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ABSTRACT. The imbalance of the edge ¢ = wv in a graph G
is the value imb ¢(e) = |dg(u) — de(v)|. We prove that the sequence
Mg of all edge imbalances in G is graphic for several classes of
graphs including trees, graphs in which all non-leaf vertices form a
clique and the so-called complete extensions of paths, cycles and
complete graphs. Also, we formulate two interesting conjectures
related to graphicality of Mg.

Introduction

The notion of edge imbalance was introduced in 1997 by Albertson [2]
as a measure of irregularity of a graph. By definition irreqularity of G is
the following value:

IG)= > l|da(u) —da(v)|.

weE(G)

There is quite extensive literature on graphs irregularity (see [1-3,5-10]
and references therein), which primarily consists of finding upper and lower
bounds on I(G). However, it seems like no author studied the sequence of
edge imbalances in graphs as the main object. We hope that the present
paper will open up things in this direction.

We consider only simple, finite and undirected graphs. By V(G) and
E(G) we denote the vertex set and the edge set of a graph G respectively.
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Two vertices u,v € V(G) are adjacent if they are joined by an edge,
ie. if v € E(G). Two graphs G and Gy are isomorphic if there exists
adjacency preserving bijection ¢ : V(G1) — V(G3). We write G ~ G if
(1 and G9 are isomorphic.

The neighborhood of a vertex v € V(G) in a graph G is the set
Ng(u) ={v € V(G) : uv € E(G)}. The degree dg(u) of a vertex u in G
is the number of its neighbors, i.e. dg(u) = |[Ng(u)|. A graph G is called
reqular if every vertex from G has the same degree.

The vertex v € V(G) is called isolated if dg(u) = 0. Further, the
vertex u € V(G) is called a leaf if dg(u) = 1. The set of all leaves in G is
denoted by L(G).

The set of vertices U C V(G) is called clique if every two vertices
u,v € U are adjacent in G. A matching in a graph is a set of edges without
common vertices.

A graph is connected if each pair of vertices is joined by a path.
Otherwise graph is called disconnected. A maximal connected subgraph of
a given graph G is called its connected component. The vertex u € V(G) is
a cut-vertex if its deletion increases the number of connected components
in G. A tree is a connected acyclic graph.

As usual, by K, Ky ,-1, P, and C,, we denote the complete graph,
star, path and cycle with n vertices respectively. Note that by definition
Kl,O = Kl.

The complement of a graph G is a graph G with V(G) = V(G) and
w € E(Q) if uv ¢ E(G). The empty graph is a complement of complete
graph.

Now let G7 and GG be two graphs with disjoint vertex sets. The union
of Gy and G is the graph G = G1 U G2 with V(G) = V(G1) UV (G2)
and E(G) = E(G1) U E(G2). We write mH for the union U ;G; with
Gi~H,1<i<m.

Similarly, the join of G; and G is the graph G = G + G2 with
V(G) = V(G1)UV(Ge) and E(G) = E(G1)UE(G)U{uv : u € V(Gy),v €
V(G2)}.

The imbalance of the edge e = uv in a graph G is the value imb g(e) =
|dg(u) — dg(v)|. The multiset of all edge imbalances in G is denoted by
M¢. Note that irregularity I(G) = Y Mg is even for every graph G.

Now suppose we have a finite sequence M (or more correctly, a multiset)
of nonnegative integers. The sequence M is called graphic if it is the degree
sequence of some graph . Every such graph G is called a realization
of M. A well-known Erdos-Gallai theorem [4] states that the sequence
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M ={a; > --- > a,} is graphic if and only if the sum > M is even and

Zal\ (r—1)+ Z min{r, a;}.

i=r+1

forall1<r<n—1.
We assomate with every finite sequence of integers M = {a1,...,a,}
the function fy; : Z — Z in the following way:

fu(m)=H1<i<n:a; =m}|.

Also, by convention m[n] denotes the sequence ay,...,a, where a; =m
for all 1 < ¢ < n. Thus, for example {1[2],2[3]} = {1,1,2,2,2}. Note that
the sequence M = {m]n]} is graphic if and only if m < n — 1 and mn is
even.

