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ABSTRACT. In [1] the author gives a description of Poisson
brackets on some algebras of quantum polynomials O,, which is
called the general algebra of quantum polynomials. The main of
this paper is to present a generalization of [1] through a description
of Poisson brackets on some skew PBW extensions of a ring A
by the extensions Oq 5, which are generalization of O, and show
some examples of skew PBW extension where we can apply this
description.

1. Introduction

Skew PBW extensions were introduced in |2]| and some of its properties
have been studied in [4], [5], [6], [7], among others. Let A and R be rings,
we say that R is a skew PBW extension of A, if the following conditions
hold:

1) ACR
2) There exist finitely many elements zy,...,x, € R such that R is a
left A-free module with basis

Mon{zy,...,xn} = {2 - 20" |(a1, ..., ) € N}
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3) For every i = 1,...,n there exist an injective ring endomorphism
o; : A — A and a o;-derivation §; : A — A such that

xia = oi(a)x; + d;(a)

for all a € A.
4) For every 1 < i < j < n there exists gij € A left invertible and

ag-) € A such that

TjT; = QT + a( ) + a( )x1 + o+ Z(;l)xn

Under these conditions we will denote R = o(A)(z1,...,Zy).
Fix 1 < r < n, we will denote (’)g’g an extension of A such that
r,n
1) AC O/
2) There exist ﬁnitely many elements x1,...,x,, xfl, orte (9;:?
such that O"% 0 is a left A-free module with basis

Mon{zE,.. ., af z, 1, .. a0} = {28 29 (v, ..., a) € Z},

where Z = 7" x N7,
3) For every i = 1,...,n there exist a derivation §; : A — A such that

xia = ax; + 6;(a)

for all a € A.
4) For every 1 < i < j < n there exists ¢;; € Z(A) invertible and

ag-) € Z(A) such that

Tl = QT + a( ) + a( )xl + -+ (T-L)acn

5) xixfl = x-_lxi =1lfori=1,...,r.
In the present paper we shall assume that O"% 0 satisfies the following
conditions

1) 6 =0.

2) For every i fixed, i =1,...,n and (mq,...,my) € Z\ {(0,...,0)},

)
(1- | J Py qijj) € A"

3) 6t(qij):(5t(ag-n)):0for allm=0,---,nand i,j,t =1,---

4)a§3):0foraﬂj:1, yn If 1< < randz<]thena(J):0
for all m =1, --- ,n.
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We will denote p;; = pij — az(;'))'

Remark 1.1. We will consider the deglex order over Mon( . ve) =
Mon{z%, ..., xF . 1,...,2,} that is defined by [2] as

z® = g or
5 z® # zPbut|a| > |B| or
z® # 28, |a| = |B|butIi
withay = 5;,..., 0,1 = Bi_1anda; > [;

atx

where ¢, 2 € Mon(O,’5). Each element f € O, 5\ {0} can be represented
in a unique way as f = 9y, +- - - + 1y, 2%, with n,, € A\ {0}, 1 <1 <k,
and 2% = --- = 2'0; we take deg(f) = deg(x") := |vi|'. We will denote
it(f) = nu,x'* the leader term of f.

Lemma 1.2. For all z € (92’?, i,7=1,...,n,and m =0,...,n we have
that ¢;jz = 2q;; and ag-n) = 2™,
(m)

Proof. It is enough to see that g;jzs = x4q;; and a;; Ty = xta(] m) for all ¢.
By the definition of O!"Y we have that x:¢;; = ¢ijxs + 6¢(¢ij) = gijz+ and

xtagyl) = a( )mt + 0 ( ( )) = aZ(J )xt. O

Lemma 1.3. Let z{'--- 2" € Mon((’)“”) then

1) Foralli=1,...,n there exists p; o € O iy such that z{* -+ - zlrz; =
(HJN q;] )z Dt -x?’“ ce x4 pi g w1th deg(pia) < a14---+ap+1
or pig, =0 Where a=(ay,...,an).

2) Foralli=1,...,n there ex1sts Pai € O0% 06 such that x;x{" - - xd" =
(H]Q qﬂ) x ~-x?z+1 A Wlth deg(pa,i) < a1+ Hap+1
or pg; =0 Where a=(ay,...,ap).

Proof. Fix z; € O§ and take zf! - Teon s such that a; # 0. We will

prove the first clalmed by 1nduct10n on j

1) (j =1,z = 2}) We will show this claimed by induction on b, we
can suppose that ¢ < t, in other way, we have the claimed.

(a) (b = 1) By definition, for all i < t we have that z,2; = qrxize + i+,
where deg(p; ) < 2.

1Ifcz:(ozl,...,czn)GZ” then we take |a] = a1 + -+ + an.



280 POISSON BRACKETS ON SOME SKEW PBW EXTENSIONS

(b) (b+ 1) Put i < t. By induction hypothesis there exist p;; such
that zbz; = qlbtxlef + pip where deg(p;p) < b+ 1 for all [ < t, then

n
0 l
xi’“xi = xff (qit:vi:ct + agt) + Z agt)a:l>

=1

n
0 l
= qitxfzrimt + (agt)m? + Z agt)m’t’ml>
=1

~1

b, b+l 0), b b b

= quairir, T + qupip + aEt)xt + Z az(t)Qthlxt
1=1

t—1 n
! !
+ Z aly pry + Z o) xb,

b+1 b+1
=q;; TiTy' T+ Dip+1

(0)

M b
where p; p11 = a,

Ty ‘1‘21 1 At qltwlxt +Zl 1 zt pl b tazt mt:rl and

deg(aly’a}), deg(a) ahia}), deg(allpiy), deglalfafz) < b+2

(c) (b = —1,if t <r) We will show that p; 1 =>4 k(i’l_l) ThEThT, "
with 7, € (a Ej ),qij]z,j =1,...,n,m =0,...,n) = G, sub-ring of A,
by induction on 1 < 4 < r. If i = 1 then z; 'z; = ;' (zyz)z; b =
:ct_l(qﬂmt:cl)xt_l = ql_tlarlxt_l and p1,—¢ = 0. If 4 > 1 by induction hypoth-
esis we have that

-1 -1 -1
T, T =Xy (xia:t)xt = (qutxl—i—a —i—E atZ xl>

i—1
-1 0) .—2 0,-1.. -1
= LTl +ay T+ g Ay Ty Ty

=1
©) i—1
-1
=i Loy 4 A Ty 2+ Zatz QO o Zatz Pr,—t Xy
=1 =1

since p; 4 = Zh 1 k(l’_l) rh’kxhxt_k with deg(p;,—¢) < 0 for all [ =
1,...,i— 1 then deg(p;_¢)x;* < —1 for all [ and

-1 5(17_1)

b, ftxt = § E Th kxhxt

h=1 k=1
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so we have the claimed.

