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ABSTRACT. There are many kind of open problems with
varying difficulty on units in a given integral group ring. In this
note, we characterize the unit group of the integral group ring of
Cn x Cg where C,, = (a: a™ = 1) and Cg = (z : 2° = 1). We show
that Uy (Z[C), x Cg]) can be expressed in terms of its 4 subgroups.
Furthermore, forms of units in these subgroups are described by the
unit group U; (ZC),). Notations mostly follow [11].

1. Introduction

Let G given as a finite group. Its integral group ring is denoted by ZG.
Invertible elements in ZG is called by units and the set of units forms
a group according to the multiplication and is shown by U(ZG). The
group of units with augmentation 1 is displayed by U, (ZG). If one pay
attention to the corresponding literature, that can easily see that the
obtained results mostly arises from finite groups especially finite abelian
groups. Fundamentals of the unit problem have come from the thesis of
G. Higman in 1940. Higman stated and proved the following [4]:

Lemma 1. If U(ZG) = £G, then U(Z[G x C3]) = £[G x Cs).

Also, the following useful lemma was shown in [4] and [3].
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Lemma 2. U(ZG) has a torsion-free complement of finite rank p =
3(|G| + no 4+ 1 — 21) where ny shows the number of elements of order 2 in
G and | is the number of all distinct cyclic subgroups of G.

On the other hand, in [7], Li considered the question: If U/(ZG) has a
normal complement generated by bicyclic units, does U(Z[G x Cs]) has
also a normal complement generated by bicyclic units? Jespers showed
that the answer for this question is yes while G = Dg or Dg [8-10]. Li gave
a counterexample for showing this is not true in general by considering
the group Dg x Cy x Cy [7]. However, Li proved that if U(ZG) is generated
by unitary units, then U(Z[G x Cy]) is also generated by unitary units [7].
Another description of U(Z[G x Cs]) was given by Low in [6] by linearly
extending some group epimorphisms to the group ring homomorphisms.
He also tried to generalize the problem for U(Z[G x C,]) where p is a
prime integer. In [6], He showed that

UZIG x Cp)) = K xU(ZG) = M x U(ZG)

where K is the kernel of the natural group homomorphism:
7 U(ZIG x Cp]) — U(ZG) and M is a subgroup of finite index in
U(Z[¢])G) such that ¢ is a primitive p'* root of unity. Low also explicitly
proved the following 4 lemmas [6]:

Lemma 3. Let G* = G x (x : 22 = 1). Then, U(ZG*) is obtained as
{u=14+(x—-1)a:a€ZGucld(ZG")} xU(ZG).
Further, 1 + (z — 1) e U(ZG*) & 1 —2a € U(ZG).

Lemma 4. Let P = {a,b: a* = b* = 1,[b,a] = a®) be the indecomposable
group of order 16. Then,

U(ZIP x Cy)) = £[Fg5 x Fy] x (P x Cq)
where F; denotes a free group of rank i.
Lemma 5. Let Cf = (c:c® = 1) x (z: 22 = 1). Then, the unit group
UZCE) = (14 (x —1)P) x (v) x C3
where P = —3 —c+3c2 +3c3 —c* andv = (c+1)? - ¢
Lemma 6. Let Cf = (c: 3 =1) x (z: 22 = 1). Then, the unit group
U(ZCG) = (1 + (z — 1)P) x (v) x Cg
where P = —4—3c+3c3+4c*+3¢® 3¢ and v = 3—¢+2(c+c")+ (> +c5).
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Kelebek and Bilgin considered the finite abelian group C,, x K4 where
K, is the Klein 4-group and characterized the unit group of its integral
group ring in terms of 4 components as follows [1]:

Theorem 1. Uy (Z[Cy, x K4]) = U1 (ZCp) x (1+K*) x (1+ KY) x (1+ K™)
where

1+ K" ={1+(z—1)P:1—-2P clU(ZCy)}
1+Ky:{1+(y—1)P1—2PGU1(ZCn)}
1+ K%Y ={14(x—1)(y—1)P:14+4P € U1(ZC))}

2. Motivation for construction of U, (Z[C,, X Cs])

Now, let us begin with some remarks.
Remark 1. The following maps are group epimorphisms:
w21 Cp x Cg — Cyy x (x?)
avra

x> x?

w31 Cp x Cg —> Cyy x (%)
at—a
z 2
Remark 2. Ker(r,2) = (23) and Ker(m,s) = (2?) .