1. Results

Firstly, we formulate some easy properties of graphs whose imbalance
sequences are graphic.

Proposition 1. Let G,G1,Gs be graphs. Then

1) if Mg, and Mg, are graphic, then so is Mg ua,;

2) if Mq is graphic, then Mg, 1 is also graphic;

3) if G is a graph with constant edge imbalance, then Mg is graphic;
Proof. 1) Just observe that Mg, ug, = Mg, U Mg,.

2) If H is a realization of Mg, then it is easy to see that H UG is a
realization of Mg, +q.

3) If imbg(e) = m < |E(G)| — 1 for all edges e € E(G), then since
I(G) = ZMG = m|E(G)| is always even, the sequence Mg is
graphic. O

Theorem 1. If T is a tree, then My is graphic.

Proof. Let T be a tree with n > 1 vertices. Firstly, suppose that |V (T") —

L(T)| =0. Then T ~ K5 and My = {0} is obviously graphic. Similarly,
if |\V(T)—L(T)| =1, then T~ K ,—1 and My = {n — 2[n — 1]} is also
graphic.
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Further the proof goes by induction on n. If n =1, then T~ K; and
Mp = @ is trivially graphic. Now let T" be a tree with n > 2 vertices. If
|V(T) — L(T)| < 1, then we are done. If |V(T) — L(T")| > 2, then there
exists a vertex v € V(T') that adjacent to dpr(v) — 1 leaves in 7. Thus
there exists a unique non-leaf vertex u € V(7T') adjacent to v.

Now consider a tree T" =T — (Np(v) N L(T)). It is easy to check that

My = (Mg = {dr(u) = 1}) U{|dr(u) — dr(v)|, dr(v) — dr(v) — 1]}

By induction hypothesis My is graphic. Let H be its realization. Fix a
vertex x € V(H) with dy(z) = imbp (uv) = dp(u) — 1. We consider two
cases.

Case 1: dr(u) > dr(v).

Add to H dp(v) — 1 new vertices x1,...,Z4,(,)—1 With edges z;z; for
1 <4,j < dp(v) — 1. Further, fix dr(v) — 1 neighbors y1, ..., Y. ()1 €
Np(z) of x in H. Delete each edge zy;, 1 <i < dp(v) — 1 and add new
edges z;y; for 1 <1i < dp(v) — 1. Obtained graph is a realization of Myp.

Case 2: dp(u) < dp(v) — 1.

Let Ny(z) = {71,...,%q,()—1}- Delete each edge zz;, 1 < i <
dr(u) — 1 from H. Now add dr(v) — 1 new vertices y1, ..., Yq,(v)—1 With
new edges y;y; for 1 <i,j < dp(v)—1 and a2y, for dp(u) < k < dp(v)—1.
Also, add new edges xxy for 1 < k < dp(u) — 1. Again, obtained graph
is a realization of M. ]

Definition 1. A graph G is called cl-graph if V(G) — L(G) induces a
clique in G.

It is easy to see that if G is disconnected cl-graph, then G ~ H UmK>,
where H is a connected cl-graph. Therefore My is graphic if and only if
My is graphic.

Theorem 2. If G is a connected cl-graph graph, then Mg is graphic.

Proof. Let V(G) — L(G) = {v1,...,v,}. The proof goes by induction
on n. If n =1, then G is a star and M is graphic by Theorem 1.
Now for every 1 < i < n consider the following value:

l; = |Ng(v;) N L(G)]|.

At first suppose that there exists 1 <9 < n such that /;;, = 0. In this
case the vertex v;, will be called bald.

From induction hypothesis it follows that Mgy, is graphic. Sup-
pose H its realization. Fix a bijection f : E(G — v;,) — V(H) with
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du(f(e)) = imbg_, (e) for all edges e € E(G — v;y). Add n — 1 new
vertices x1,...,T,—1 with new edges x;f(e) for all e = v;u, where u €
L(G —v,), 1 < i < n—1.1It is easy to see that obtained graph is a
realization of M.