(d) (=(b+1),b>0if t <r) The same way, put 7 < t, by induction
hypothesis there exist p; —1,p; —p as in (c) such that x, Ly = q; wla:t 14
pi—1 and xt_baci = qifftxixt_b+pi7_b, with deg(p;,—1) < 0 and deg(p; —p) <
—b+ 1 then
a:t_b_lxi = a:t_l(;rt_bxi) = x;l(qi_tbxi:c;b + pi—b)

b —1.. —b, 1 by o—1. 1 b, —1
=qy Ty T T pib=qy (@ vy +bi—1)x, +xy pip

i—1 s(i,—b)
—b—1,. —b-1, —b b, -1 —k
=q; T +q; b1, Z Z Th kThTy
h=1 k=1
s(i,—

i

b

)

s
1

1—1 )
—b—1_.  —b—1 —b —b -1 —k
=q; TiT +q;; bi, 17y —i—E E Th Ty ThTy
h=1 k=
i—1 s(i,—b)
b1, b1 b b 1 b1
=G Tl + q; bi—1zy + E E , Th,kQpy ThTy
h=1 k=1
i—1 s(z,—b)
+ E § Th,kPh 719075
h=1 k=1

Note that z;7 1 = 75 24 for all h, k because for all t and g € G, 6:(g9) =0
S

i—1 s(i,—b) i—1 s(i,—b)
b 1 b
Pi,—b—1 = bj 17, + E E ThoeQhy ohey U+ E E ThokDPh, 127
h=1 k=1 h=1 k=1

where we have the claimed.
2) (j + 1) We can suppose that ¢; = i and i < tj41 because in
other way we can put z{* with a; = 0. By induction hypothesis on

j=1 there exist pj .., such that deg(p; tj+1) < aji1+ 1 and xtgﬂx _

j+1
qztjtll i t] +1 L+ t;11» again by induction hypothesis there exist p; t/ t =
(t1,...,tj),such that deg(piy) < a1+---+a;+1and zf! - xf - 'CCtj T =
(Hl i+1 qztl)li?f ’ ?H_l o l‘?j +pi,t' then
xélll ' xtj x?jj:x - xgll mtj (qltjjill :L'Z.Z'tj+1 TP t1+1)
= (! - mtj qiﬁimix?ﬁf) + (=) ...xtj "Ditji1)
= q%i (xtl : $t l"zxtjill) + (x?f o 'fL“?jpz',th)
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aj+1 . aﬁ-l s . @j+1
- qzt]+1 << H qltl>$t1 xt]' +p17t’ xtj+1

l=i+1
ay aj .
+ () - "L Pit;1)

Jj+1
1 v .
< H qztl>xt1 . a + erll + qztjj—:llpivt/‘r?;:ll +$(tl11 . x?;pi,thrl
l=i+1
Jj+1
L0
< H q1t1>$t1 ezt j: + Dit
l=i+1
where deg (g, +1pzt J]:f) < deg(p,;’t/)—i—deg(a;ﬂ:) <ai+--4aj+1+aj4q
and deg(zf! - mt "Pit;.) < deg(af! - ) —l— deg(pi ty+1) <a+---+
a; + aJH + 1 later deg(pir) = deg(qlt Pzt ]+1 ' xf ---x?]‘?pi,tjﬂ) <
ai+---+aje1+ 1. The second claimed i 1s proved the same way we proved
the first claimed. O

2. Derivations over 0’5
9’

Definition 2.1. Let d be a linear operator over (92’? such that
d(ab) = d(a)b+~(a +29as )Bs(b

for all a,b € O;’g, where s € A and 7, ag, 85 are toric automorphisms of
A, ve. y(zi) = vixi, as(zi) = asx;, and fg(x;) = bg iz foralli=1,...,n
where 7;, as4,bs; € A.

1) If 5 = 0 for all s then d is a y-derivation.
2) If 5 = 0 and ~ is the identity of A then d is a derivation.
3) A inner y-derivation [ad u]a is defined by

lady u]a := ua — y(a)u
when v is the identity we denote [ad, u]a = [ad u]a.
Lemma 2.2. Let u; = d(x;) then they are a solution of

wix; +y(xj)u — gijuizy — qijy(xi)uj + iz + Kz

(1)
+ Kl'j +¢9ijpij(:v1, - ,xn) —ﬁij(ul, - ,Un) +ag))9 =0

where GZJ,HU,K K'eA K=0if6; =0, and K' =01if §; = 0.
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Proof. Note that d(1) =d(1-1) =d(1)+d(1)+ >, 0s = 2d(1) + 6, so we
have that

d(zjz;) = d(gijriz; + pij(21, ..., 2n)) = qijd(x;)x; + qijy(2;)d(x))
+ Qij Ze as;Tibs jT; + d(a E])) + d(a( )xl) +d( (n) n)

= qijd(aji)xj + qij’}/(l‘i)d(ﬂi‘j) + leil‘j
+ ZH as,i0i(bs,i)xj + Dij(ur, ..., un) + al(;-))d(l)

= qijuiT; + qijy(@i)uj + Kizizj + Koxj+pij(u, ..., up) —ay
On the other hand,

d(]}sz) = ujx; + ’y(xj)ui + Z Hsa&jij&ixi
s

= U;; + ’y(wj)ui + Z gsa&jbsﬂ'x]‘%i + Z 956157]'5]‘([)571').%
S S
= u;jz; +y(zj)ui + Kszi + Ka(gijzizj + pij(21, ..., n))
so that (1) holds. O

Lemma 2.3. Let z € (’);’? then u; — [ad, z]z; are solutions of (1).

Proof.