Since Cp, x (x2) < Cy, x Cg, Cy, x (x3) < C,, x Cg and i denotes the
inclusion map, we get the following short exact sequences at group level:

0— (2% 5 Cp x Cg =225 Cp x (22) — 0
0— %) 5 C, xcﬁﬂc x (z%) — 0
0—><a;>—>C x Cg =22 ¢ —5 0

If we linearly extend 7,2 and 7,3 to integral group rings over Z, we obtain
the following ring homomorphisms:

T Z[C x Cg] — Z[Cyy x (27)]

Z Pjz? v (Py + P3) + (P14 Py)x? 4 (Py + Ps)a!
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and
[C x Cg] — Z[Cp x ()]

ZPQ«“] (Po+ Py + Py) + (PL+ P3 + Ps)2®

Lemma 7. K% := Ker(7,2) = (23 — 1)Z[C,, x (22)]

Proof.
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(a:3 P+ (z* + 2)Py + (2° — 2%)P5}
= (2* — 1)[ZC, ® 2*2.C,, ® ' ZC,,]
= (2® — 1)Z[Cp x (2?)]. O

Lemma 8. K% := Ker(7,3) = (22 — 1)[ZC,, ® 2ZC), & 32ZC,, & 23 ZCh)

Proof.

5
= {>Pa': Py =~(Py+ P), P, = —(Py + Ps)}

= {(#? = 1)[Py + xP3 + (2> + 1) Py + (2® + 1)zP5]}
= (2* — 1)[ZC), ® xZ.Cy, & 2*2.C,, ® 232.C,]
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Similarly, we can write the following ring homomorphism:

T,2T .3 Z[Cn X 06] — ZCy,
5 ) 5
> Pl = Y P O
§=0 i=0

Lemma 9. K% := Ker(7,27,3) = @?zl(xj - 1)ZC,

Proof.
5

{iO =0
5 5
={> PSP =0,P€LC,)
=0 =0
:{ 5 PZHCZ!POZ—ZE’:Pi,Pz GZCn}
i=0 1=1
~{-Sr+yneinezo)
i=1 i=1

= &% (2! - 1)ZC,.

By Remarks 1 and 2, we get the following short exact sequences at group
ring level:

3|

2

8

1

0— K 5 Z[C, x Cg] =5 Z[C, x (22)] — 0

Bl

0— K*° 5 Z[C, x Cg] = Z[C), x (z¥)] — 0

3

0 — K77 3 7[0, x Cg] "5 70, — 0

If we restrict 7,2 and 7,3 to the unit level, we conclude that the
followings are also short exact sequences:

Bl

2

8

1

11— U (14 K7) 5 U (Z[C, x Cg]) = Uh(Z[Cy x (2)]) — 1

ol

3

8

1

1— U (14 K7°) 5 U (Z[Cy x Cg]) =5 Uh(Z[Cp x (2P)]) — 1

3

1 Ui (1+ K77 5 U (Z[Cy x Co]) "5 Uy (ZCy) — 1
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Since we can consider embeddings Ui (Z[C), x (x?)]) — U1 (Z[C), x Cg])
and Uy (Z[C,, x (2%)]) < Uy (Z]C,, x Cg]), the following split extensions
hold:

Uy (Z[Cy, x C]) = Uy (1 + K*°) x U(Z[Cy, x (22)))
Us(1+ K%°) x Uy(Z[Cr x (2*)])
Uy (1 + K%Y x Uy (ZC). O

Remark 3. In U (Z[C, x Cg]) the normal subgroups U (1 + K%°),
Uy (1+ K*°) and Uy (1 + K****) are determined as in the following forms
respectively:

(i) {u=1+ (2° = 1)[Py + Pox® + Pyz*] : u is a unit};
(ii) {u=1+ (22— 1)[Py + Piz + Pyz? + P32®] : u is a unit};
(iii) {u =1+ Z?Zl(xj —1)P; : wis a unit}.

3. An explicit characterization of U; (Z[C,, X Cs])

In this section, an explicit characterization of Ui (Z[C,, x Cg]) is given
with the help of the results in the previous section. First, we should
give some restrictions of the maps 7,2, 7,3 and T 27,3. Let 7

denote the restriction of 7,3 on U (1 + K*°).
Lemma 10. W := Im(ﬁx3|ul(1+Kfv2)) =1+ (23— 1)ZC,.

3 ’ul (1+K=?)

Proof. Let us take an element from U; (14 K*) as v = 1+ (2® — 1)[Py +
Pyx? 4 Pyx*] where P; € ZC,,.Then,

Tys Y = 1+ (2 = 1)[Py + Py + Py).

Say Py + P> + Py = P. Thus, Im(fx3|u1(1+Kw2))
the form 1 + (LU3 —1)P. -

consists of elements of

Lemma 11. Wy :=Ker (7,3 |y, z(c, x (22)))) = 1 + (22-1)ZC,, ® (2*-1)ZC,.

Proof. Let us take an element from U (Z[C,, x (x2)]) as 0 = Py + Pex? +
Pyz*. Here, we can manipulate the parameter Py = 1 + P(l). Then, we get

T 0 1+ P+ P+ P=1<= P =—P,— Py
This means that the kernel consists of elements of the form
14+ (=P, —P) + Pz’ + Pzt =14 (2> — )Py + (2% — 1) Py.

Hence the required is obtained. O
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Lemma 12.

W3 = Ker(ﬁm3|u1(1+sz)) = 14+ (23— 1) (22 - 1)ZC,, @ (2> —1) (2 - 1) ZC,,.