Now let [; > 1 for all 1 < ¢ < n. It means that for every 1 < i < n
one can choose a vertex u; € Ng(v;) N L(G). Consider the graph G’ =
G —{u1,...,u,}. We now show that if M is graphic, then M is graphic
too.

Suppose that H' is a realization of M. Fix a bijection g : E(G') —
V(H') with dg/(g(e)) = imb g (e) for all edges e € E(G'). Add n new
vertices x1,...,z, with new edges z;x;, 1 < 4,5 < n and zjf(e) for all
e = vgu, where u € L(G'), 1 < k < n. Again, the obtained graph is a
realization of Mg.

Therefore one can always reduce a cl-graph G to a cl-graph G with a
bald vertex. But we have already proved that in this case Mg, is graphic.
Thus for every cl-graph G the sequence Mg is graphic. O

Let G be a graph with n vertices and a : V(G) — Z4 be a function
with a(v) = dg(v) for all v € V(G).

Take n complete graphs G, =~ K, v € V(G) with disjoint vertex
sets. Since a(v) > dg(v), for every v € V(G) there exists injective map
¢v : Na(v) = V(Gy). A complete extension of G is a graph G(a) which
is obtained by taking the union of Gy, v € V(G) and adding new edges
between ¢y, (u1) and ¢y, (u2) whenever vivy € E(G) and up = vg, ug = vy.

One can think of complete extension as of graph which is obtained
from G by replacing each vertex v € V(G) with a complete graph of
sufficiently large order.

Example 1. Fig. 1 shows a complete extension of the path Py = {v; —
vy — w3} for a(vi) =2, a(va) = 3, a(vs) = 1.

I N

FicureE 1. Complete extension of Ps.

Proposition 2. Let G be a complete extension of a path P,, n > 1. Then
Me is graphic.
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Proof. Let V(P,) = {v1,...,vn}, E(P,) = {viviz1: 1 <i<n—1} and
G = P,(a), where a : V(P,) = Z4 with a(v;) > 2 forall2<i<n—1
and a(vy) > 1, a(v,) > 1.

Put a; = a(v;) for each 1 < ¢ < n. We use induction on n.

If n =1, then G is a complete graph and thus Mg = {0,...,0} is
graphic.

Now let n > 2. Consider a path P,_1 = P, — {v,} with &’ being
restriction of a to V(P,—1) and put G’ = P,,_1(a’). One can check that

Mg = (MG’ - {O[Gn—l - 2]7 1})

(an —1)(an —2)
2

U{0[1+ ],l[an+an_1—3],\an_1—anl}.

From induction hypothesis it follows that M is graphic. Suppose
that H its realization. Fix a leaf 2/ € L(H) and delete the corresponding

edge 2’2" from H. Further, fix a,,_1 —2 isolated vertices x1,...,2q, , 2 €
V(H). Now add a new vertex y and a,, — 1 new vertices y1,...,Ya,—1-
Also, add k = W new isolated vertices z1, ..., 2.

We consider two cases.

Case 1: a, — 1 > an,—1 — 2.

Add new edges x;y; for all 1 < i < ap_1 — 2. Also, add new edges yy;
for a,,_1 — 1 <1 < a, — 2. Finally, add a new edge between 20 and Yay—1-
Obtained graph is a realization of Mg.

Case 2: ap—1— 2 > ay,.

Add new edges y;x; for all 1 <7 < a, — 1. Also, add new edges yx;
for a, < i < ap—1 — 2. Finally, add a new edge between y and 2°. Again,
the obtained graph is a realization of Mg. [

To prove analogous results for complete extensions of cycles and com-
plete graphs we use a simple lemma which is a straightforward consequence
of Erdos-Gallai criterion.

Lemma 1. Let M be a sequence of nonnegative integers such that > M
is even and 2fyr(1) = >° M. Then M is graphic.

Proposition 3. Let G be a complete extension of a cycle C,, n > 3.
Then Mg is graphic.