(uj — lady 2laj)zi + () (us — [ady 2]zi) — ¢ij(wi — [ad,y 2]@i)2;
— qiy (@) (uj — [ady 2]a;) + Ojaiw; + Ky + K'a;
+ éijpij(aﬁl, oo p) — Pij((w — [ady 2]z1), . . ., (un — [ady 2]2y,))
+ ag-))ﬁ
= (Ujl’i + ’Y(ZE]')’UJZ' — QijUuix; — qijv(mi)uj + Qijﬂj'il'j + Kx; + K,IL‘J'
+ éijpij(a:l, ce X)) F az(;-))ﬁ) + (—[ad, z]zj)x; — v(zj)[ady 2]a;

n

+ gij([ady 2]@i)xj + gijy(wi)[ad, 2]z — Z ag) (ur — [ady z]zy)
t=1

= (ujm; + v(xj)u; — qijuir; — qijy(vi)u; + Oijziw; + Ko + K'x;
+ Gijpij(xl, R ﬁi]’(ul, ceyUp) + ag))ﬁ) + (—[adw Z]CC]').’L‘Z'
—(z;)[ad, z]wi + gij([ad, 2]ai)z; + gijy (i) [ad, 2]a;
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+>aff (lad, 2Jar)

=1
= —zxjz; +y(x5) 2w — y(w))2s + y(2))v(20) 2 + iz,
— qijy (i) 2wy + qigy(xs) 2wy — qigy(xs)y(xj)z

+ 3" a2y — y(21)2)
t=1

n
0
= [—zxjm; + qijraiw; + Z az(;-)zxt + agj)z] + [V(zj) 2z — y(xj) 224
t=1

+ [—qijy(xi) 2y + qijy(xq) 2] + [’Y(%’)V(%)Z —y(w5)v(wi)z]

+ By — gz — 3 oy — ol
t=1
= [2(—zjz; + gijziz; + Z am Ty + a(o))]
t=1
+ [W(ZBJ% — Qi TiTj — Zaw T — a(?)) z] = 0. O
t=1
Proposition 2.4. Let v = az{" - 2]’ witha € A and m = (mq,...,

my,) € Z such that either 7 # 1 and (1 -m H] 2q]1 ) eA*orm =1
and exists m; # 0 for j # 1. Then there exists w € A* with

[ad, woz; )z = v

Proof. Take w = (1 — H;-lzz q;rll")f1 that exists by hypothesis. Note
that yyw = wv; so

1 -1 -1
lad, wvz| |z = wox] T — T WYL

= w(v — yraz ™ -t
=w(v —yax{" 15" x?”xl_l)
— mi ,ma .M 2 -1
= w(v —maxy" gy*wy 2wy - wy )

m —1
= w(v —mawy" gy’ w5 gy ws - gy " Ty )
n n
:w<v—71 Hqﬁ”ax?“--x,?") :w<1—71 Hqﬁ”)vzv.[]
j=2 7j=2

Corollary 2.5. Let v = >, psX; € (’)g’g such that p:X; satisfies the
hypothesis of the above proposition for all ¢, where X; € Mon((’) ) Then
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there exists w € (’);? such that
lad, w]z1 = v.
Proof. We have that [ady w + w']z = (w + w')z — y(2)(w + ') = (wz —
Y(2)w) + (w'z — v(2)w) = [ad, w]|z + [ad, w']z for all w,w’, z € (9;? S0
for each p; X; there exists wy € A such that
lad, wep Xeaxy Yy = pe X
then
v = Ztht = z:[ad7 wtthtxl_l]xl = [ad, Zwtthtxl_l]xl
t t t
= [ad, w]x;. O

Theorem 2.6. Let u; = d(v;) € O 5 fori=1,...,n.

1) If 1 # 1 and (H;‘:2 qﬁj —yqit) € A* for all (0,ma,...,my) € Z.
Then there exists w € O;’g and p; € A such that

u = [adywlzy and  u; = pjx; + [ady w]z;

for all j # 1 where (q1¢ — quy1)pe = —61¢-
2)Ify; =1foralli=1,...,n. Then there exists w € O;’g such that

U; = )\j(Ej + [ad w}xj
for all j =1,...,n and some \; = A(z;) € A.

Proof. 1) By the above corollary there exists w € (9;’? such that u; =
lad, w]z1 so we u; = [ad, w]z; so we define u; = u; — [ad w]zy where
they hold the equation (1). In

0 =wx1 — qunzity + Opxize + Ky
_ m rn
I =3 ermmal™ - -agm € O s we have

0= (3 a3 a7

mez meZ
+ Oy + Ky

n
m; m m m m
- Z ”quuji’?l% L™ — yiqu E N1y - 2"
mezZ 7j=2 meZ
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+ Oz + Koy

- (Z %(Hqu _’Y1Q1t) patt "9021")

meZ j=2
+ Oz + Koy

As Mon((’)q’?) is a basis of O"% iy and H] 9 q]1 — v1q1; € A* we have that

Nm =01if m # (0,...,1,.. 0) where 1 is in the tth position, so 4; = nra¢
and K =0. In the other hand

0 =mxix1 — qunzimae + Ouxizy = ((que — quy)ne + )z

then (g1t — quey1)ne + 61t = 0.
2) Put uy = uy + v with v1 € OF5 \ A((21)). By the corollary (2.5)

there exists w € O"" iy with v; = [ad w]z1, we will denote @; = u; — [ad w]z;
so we have u; € A((x1)). Let t #1

W1 — qur1Uy = — T4l + Qe — Oy — Koy € A((21)) 2y

because if w = Y, pext then zuy = >, gl atay. It

7 _E mi m
ut_ nmxl ...x

meZ
then
- - m m
Ugr1] — T1q1eU¢ = 5 Nyt - 2" — T1q1e E D@yt -y
meZ mezZ
=> <H 47 - fm)xwl g
mez
n
m; m m
=1 E 77m<quj] _QIt>fE1 1"'$nn
meZ j=2

multiplying by xfl we have
5 ({1 )
meZ

Since H?:z qﬁj —qut € A" we have 0, = 0 if m; # 0 for i # 1,t or
if my # 1. Then w; = fi(x1)x: where fi(x1) € A((z1)). Take t = 2, if
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fa(z1) = Mo+ Zt#o pizt then for all ¢ put w; = (1 — ¢ly) ™!, note that
wer; = xywe for all e =1,...,n so

[ad wtﬂﬂ’i]@ = wtﬂtl’tixz - 372wtpt157i
= wi(prr1 T2 — T2ppy) = wipprirs — prraw] — 62(pr)])

= wi(1 — qia) peaiwa — wida(pr) x| = pry e — weda(pe) -

Then there exists w' € A((x1)) \ A or v’ = 0 with @g — [ad w'|xe =
Xoxo + f'(x1) and f'(z1) € A((z1)) \ A or f'(z1) =0.