Proof. Again, let us consider an clement from /(1 + K™ ) as n = 1 +
(23 — 1)[Py + Py2® + Pya*]. Then,

T :n—= 1+ @ D[P+ P+ Pl=1=P=-P—PF
consists of

Thus, Ker (7,3 |u1(1+Kx2))

1+ (22 — 1)[Py + Pax? 4+ Pya?] = 1+ (2® — 1)[- Py — Py + Pyx® + Py
=14 (23 = 1)[(z* = 1)Py + (z* —1)Py]. O

Therefore, by Lemma 10, Lemma 11 and Lemma 12, we can construct
the following commutative diagram:

U (1+ K*)

M !

Ui (1 + K7°) — = Uy (Z[Cy X Cg]) —Zs Uy (Z[Cy % (22)])

. . e

W, —" Uy (Z[C % (2%)]) — 2 Uy (ZC)

Since we can take embeddings as the inverses of 7,2 and 7,3, this diagram
splits as follows:

Z/{l(Z[Cn X Cﬁ]) = W1 X WQ X W3 X Z/{l(ZCn).

Now, let us characterize explicitly W7, Wy and Wi.

Proposition 1. u = 1+(2*—~1)P € W is a unit <= 1-2P € U;(ZC,,)

Proof.

u=1+ (2> —1)Pisunit <= Jo=1+ (2> -1)Q :uv =1

=1+ @ -1)[P+Q-2PQ| =1
— P+Q—-2PQ=0
<~ 1-2P-2Q+4PQ =1
— (1-2P)(1-2Q)=1
< 1-2P € Uyi(ZCy,). O
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Proposition 2. v = 1 + (22 — 1)P + (z* — 1)Q € Wy is a unit <=
P2+Q*-PQ-P-Q=0

Proof. First, we need to define a closed operation. If we define a = 22 — 1
and = z% — 1, we get the following straightforward computations:

=@ -1 ==22-1)+@'"-1)=-2a+8
af =@ -t -1)=-@*-1) - (@' -1)=—a-p
Br=t-1)2==20"-1)+@*-1)=a-28
Let us state this operation in a table as follows:
° ‘ o B
al| 2a+pF —a—p
Bl —a—8 «a-—28

Now, we can give a necessary and sufficient condition to be a unit for the
element u. u = 1+ (22 — 1)P + (z* — 1)Q € Wy is a unit if and only if
Jv=1+ (22 —1)P' + (2* —1)Q such that uv = 1. Hence,

1+aP +BQ+aP +5Q +o®PP + 8°QQ + aB(PQ + P'Q) = 1.

By the above operation, we can arrange this equation as
1+a(P+P)+B(Q+Q)+ (—2a+ B) PP
+(@=20)QQ + (~a—p)(PQ + P'Q) =1
That is,
1+a(P+P —2PP +QQ — PQ — P'Q)
+8(Q+Q + PP —2QQ —PQ —PQ)=1.

This equation holds if and only if the following system of matrix has a
unique solution:

1-2P—-Q Q-P Pl | -P
P-Q 1-2Q-P||Q | | -Q

1-2P-Q Q-P
P-Q 1-2Q-P

Therefore,

€ SLy(ZCy)

A straightforward calculation shows that P24+ Q%* - PQ -P—-Q =0. O
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Proposition 3. v =1+ (22 — 1)(2?2 — 1)P + (2® — 1)(z* — 1)Q € W3 is
a unit if and only if the following equation holds:
2P? +2Q* —2PQ-P—-Q =0
Proof. First, let A = (23 —1)(22 — 1) and p = (23 — 1)(2* — 1). One can
easily compute the followings:
N = (2 - 1)2(3U2 —1)% =4\ — 2y,
M= (2% = 1)(2® = 1)(a" = 1) = 22+ 2p,
p? = (23— 1)z —1)% = —2)\ + 4p.
In a better expression, we write
° ‘ A I
A AN =2 22+ 2u
22X+ 2 —2X+4p

Now, let us determine the necessary and sufficient condition to be a
unit for an element u. u = 1 4+ AP + u@ € Wi is a unit if and only if
Jv=14\P + ,uQ, :uv = 1. Thus, a straight forward computation shows
us that

1+ AP+ P +4PP +2P'Q +2PQ —2QQ)
+uwQ+Q —2PP +2P'Q+2PQ +4QQ") =

This equation holds if and only if the following system of matrix has a

unique solution:
Pl | -P
Q -Q

14+4P+2Q 2P —2Q
2Q) — 2P 14+2P+4Q
Then, the required result comes from the following:
14+4P+2Q 2P —2Q
2Q) — 2P 14+2P+4Q

€ SLy(ZC). O

Consequently, we can summarize all the obtained results as follows:
Corollary 1. Uy (Z[C, x Cg]) =U1(ZCy) x U x V x W where
U={1+(*-1)P:1-2P cl(ZC,)}
V={1+aP+6Q:P*+Q*-PQ—-P—-Q=0}
W ={1+AP+uQ:2P>+2Q*-2PQ—-P—-Q =0}
such that
a=z22-1, B=zt—1, A= -1D(@*-1), p=(>-1) (' -1).
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