Proof. Let V(C,) = {v1,...,v,}, E(Cp) = {vjvig1 : 1 <i<n—-1}U
{viv,} and G = C,(a), where a : V(G) — Z4 with a(v;) > 2 for all
1 <1< n.
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Now put a; = a(v;) for each 1 < i < n. Using induction on n we prove
that the following inequality holds.

n n—1
2% ai—4n > la; — aip1| + |an — ail. (1)
=1 i=1

Firstly, suppose that n = 3. Without loss of generality we can assume
that a1 > as > a3. We have

(a1 —a2) + (ag — az) + (a1 — az) = 2a; — 2a3
= 2(ay + a2 + a3) — 2as — 4as
< 2(a1 +ag + az) — 12.

Now let n > 4. Further the proof splits into two casses.

Case 1: There exists 1 < k < n such that ay_; < ag < agy1, where
k—1 and k + 1 taken modulo n.

Without loss of generality we can assume that k& = n. Therefore, let

an—1 < an, < a1. Using induction hypothesis and inequality a, > 2 we
obtain

n n—1
2Zai—4n>22ai—4(n—l)
i=1 i=1
n—2
> ai — aip1] + |an—1 — a1
i=1
n—2
= a; — aiy1| + |an—1 — an| + |an — a1
i=1
n—1
= lai — aip1] + lan — a1,
i=1

Case 2: For all 1 <k <n we have a1 < ar = apy1 or ap_1 = ap <
Af+1-

In this case n is even as C), should be bipartite. Furthermore, it holds
that ay < ag > -~ <ap >ajo0ra; = ay < - > a, < ai. Assume that
al < as. Then

la; — aivr1| + |an —a1] =2 (a2 —azi—1).

'E\%w\:
[

-
Il
—
-
Il
MR
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Therefore

QZQZ—4TL—2

Thus the inequality (1) holds. Now, it is easy to see that

(CLQZ‘ —agi—1) =4

NN
'Mw\:

agy —4n >4-2- 5—471—0.

=1

n

fMG Z —2):22n:a2—4n
=1

=1

On the other hand
ZMG fMG Z |a2 ai—i—l’ + |an — a1|-

Thus 2fy, (1) > > Mg and the desired follows from Lemma 1. O

Proposition 4. Let G be a complete extension of complete graph Ky,
n > 1. Then Mg is graphic.

Proof. Let V(K,) ={v1,...,v,} and G = K, (a), where a : V(G) = Z4
with a(v;)) 2n—1forall 1 <i< n.

Put a; = a(v;) for each 1 < ¢ < n. Without loss of generality we
can assume that a; > as > --- > a,. Again, our goal is to show that

2fMG(1) = ZMG'
Firstly, observe that

n

Ive (1) > Z(n —1)(ai—n+1)

=1

and
n

3 Me — fae (1) <3 lai —al = Y (n— 20+ Das.
i i=1
Therefore it is sufficient to show that

n n

Z(n—l)(ai—n—l— Zn—2z+1 (2)

i=1 =1

We have

n n

dtn—1D(a;i—n+1)=> (n—2i+1)a; + Y (2i —2)a; — n(n — 1)>.

=1 i=1 =1
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Using a; > n—1,1 < i < n we obtain

n

d(2i—-2)a; =2(n—1)) (i—1)
L =1

(n—=1)n

Thus the inequality (2) holds and the desired follows from Lemma 1. [J

2. Conjectures

As it can be seen from Fig. 2 there exist graphs whose imbalance
sequences aren’t graphic.

FI1GURE 2. Graph whose imbalance sequence is not graphic.

In fact the following proposition is true.

Proposition 5. Let M be a finite sequence of nonnegative integers such
that Y M is even. Then there exists a graph G with Mg — M = {0,...,0}.

Proof. For every even m € M construct a graph G, in the following way.
Take any m + 1 - regular graph G such that G has a matching H of a
size %5 (for example G = K4 1,m41). Then delete all edges E(H) from
G and add a new vertex v with new edges from v to V(H). Then again
add a new vertex u and a new edge uv to obtain a graph G,,. Clearly,
Mg, = {m,0,...,0}.