Take 4, = w — [ad w']z; = gi(z1)z; + g)(x1), (g)(x1) € A((z1)) \ A or
g)(z1) = 0), because if w' =", a;z! then

adw |z = E atxla:l E xlatxl
= g azh iz — E arqt oy — E 0r(a)x]
t t t

and 17,2 = )\2372 + 9’2(:1:1).
By the equation (1) for (t = 1) if 43 = Y, a;x! then

0 = Xozoxy + gh(x1)21 + 22Ut — qr2tin T2 — q12T1A2T2 — q1271G5(21)
+ 0192129 + K21

t t
= [)\2q121'1$2 + Zantxl - Z q12atﬂf1$2 — q12>\2x1$2 + 612561.’1:2]
t t
+ [g5(z1)z1 + qraz1g5(21) + K]

¢ ¢
= <>\2Q125B11‘2 + E arroT] — E 12047772 — 1222122 + 912£U1332>
7 7

+ (gé(xl)fm — qraw1g5(x1) + Kag + Z 52(at)x'i>
t

= <Z ar(qiy — q2)ziTe + 912961332>
t
/ / t
+ (92(951)1‘1 — qar1g5(71) + Koy + Z 52(at):v1>.
t

Then ¢t = 1, 612 = 0, and @ = ax;. For this equations if gh(z1) # 0 put
it(gh(z1)) = byay with v # 0 then

0= byt — quabyat™ = by(1 — qr2)a¥™!
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so b, = 0 but this is not possible. Thus g} (z1) = 0.
Take 3 <t and 1 = a121.

0= (gu(z1)ze + g)(21)) 21 + Tpar1 21 — qruarz12y
— qur1 (gt(a?l)ﬂ?t + 92(901)) + Oy + Ko
= (gt(z1)z1 + a1z — qrearzizy — qua ge(z1)@e + 01134
+ (g1(z1)@1 + 6(ar)zr — quargi(er) + Kzy)
= (ge(@1)wewy — quarge(1) 2y + 012y
+ (gi(z1)@1 + 6(ar)zy — quargi(ar) + Koy)
= uzizy + (g, (z1)z1 + 6(ar)z1 — quezrgi(zr) + Ka).

Then 01; = 0 and if g;(x1) # 0 we can take it(g;(z1)) = byx} with b, # 0.
Of this equation we can claim that b,(1 — gi;) = 0 then b, = 0 but this is
not possible so g;(z1) = 0.

In the other hand, if g;(x1) = >, iz}

0 = gi(x1)@ewa + T Aoxo — qudo®os — qou2ge(x1) Ty + Ooroxy
. o _ 0
+ Kxo + K'wy + Oopor (21, . ..y 20) — Por(U1, - .o, Up) + aét)Q

= ge(x1) @ + (Aoxpxo — Nogorams) — qoixage(z1)xs + Oorzoxy + Ko

+ K’z + Oopor(x1, - . ) — Por (T, -+, ) + 0p(Ag) 22 + aé?e

= gi(@1) (quewazs + por (1, wn)) — quwa Y | ey + Ooyom
t
+ Aopar(m1, .o ) + Kag + K'ay + Ogypoy (a1, . ., )

- ﬁZt(ala cee 7’&%) + 615()\2)1.2 + agz)e

= q2 <Z Ctﬂfﬁmxt - Z Cﬂzxﬁxt) + O x0ms + gt(xl)th(xly e ,ﬂfn)
t t

+ Z Sa ()i ay + Koo + K'ay + (B + No)par(a1, ..., 2n)
t

— Poriin, -« -, i) + 0 (o) + a0
= qot <Z ci(1— qig)xﬁﬂﬁzﬂit) + Oarzoxy + ge(z1)pae(21, - -, Tn)
t

+ Z Sa(ce)aim + Kao + K'wy + (0o + No)pae(1, ..., wn)
¢

- th(’ala o 7ﬂn) + 5t()\2)x2 + agt))e
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Of this last equation we have that ¢;(1 — ¢ly) = 0 for ¢ # 0 so ¢; = 0 since
(1 —¢ty) € A*, thus gi(z1) = A of this way u; — [adw + w']z; = @4 =
)\tl't. ]

3. Poisson brackets on O_’¥

Definition 3.1. A Poisson bracket { -, -} is a Z-bilinear function on (’)g:?
such that

1) {-,-} is a Lie bracket.

2) {ab,c} = {a,c}b+a{b,c} for all a,b,c € O.

3) 0= {a,b} + {b,a} for all a,b € O %

Remark 3.2. If 9 is a derivation on O"7 5 then for all ¢ = 1,.
we have 0 = 9(1) = d(wz; ") = O(xi)z; ' + 2;0(z; ') then d(x; )
—x; 1 0(xi)x;

Proposition 3.3. Let be given a Poisson bracket {a, b} on an extension
Oq of A. Then there exists §,&; € A such that {z;,z;} = f[@,x]] +
0 (§)$z — 0;(&)x; — 0;(&;) with §;(¢;) = 0 for all j,i = 1,...,n, where
la,b] :== ab — ba.

