, then S/I is B for any proper ideal I of S which is f.g.
as left ideal.

(vii) Tliec Si is B if and only if each S; is B.

(viil) Suppose that in S all idempotents are central and I is a nilideal. If
S/1 is ID, then S is ID.
(ix) [Liec Si is ID if and only if each S; is ID.
(x) If S is KH, then S/I is KH for any proper ideal I of S.
(xi) Tliec Si is KH if and only if each S; is KH.
(xii) [l;ce Si is C if and only if each S; is C.
(xiil) If [Tiec Si is PSF, then each S; is PSF.

Similar relations are valid for the right side.

Proof. Some proofs can be adapted from the commutative case (see [15])
or can be get directly from the definition. We include only the proof of
(viii) and (xii): First note that if S := S/I, then U := [u;;] € GL,(95)
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if and only if U = [u;;] € GL,(S). Moreover, let B := [[;c¢ S;, then
My(B) = [1;cc Ms(S;), where the isomorphism is defined by F s (F®)),
with F' = [fuo], fuv = ( (i)) @) = [fqﬁi,)] From this we obtain that
My(B)* = GLs(B) = [Licc GLs(5i) = [licc Ms(5:)". - B

(viii) Let F' € M4(S) be an idempotent matrix, then F' € M(S) is
idempotent and there exists P € G L4(S) such that

D=PF (P)!=diag(dy,...,d,), with Sd;;1 SC Sd;nd; S.
Note that D is idempotent, so each d; is idempotent, 1 < i < 7; let
d:=d;---d,, then d* = d. Since I is nilideal we can assume that d is
idempotent (see [13]), and hence, central; moreover since each d; is central,
d;|d;+1, and then d = d, (this can be easy prove by induction on 7). Note
that De, = de,, so Fv = dv, with ¥ := (P) '€, unimodular over S,
and hence, v is unimodular over S. Moreover, there exists V € GL,(95)
such that Vv = e;. In fact, we have v — P~ le, = u = [ug, ..., u,]’, with
u; € Rad(S), 1 <i <r. Then, v = P 'e, + u, and hence, Pv = e, + Pu
is a column matrix with the last component invertible, so multiplying
by elementary and permutation matrices we get V € GL,(S) such that
Vov=e.

We have Fv = dv + z, with z = [z1,..., 2],z € Rad(S), 1 <i < r.
From this we get that F?v = Fv = dFv+ Fz,s0 Fz = (1 —d)Fv =
(1 —d)(dv+ z) = (1 —d)z since (1 — d)d = 0. Then, F(v+ (2d — 1)z)
= Fv+(2d—1)Fz=dv+z+(2d—1)(1—d)z = dv+dz = d(v+(2d—1)z).
Thus, given the idempotent matrix F we have found a vector w :=
v+ (2d — 1)z and an element d € S such that F'w = dw, moreover w is
unimodular since v is unimodular and z; € Rad(S), 1 < i < r. In addition,
the first component of the vector Vw = e; + V(2d — 1)z is invertible,
so by elementary operations we found a matrix W € GL,(S) such that
Ww = e;. From Proposition 13 we get that S is an ZD ring.

(xii) =): We will apply Proposition 11. Let k € C and F*) = [f(k)] €
M,(Sy), G®) = [g UZ)] € M,(Sy) idempotent matrices, then F' € M, (B),
G € M,(B) are 1demp0tent where F' = [fu], G = [Guo), With fu, =
( ()) Juy = (gq(nz) and fuv =0= gq(uz for i # k. Since B is a C ring, the

enlarged matrices
F 0 and G 0
0 1 0 1

can be factorized as in Proposition 11 if and only if the matrices F, G can
be factorized. This implies that the matrices
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(k)
lFO (1)] and

can be factorized if and only if the matrices F*), G¥) can be factorized.
This proves that Sy is a C ring.