Now since Y M is even, the number of odd integers m € M is even.
Divide the multiset of odd integers from M into pairs. For every such
pair {m1, ms} take any m; + mgy + 1 - regular graph G’ with matching
H' of a size ™3™2 Again, delete all edges E(H’) from G’ and add two
new vertices vy, v with new edges from vy to my vertices from V(H') and
new edges from vy to remaining mo vertices from V(H’). Finally, add two
new vertices u1,uz with new edges u1v1, u2v2 to obtain a graph Gy, m.,-

It is easy to see that Mg,,, ., = {mi1,m2,0,...,0}.
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Now take G as a union of Gy, and Gy, m, for all even m € M and all
pairs {mj, ma} of odd integers from M. Clearly Mg = MU{0,...,0}. O

The following conjecture originally appears on MathOverflow (question
name “Graphs with graphic imbalance sequences”).

Imbalance conjecture: Suppose that for all edges e € E(G)
we have imbg(e) > 0. Then Mg is graphic.

Remark 1. This conjecture was verified for all such graphs with < 9
vertices.

Also, note that since for all graphs G the irregularity I(G) = > Mg is
always even, then Mg is always pseudographic, i.e. it is the degree sequence
of some pseudograph (multiple edges and loops allowed). Furthermore, if
G has no vertices with zero imbalance, then I(G) = >~ Mg > max Mg +
|E(G)| — 1 > 2max M¢. This means that Mg is multigraphic, i.e. it is
the degree sequence of some multigraph (only multiple edges allowed).
The Imbalance conjecture naturally generalizes these facts.

To formulate our second conjecture we need to consider the mean
imbalance of every nonempty graph G. By definition it is the following
value:

Here are some properties of mean imbalances.
Proposition 6. Let G be a nonempty graph. Then

1) m(G) =0 if and only if every component of G is reqular;

2) m(G) < |E(G)] - 1;

3) for every q € Q4 there exists a graph G with m(G) = q.
Proof. 1) It is easy.

2) Follows from the inequality I(G) < |E(G)|(|E(G)| —1).

3) Ifg € Qq,theng = ¢ fora,b € Z,. Put G = K o11U(a+1)(b—1) K.
We have

S|

1
ala+1) ., =

™) = T @ D=1 b
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Now observe that if the imbalance of every edge in G is nonzero,
then m(G) > 1. Sadly, this inequality can’t ensure the graphicality of
Mg . However, we believe that there exists a “universal” constant ¢ > 0
such that for every graph G with m(G) > ¢ the sequence Mg is graphic.
Moreover, we think that ¢ = 2 because of the following result.

Proposition 7. The set of all mean imbalances of graphs with non-graphic
imbalance sequences is dense in [0, 2].

Proof. For every n € N and 1 < k < n construct a graph G ag
follows. Take a complete graph H ~ Ky, o with the vertex set V(H) =
{v1,...,van12}. Delete from H every edge vg;_1v2;, 1 < i < k and add
2k new vertices uq,...,us, with new edges ujv; for 1 < j < 2k to
obtain G(™k)

Since 1 < k < n, the sequence Mymr = {2n[2k]} is not graphic. We

have
4nk

(n+1)2n+1)+k

Now we show that the set {m(G(™*) :n € N,1 < k < n} is dense in
[0, 2].

At first, observe that m(G(™1) — 0, n — co. Now let r € (0, 2]. Since
r > 0, there exists ng € N such that for all n > ng it holds that [ %] > 1.
Furthermore, the inequality r < 2 implies [ 5| < n for every n € N. Now
it is easy to see that

m(GMk)) =

m(G("”O’L%J)) — 7T, n— 00. O

Corollary 1. For every € > 0 there exists a graph G with non-graphic
Mg such that m(G) > 2 —e¢.

Therefore we can formulate our final conjecture.

Conjecture: Suppose that for G we have m(G) > 2. Then
Mg is graphic.
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