Proof. By theorem (2.6) for all a € (9;’? there exists A\,(z;) € A and
w(a) € O;’g with

{ziya} = Ao(xi)x; + [ad w(a)]x;.
So we have
0= {zi, i} = Ni(zi)x; + [ad w(ax;)]z;.
Put w(z;) = S8 o ey - xn we will see that w(z;) € A((:))

fori=1,...,r or w(z;) € Alz;] fori =r+1,...,n. If w(z;) =0 we have
the claimed, in the other hand,

k k
0= \i(x)x; — Z azmvmx;ml ceexpmn 4 Z nvmxijml R
m= m=
k k
T — Z 5i(7]vm)$11]m1 . xzmn _ Z mmﬂ:iw;}ml .. .xzmn
m=0 m=0

U
+ 3 it
m*1 n
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m=0
y 1
) Um Um; + v
- E <77vm Hqsz?nswl ! i Ty +pvm,l(x17 7wn)>
m=0 s<1
F 1
v Um, Um; + v
+ (nvm qurns 1 ! 7 ! xnmn +p’t,’l)m(x17 7xn)>
m=0 §>1
b 1
o U, ; Umq Um, + v
= E 77vm< qismqus;ng>‘Tl Tyt ey
m=0 §>1 s<1
k k
Um,
+>\z($z)l'1 - § 5z(77vm)$1 ! .:vawm + § pi,vm(xla 7$n)
m=0 m=0
pvm,z(ﬂfl) 71"71)7

where deg(py,,.i), deg(Piv,.) < Vm; + -+ + Um, +1 < |vg| + 1 for all
m =0, ..., k. By the last equation we have (Hs<i q:fs | q;):s)mk =0
and since 1,,, # 0 then vy, = 0 for [ # 7, because if there exists vy, # 0 for
some [ # i then [],_; ¢, — [Iss; 4ia*® € A* by definition of (9;?, so this
implies that 7,, = 0, but this is not possible. Later p; ., = py,; = 0 and

k—1
mg ms m ml“!‘l m
0=vam<HqZ§' -1l ) e Ny

m=0 s>1 s<i
k—1 k—1
v
— g 8i(nu, )y - apme + E Divm (X1, -y Tp)
m=0 m=0

= Po,i(@1, -, Tn).

s<i si

S0 Ny, = 0,if 1y, # 0 then vp—1, = 0 for £ i because (H Vk—1g

[L; qfsk*ls) € A* if there exist v;_q, # 0 for some [ # i. By recurrently
way we can claim that 7,,, = 0 if there exists v,,, # 0 for some [ # %, then
we have the claimed. Since w(x;) =,y Eiral, where & = 0if t < 0 and

1 > 1, then

= i)z — 2y &art + > Guatt = Ni(@i)mi — > 6i(&in)a]

teZ teZ teZ



B. A. ZAMBRANO 291

then (5i(§it) =0 fort # 1 and \; (:UZ) _— 0i(&i1). Put i < j, w(x;) =
Zf:o&vil , and w(z;) = Zl Oéjv]l g !, s0

0=A{zj,zi} +{zi,z;} = )\'(:Uj)xj [adw(xi)]xj—i-)\'(wi)mi lad w(x;)]x;

= Ni(zj)z; + Aj(z4) a;,—i—wa”xl xj — x]Z@U”xZ +Z§]%x X

. . Uiy
— i Z E-71"1'1 :I:j
1=0
Vg
= Ni(@j)x; + Nj(@i) @i + vy, v, F fwzk x4 Ejvﬁ ]m« ;
k—1
Yi Vi V4 s
= Sug, Ty Z iy ;') — Z Sivy, w5, + Z Ejvy Tj i

—Z&uhxz 25 ngl z)ll Z j’U]l v]l <§w,k> ?lk
=0
- 5 (f]v] ) o

U3 Vi U3 Vs Vi
= Xi(@j)z; + Aj(@i)ws + Civi, x; * w5 — &ivy, qi;k ;" x5 + &Gy, ;" vy

k—1 k—1 r—1
. e Vir § : LU § L Y 0
- f]val'zl'j + gwilfl"i Zj— gwilqij x; :E]"i' f]vjlqij Ti
- 5 SRR (& " G Do,
Jug, Li wzl €, jv“ ivi, Poiy ,j

+ §jvjrpi,vjr - E givilpvil,j + § &j’l]jlpi;l}jl
=0 1=0

’l}zk

= Ni(wj)mj + N (@) wi + &, (1 - q:;’“) 2+ Ejuoy, (@) — D"

k—1
+ Z&’“iz( qw leﬂ + Zgﬂvu qzy = Dazi J]l
=0
s

k
v v
- Zéj(ngl)xz L - 5]’0” ]l wazlpv”,] + Zé-]v”pl o
=0

=0

where deg(py, ;) < vi, +1 < v + 1 and deg(pip;, ) <vj, +1 <wv;, +1
for all I. Since 0 = &, (1 — qf;’“):cfz’“a:] + §jv].r(qz;” — l)xix})”, we have
vj, = v;, and vj, € {0, 1}, later Doy, j» Piw,, € A+ Azq + -+ Az, The
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same way

0 = Ni(aj)z; + Nj(20)wi + &, (1 - q”’k Y, F

’L

+§j'U]’ (qz]h — xz JT ' +Z§w11 qu .%' .%‘]
r—2

+ Zéjvjl (q:;l 2(5 g“’lz U” 25 gwﬂz Ujl
l:O

D e Z &jvg, Piwj, -
=0 =0

v; v, .
Then 0 = &, (1 - Zk D, ey + fjv].r_l(qwjr b= Dz, since

Vi _15 Uj_y < 0, g]vjk71’ fivir_l 7& 0, and (1 - qij )a (qz)]]k - 1) € A* if
Vi, Vj._, 7 0 then we can claim that v;, ,, vj,_, = 0. Of recurrently
form we can claim that w(z;) = &+ with {1, &0 € A and §¢(&0) = 0
forall t =1,...,n. Again put i < j
0= {xj,xi} + {wi, (JCj} = )\i(a;j)wj+[ad w(x,-)]xj—l—/\j(xi)xi—i-[ad w(xj)]a:i
= Ni(@j)ws + Nj(ws)z; + Eaziry + Sorj — w562 — x56i0
+&1xx; + o — iz — o
= Ni(xj)z; + Nj(@s)ws + Enxixy + Eoxj
— (0;(&n)zi + Engqigrizs + Eapij (21, ..., 2n))
— (&Goxj +6;(&0)) + (Eraijzizs + Eapij (21, ... 2p))
+ &owi — (6:(&51) w5 + Eraiwy) — (0:(&0) + Eows)
= &nTir; — £1Gi Ty + 150wy — {1057
+ Ailzj)zj + Nj(ms)wi — 6;(&in)zs — 6;(&o) — &inpig(21, - - -, Tn)
+ &1pig (T, - @) — 05(&51) 5 — 6i(&j0)-
e} (&1 — éjl)(l — Qij) =0as1l— qij € A* then flj = fli = 5 Later
0= (Ni(j) = 8;()zj + (Aj(i) — 6:(&)) (i) wi — §5(&i0) — i(&0)
and \;(xj) = 6;(&), Nj(xi) = 6:(§), 0;(&0) = —6:(&jo). Note that

{xi, :Uj} = )\j(:vi)xi + [ad ij + fj()]xi = /\j(:ci)xi + f.%j.%; + fjoib‘i
— zifx; — 250
= 6i(§)mi + Exjw; + o — Ewiry + 6i(§)ws — Eowi — 0i(&jo)
= lwi, x4 6i(§)wi — 0:(§)wj — 6i(&jo)- O
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Lemma 3.4. Let {-,-} be a Poisson bracket on O""¢ s Where &; = 0 for
alli =1,...,n. Then there ex1sts ¢ € A such that {a:z, a} = &[x;,al for

allizl,...,n anda—xfll t GOM monomial.