<): Let F' = [fuw] € Ms(B),G = [guv] E M( ) be idempotent
matrices, with fi,, = ( fé’;)), Juv = (guv) f guv € Si; since each ring
Sy is C, we can repeat the previous reasoning, but in the inverse order,
and conclude that B is a C ring. O

G® 0
0 1

Now we will consider the localizations of some classes of rings intro-
duced in Definition 6.

Proposition 15. Let S be a ring and T a multiplicative system of S
such that T~1S exits. If S is ED (KH, B), then T~'S is €D (KH, B).

Stmilar properties are valid for the right side.

Proof. Let S a ED ring and F € M,(T71S), then F = [f;;] with
fij =1 s”,wheretm €T ands; € S, for1 <i<r,1<j<s By
Proposition 2.1.16 in [17], there exist ¢ € 7" and [;; € S 5uch that f;; =
t=1;;, then tF = [l;;] € M,«s(S), hence tF admits a diagonal reduction,
i.e., there exist P € GL,(S) and Q € GLs(S) such that P(tF)Q =
diag(dy, ..., d;), withdy,...,d; € S, = min{r, s} and Sd; 115 C Sd;Nd;S.
Note that Pt,Q € GL,(T~1S). Thus, (Pt)FQ = P(tF)Q = D, moreover,
T='Sd; TS C T=1Sd; Nd;T~'S. This proves that T~1S is £D.

The proof for K H is completely analogous.

Suppose now that S is a B ring and let J be a f.g. left ideal of
T-1S, then J = {(q1,...,q,} where ¢; = ti_lsi with t; € T and s; € S
for 1 <i<r.LetteTanda; €8S such that ¢; = t~¢;, then tg; = a;.
Therefore, J' := T_lSaT1 + ot T_lS“T” C J; but J C J' : in fact,

let © = gy + -+ g € J, then @ = #; byt 1% o 4 47 1h, 712
since b;t~ ! € T-1S exist, b} € S and ; € T such that bit~™! = l 1b’,
1<i<r hence z =t} 1b’ G T S = (1) T -+

(Lot,)~1b,% € J. Thus, J = J’.

Now note that J' = T~ I, where I := Saj + --- + Sar: clearly
T-'I1C J:letyeJ, theny = bl a4t g: & = blal NN brsfr —
M for some ¢; € S and u € T. Hence y = u=!(cibrag + -~ +
by ar) € T7'I. But I is a f.g. left ideal of S, then I = (a} for some

a € S, and therefore J =T~ 15’“, i.e., J is principal. O
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We observe that if S is B (or KH) and T a multiplicative system of S
such that T-1S and ST ! exist, then T-1S is B (KH) since ST+ = T~1S.
On the other hand, if S is H (PF, PSF) not always T-1S has the
correspondent property (see [8]).

For the localization by primes ideals we need to recall a definition.
Let S be a left Noetherian ring and P a prime ideal of S. It says that P
is left localizable if the set

S(P) :={a € Sla € S/P is not a zero divisor}

is a multiplicative system of S and S(P)~1S exists; we will write Sp :=
S(P)~1S. Right localizable prime ideals are defined similarly (see [3]).

Theorem 5. Let S be a left Noetherian ring.

(i) If P is a left (right) localizable prime ideal, then Sp is H.

(ii) If P is a left (right) localizable completely prime ideal, then Sp is
PF, and hence, C and PSF.

Proof. (i) It is well known ([3]) that S, has a unique maximal ideal
PSp:={%|a€ P,s € S(P)}; moreover, Rad(Sp) = PSp and S,/ PS, =
Q:(S/P) is simple Artinian, where Q;(S/P) denotes the left quotient ring
of S/P. Therefore, Sp is a semilocal ring and hence Sp is H (from
Theorem 1 follows that any left Artinian ring S is H since sr(S) = 1, so
semilocal rings are H).

(ii) If P is completely prime, S/P is a domain, so that Q;(S/P) is a
division ring, and therefore, Sp is a local ring. From Proposition 10 we

get that Sp is PF CCNPSF. OJ
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