Proof. Let £ € A such that {z;,z;} = &z, 2] for all i,j = 1,...,n

which is given by proposition (3.3) and a = a:fll : xlt’ll with b, # 0 for
allr =1,...,0. Fix ¢« = 1,...,n, we will show, by induction on [, that

{a, 2} = Ela, .
1) (a = z}') For this case we will do induction on n.
(a) (a = x) we have {xy, z;} = &[x¢, 2] by the above proposition.
(b) (a=ai™)
{ﬂﬁnH vy = {a}, vifoy + {7, 2} = ( [ﬂiijz])fb‘t + x?(f[%ﬁ%])

= £( xzxfﬂ + xiwiw, — xf i, + xf“xl) f[x?“ xi)
(c) (a=ax7" ift <)
{ort i} = —ay Hay iday ' = €y (o, @]y
= &=z Mmmi — wiwg)wy ) = (o 'y — miw ) = €y )
(d) (a=a;" 1 ift <)
{or 7wt = {a " w2 i)

= ([ " 2Dy ' + 2" (27 @)

—n—1 —-n -1 —n -1 —1-n
= ¢(—ma; +ay "wiwy " — ay "y 4 ap )

= &y ]
b b
2) (a =) - xy)
{a’,zi}:{gpb ‘ xtl Ti} = {mtl,xz}m “‘xtll{x ‘ xt, Ti}
b b b
= 5(([9%17%])3%;‘ xtl +$t1([$t22 ﬂftll xz]))

b bbb
= &(~mia+ P wa? ) — a wal? a2l + am;) = Efa, @),

So we have the claimed. By theorem (2.6)

0=A{zi,a} +{a,z;} = Na(x))z; + [adw(a)]z; + {a, z;}
= No(z)x; + [adw(a)|z; — lad alz; = Ao ()2 + [ad w(a) — Ealx;

but if we take w(a) — &a as w(x;) in the proof of the above proposition, we
can show that w(a) —€a € A((x;)) (ifi=1,...,7) or w(a)—E&a € Alz;] (if
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i=r+1,...,n) foralli=1,...,n then w(a) — a = with [ € A. Then
[ad w(a)|x; = [ad€a + l|z; = [ad {a]z; + [adl]z; = (Saa) + (lz; — 24l) =
&[xi,a] and Ag(z;) =0 foralli=1,--- ,n. O

Theorem 3.5. Let {-,-} be a Poisson bracket on O'Y. If A is a commu-
tative ring, 9; = 0 for all i = 1,...,n, and {-,- } is a A-bilinear function,
then there exists § € A such that {a,b} = ¢[a,b] for all a,b € Oy.

Proof. Let a,b € (’);? and £ € A such that {z;, X} = [z;, X] for all
i =1,...,n, where X € Mon{O, 5}, ¢ is given by lemma (3.4). If b =
Z’::O Doyt -+ - since { -, -} is a A-bilinear function and z;c = ca; +
di(c) = cx; for all c € A and i = 1,...,n, it is enough to see this when
a=xg - xy with a; # 0. We will show this by induction on I.
1) (a = z}') For this case we will do induction on n.
(a) (a = x;) By the above lemma we have that

k k
{1, 0} = {2, Zﬁvrxqf” e} = Z%r{xt,xq{” e}
r=0 r=0

= Ek:nw&[xt, 2] = é“f:mr EERR
o
(b) (a=ap™)
{0} = {af byay + 2 {0} = &([af, by + 4, b])
= &(abay — b 4+ 2T — abay) = €l D).
(c) (a=a;")
{wrt, b} = =2 a, byay ! = &=y, blag ) = €[z 0.
(d) (a=a;'7")

{o7 770} = {ay " by a7 oyt b)
= &([a ™ 0wy + @y My b))
=&(ay bzt = by 2 — o by

= &l 0.
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{a’7 b} = {‘Tgll U x(tlll’ b} = {x?117 b}l‘?; o .:’Utl + xtl{x T "r(tlll’ b}
= 5([%17 ]*T?;xtl +$t1 ['Ttg '$Zl>b])
= §<x?11bmf; -yl —ba 4 ab — xf b2 - x?f) =¢la,b). O

Lemma 3.6. Let B =o0(A)(z1,...,2,) be a skew PBW extension of A
with
1) oy is the identity of A for alli=1,...,n
2) qij,az(;) € Z(A)forall1<i,j<nandt=0,...,n
3) 01 =0
4) 6¢(qij) —5,5( (m )) =0forallm=0,---,nand ¢,j,t =1,---,n
5) p1; = 0 for all] =1,---,n
then there exists O;:g with the same properties.

Proof. We will see that BS~! exists, showing the Ore conditions on S, and
it is an extension of A of type (’)q for some set S. Let S := {z]"|m € N},
S is a multiplicative set of B. We will see that S is a right (left) Ore set.

(a) (Right) Take P € Band s € S with sP=0,if P=Y",_, byl -+ - alp
and s = 2} we have 0 = Y, , bizla{ -zt then by = 0 for all t € Z
then P =0 and Ps = 0.

(b) (Left) If Ps = 0,

O:thxil... thHqJ L1+l t2“. ;n

tez teZ  j=2

since ¢;; € A* then by = 0 for all t € Z and sP = 0.
(c) (Right) Let P =3, , bz}’ ---atr € B and 2! € S then

P = thHth 1+l t2 = <thHqtjxt11x§2'” )
tezZ  j=2 teZ  j=2
(d) (Left) Let P =3, ., b2l -+ alr € B and 2} € S then
i P = Z btxla:tIH gl = (Z by H qjjla:tllxtf e >a:ll
teZ tezZ  j=2

Then BS land S7!'B exist, so BS™! = S~7!B. We will see that
D = BS~!is an extension of A of type obn 0.6 and holds the conditions.
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1) A~ B < D.
via wia  axr;+6;(a)  ax;  di(a) az; n di(a)

= = = fi e A.
111 1 T 1T T T
3) Let ¢ < j, then
TjTi _ TjTi _Qij$i$j+a()+a(1)x +ot Z(;L)Cl?n
11 1 1
0 (1 (n)
_wmy 4 w4 e
111 1 11 1 1
bt -t
4) tZtGZ tll " € B, note that
T
la_al 1 (faa i_i ar i
11l 1ax 11 - 11
then

—\1 1
SHORCO)
- 1\1 1 ’
tesz
t1—1 tn !
T T, 0 0 [(m B
17 = 5 () () = e 8 (2)

¢
Yiez bewy ol
1

t1 t -l t1 t
ez bewy - ay (fC1> P

then there exists 2} € S with

OZthg;il... :thHqJ ti+l t

tez teZ j=2

As H] 2q1] € A* then b, = 0 for all t € Z so if we denote Ti._ = x;, then
(52(a)
1

Mon{z7! .., Ty} is a A-basis of D. Note that if we put SZ(I) =

(t)
then5< >, Sl<ql”> =0foralli,j=1,...,nand t =0,...,n, and

01 = 0. 0

Lemma 3.7. Let { -, -} be a Poisson bracket over a ring A then {a!,a"} =
0 for all a € A and [,r € N.
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Proof. Take Il =1 and r = 1 then {a,a} = 0, now {a,a'™'} = {a,a}a’ +
a{a,a'} = 0 by induction, later {a",a'*'} = {a",d'}a + d'{a",a} =
—d{a,a"} = 0. O

Proposition 3.8. Let B = o(A)(z1,...,x,) be a skew PBW extension
of a commutative ring A such that

1) o; is the identity of A for all i =1,...,n.

2) 0;=0foralli=1,...,n.

3) Forevery i fixed, withi = 0,...,nand (my,...,m,)€Z\{(0,...,0},

(1 — H;L:L#i qZLJ) € A*.

4) p1j=0foralj=1,--- n.
and {-,-} a Poisson bracket on B then there exists a Poisson bracket
{+, Yo on O F such that {-,-}o|p = {-,-}.

Proof. Let D = (’);’g, which is given by lemma (3.6). Put s € B and
define gs(2;) = {2y, s} for t = 1,...,n, gs(x7") = —xy {1, s}e7 !, and

gs(ai) ---aiy) = gs(a))ag) - apl + 2yl gs(ay) - 2y).

of recurrently form.

By the universal property of basis there exists an A-homomorphism
on D to itself, gs with g5|p = { , s}. We will prove that this is a derivation.
Since a g5 is an A-homomorphism then it is enough to see this to products
of monomials. Let p = xf' ---x{* and ¢ = x;’ll . -x;’:, we see the claimed
by induction on s.

1) Let s = 1, we will do induction on r.

(a) (r =1) We will denote p = z¢ and ¢ = 932’

i. (i < j) We have

gs(afa}) = gs(af)af + afgs(a}).
ii. (x?,:z:? € B) Then

gs(xfx?) = {m?w?, st ={xf, s}x? + x?{a:?, st = gs(x?)m?- + :L‘?gs(x?).

iii. (24 ¢ B, z¢ € B, 1 < j) Note that for all r € A we have

aytr = a7 (rey) eyt = a7 eyr)ayt = ra !

and
1 _ 1 Nl =1 -1 _ -1
rjry =y (Tizg)ry =2 (qee)r] = gjua;a,
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then for all b € Z~ and a € N, x?wl{ = qj_l“bxl{x? = cflxl{x? where
ce Z(B),

1 ba)

¢ lgs(af)ar’ + e aggs(a7") = go(c T afar’) = go(a7"a

= gs(zy )xj +zy 98(%’)

and
gs(x§al) = go(c'afz) = ¢ (gs(2})§ $19s( 1)
= ¢ (—abgs(ay )2y +$1gs($}l)) gs(a7 ") abad el g (29)
= —$19s(9€1 adal + ¢ algs(29) = ( gs(xl )ad + ¢ gs(ah)zy ) ad
= a8 (27 "5 (25) — ¢ 'algs(a7 ")) 2l = go(af)ah — ¢ afalg (v 0)ad
= gs(af)ah — w?fb‘lfgs(% P)ah = gs(29)2f + 2gs(2}).
(b) Let ¢ = xlllxl; -zl and p = 2% then
9s(pg) = gs(a TPk - )' gs (@02l ol 4 2l (k)

= (gs(z})alt + algs(a’))al -l + 2l g (a2l
= gs(p)q +x1(98( WES l2"'xn +x193($2"'x%))
= gs(p)a + pgs(q)-
2) (¢ = bl aln p = wyl---xf*). Let T € D such that

n
:1:32 cxlng =T, later

1,02

9s(Pq) = gs (wtl Ly ‘xt5 q) = QS(xtl T) = gs(xt1 )T + xtl '9s(T)
= gs(xtl )xt2 e ts Sq+ xtl gs(xtg T xts q)
= gs(af! )% cayt g+ @) (gs(2h) o 2l + a2 gs(q))
( s *Ttl ':Utg : thg =+ thl gs(l'tz :L‘?j))q + pgs(q)
= 9s(P)q + pgs(q)-

We will define {-,- }o of recurrently form on the basis of D. Put p € D
and define

1) fp(X)=—gx(p) for X € Mon{z1,...,z,}.

2) fplay®) = _331 “fp(z)z1®, a > 0.
And for x?ll . lrl € Mon{x{c,xg, cey Tn}

fp(mtall o $?:) fp(l‘tl )xtg : Ml mtlfp(xtg : )



B. A. ZAMBRANO 299

By the universal property of the basis f has a extension to an A-homomor-
phism f in all D, now we will take {a,b}q := f,(b) and we will prove it is
a bracket Poisson on D.

1) ({a,b}o + {b,a}o = 0) Since {a,b}o is a A-bilinear function, it is
enough to see this when a,b € D are monomials, put a = a:fla’ and b =
a7 where 0 < I,r, a/ = 25" -0 € B, b/ = 2% ... 20 € B. We have

{a,b}o + {b,a}o := fa(b) + fo(a) = fala1"V) + fo(z;'d)
= (falaT" W + 27" fa(t) + (fola)a’ + 27" fi(a)
= (=2 fa@Db+ 27" fo (V) + (—21 fo(2h)a + 21 f(d))
= (27" 901 (a)b — 27" gy (a)) + (2791 (B)a — 27" g (1))
= (2779w (270 )b — 27" g (27 ')
+ (279, (277 )a — 27 gor (277V))
= 21" (gag (21 )0’ + 27 g2y ()b — 21" (g (21)’ + 21 g ()
2y (g (W + 277 g (V) a = a7 (gor (a7 + 277 gar (V)
= 27" (=7 gy (2)27 '’ + ﬂfflgx (a"))b
-y ( Ty gb’(%)% a +ay Yy (a )
—i—xll( x] 9;); C(@))a]"Y + 2" Gl L(V))a
-] l( 2] gor ()2 + 277 gar ( )
= (—xll r{xl,xl}ab + ] = "{d' ,:cl}b)
— (e Ve + 27 YY)
+ (=7 Yo, 2 Yoa + a7 HY, 7l ba)
— (—J:ITfl{x{, a'tb+ $frfl{b’, a'})
= (=" Hah, 21} ab — a7 {af, 2 }ba)
+ (277 Hd 2T }o + oy, a' )
+ (a7 {2 VY + 27 Y 2 a)
— (:Cf’"*l{a', b} + xfTﬁl{b', a'})
= (—a:l_r_l{xll, e Yab 4z {ah, xll}ba) =0.

2) ({a,alo = 0) Let a = xla’ where o’ = 3, qa!' - 2l» € B and
[ <0 then

{a a}() l'la Zntfa xl o '.I'n ))
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=D m(fala)att oy + 2l falal o))
t

= fa(@})d + 2 fa(a') = 2! fa(ey)aid + ' fo(a)

= g, el — adguala)

=l (g,-1(a))d’ + 2,1 () 2k’ — o} (g ()’ + ot g ()

= alg, 1 (a})da + a3y, 1(a)ald — dhgu(ad)d’ — 2 g (a)

= (xllgxl—l (xll)a/a - x%lga’(a/)) + (‘T%lgzl—l (a/)xlla/ - xllga’ (xll)a/)

= (afg,1 (a1 ) da—ai'gw () + (o9, 1 (a) o +of go (a1l d)
=t ({1 27 aa — {d,d'}) + 27 ({d, 27"} + {27, d'})a = 0.

3) ({ab,c}o = {a,c}ob+ a{b,c}o) It can be proved the same way we
proved that gx(-) is a derivations for all X € Mon{xz1,...,z,}. O

Theorem 3.9. Let B = o0(A)(z1,...,z,) be a skew PBW extension of
A as above and {-,-} a poisson bracket on B, then there exists { € A
such that {a,b} = {[a,b] for all a,b € B.

Proof. Since { -, -} is a Poisson bracket on B then there exists a poisson
bracket { -, }o on O;:g with {-,- }o|z = {-,-} which is A-bilinear func-
tion, by theorem (3.5) there exists £ € A such that {a,b}o = £[a, b] for all
a,b e (’);:; so if a,b € B then {a,b} = {a,b}o = &[a, b]. O

4. Some examples

In this section we will show some algebras where we can give a charac-
terization of the poisson brackets.

1) The algebra of q-differentiable operators. Dy plx,y]. Let ¢, h € K,
q # 0 consider K[y|[z; 0, 0], 0(y) := qy and §(y) := h. By definitions of skew
polynomial ring, it is the K-algebra defined by the relation zy = gtx + h.
If we put h = 0 and ¢ — 1 € K* for all [ € N we have that zr = rz and
yr = ry for all r € K.

2) The algebra of linear partial g-dilatation operators. For a fixed
q € K— {0}, the K-algebra of linear partial g-dilatation operators
with polynomial coefficients, respectively, with rational coefficients,
is K[t1,...,t,) [Hfl), - ,H,(,?)}, respectively K(tq, ... ,tn)[qu), - ,H,(g)]
n < m, subject to the relations:

tjti:titj, 1 <<y <n,
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H% = qt;H”, 1<i<n,
HY% =tH",  i#]
Hz(q)H](q) _ H;Q)HZ(Q)’ 1< < n.

If we take n=m =1and ¢ —1 € K* for all [ € N.
3) Multiplicative analogue of the Weyl algebra. The K-algebra Oy (i )
is generated by x1,...,x, subject to the relations:

T;jT; = )\i]’ﬂ?iﬂij, 1<i1<yj<n,
where \;; € K — {0}. If we take n > 1 and \;; as N independent, i.e. for
alli=1,...,nand m € N* —{(0,...,0) , 1 = [, A} € K*.

4) 3-dimensional skew polynomial algebra A. It is given by the relations
yz —azy = A, zx — Prz =, TY —YYr = v

such that A\, pu,v € K+ Kz + Ky + Kz, and o, 8,7 € K — {0}. If we take
A, =0 and «, 8,7, N-independent.

5) Quantum Space Sy. Let K be a commutative ring and let q = [g;;]
be a matrix with entries in K* such that ¢;; = 1 = ¢;;q;; forall 1 <i,j5 < n.
The K-algebra S, is generated by x1,..., 2y, subject to the relations

.T}Z'.Z'j = qijxjaci.
If we take n > 1 and ¢;; N-independent.

6) Witten’s deformation of U(SL(2,K)). Let § = ({1,...,&7) a T-tuple
of parameters, it is generated by x,y, z subject to relations

vz —&zr=6x, 2y —&uz=&y,  yr — &y = L2 + &z

If we take &7,&6,& = 0 and &, &3, &5 € K* and N-independent.

7) Quantum symplectic space. Oy(SP(K?")). For every nonzero element
q € K, one defines this quantum algebra O,(SP(K?")) to be the algebra
generated by K and the variables y;--- ,yn,x1,..., 2, subject to the
relations

yiTi = q 'wy;, YiYj = YilYy, I<i<jy<n,

zjr; = q ‘ag, Ty = qUiTj, I<i<j<n,
1—1

vy — Cyiwi = (¢ = 1) _ ¢y, 1<i<n,
=1

If we take n = 1 and ¢ N-independent.
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