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ABSTRACT. We study the semigroup $0(Z{.,) of monotone
injective partial selfmaps of the set of L, Xex Z having co-finite
domain and image, where L,, Xex Z is the lexicographic product of
n-elements chain and the set of integers with the usual order. We
show that $0 (Z].,) is bisimple and establish its projective congru-
ences. We prove that J0.(Z],, ) is finitely generated, and for n =1
every automorphism of $0,(Zj,,) is inner and show that in the
case n > 2 the semigroup $0 (Z],) has non-inner automorphisms.
Also we show that every Baire topology 7 on J0(Zf,,) such that
(IO (Z7,,.), ) is a Hausdorff semitopological semigroup is discrete,
construct a non-discrete Hausdorff semigroup inverse topology on
0 (Z}.), and prove that the discrete semigroup J0.(Z],,) cannot
be embedded into some classes of compact-like topological semi-
groups and that its remainder under the closure in a topological
semigroup S is an ideal in S.

1. Introduction and preliminaries

In this paper all spaces will be assumed to be Hausdorff. We shall
denote the first infinite cardinal by w and the cardinality of the set A
by |Al]. Also we denote the additive group of integers by Z(+). We shall
identify all sets X with its cardinality | X|.
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An algebraic semigroup S is called inverse if for any element z € S
there exists a unique ~! € S such that zoz 'z = 2 and v~ taz~! = 2z~ 1.
The element 27! is called the inverse of x € S. If S is an inverse semigroup,
then the function inv: S — S which assigns to every element x of S' its
inverse element z ! is called an inversion.

If ¢ is an arbitrary congruence on a semigroup S, then we denote
by ®¢: S — S/€ the natural homomorphisms from S onto the quotient
semigroup S/€. A congruence € on a semigroup S is called non-trivial if
¢ is distinct from universal and identity congruence on S, and group if
the quotient semigroup S/€ is a group. Every inverse semigroup S admits
a least (minimum) group congruence o:

acb if and only if there exists e € E(S) such that ae = be

(see [25, Lemma I11.5.2])

If S is a semigroup, then we shall denote the subset of idempotents
in S by E(S). If S is an inverse semigroup, then E(S) is closed under
multiplication and we shall refer to E(S) a band (or the band of S). If
the band F(S) is a non-empty subset of S, then the semigroup operation
on S determines the following partial order < on E(S): e < f if and only
if ef = fe = e. This order is called the natural partial order on E(S). A
semilattice is a commutative semigroup of idempotents. A semilattice F
is called linearly ordered or a chain if its natural order is a linear order. A
maximal chain of a semilattice F is a chain which is properly contained
in no other chain of F.

The Axiom of Choice implies the existence of maximal chains in any
partially ordered set. According to [25, Definition 11.5.12] a chain L is
called an w-chain if L is isomorphic to {0, —1, -2, —3,...} with the usual
order <. Let E be a semilattice and e € E. We denote e = {f € E| f <
e} and te = {f € E| e < f}. By (P<4,(\), C) we shall denote the free
semilattice with identity over a set of cardinality A\ > w, i.e., (PP, (N), Q)
is the set of all finite subsets (with the empty set) of A with the semilattice
operation “union”.

If S is a semigroup, then we shall denote the Green relations on S by

R, L, §,9 and F (see [6, Section 2.1]):
ab if and only if aS* = bS*;
ab if and only if Sta = S'b;
a b if and only if S'aS" = S'bS;
PD=LoR=9Ro¥;
H=LNR.
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A semigroup S is called simple if S does not contain any proper two-sided
ideals and bisimple if S has a unique 9-class.

For a non-empty subset A of an inverse semigroup S we say that
A generates S as an inverse semigroup, if the intersection of all inverse
subsemigroups of S whose contains A coincides with S. In this case we
write (A) = S and call A to be a set of generators of S as an inverse
semigroup.

An automorphism f: S — S of a semigroup S with a non-empty group
of units Hj is called inner if there exists a € Hy such that (s)f = asa™
for all s € S.

A semitopological (resp. topological) semigroup is a Hausdorff topolog-
ical space together with a separately (resp. jointly) continuous semigroup
operation. An inverse topological semigroup with the continuous inversion
is called a topological inverse semigroup. A Hausdorff topology 7 on a
(inverse) semigroup S such that (S, 7) is a topological (inverse) semigroup
is called a (inverse) semigroup topology.

If a: X — Y is a partial map, then by dom o and ran @ we denote
the domain and the range of «, respectively.

Let .9y denote the set of all partial one-to-one transformations of
an infinite set X of cardinality A together with the following semigroup
operation: z(af) = (za)f if z € dom(af) = {y € doma | ya € dom 5},
for o, 8 € 9. The semigroup .%, is called the symmetric inverse semigroup
over the set X (see [6, Section 1.9]). The symmetric inverse semigroup
was introduced by Vagner [28] and it plays a major role in the theory of
semigroups. An element o € %) is called cofinite, if the sets A\ dom «
and A \ ran « are finite.

Let (X, <) be a partially ordered set. We shall say that a partial map
a: X — X is monotone if z < y implies (z)a < (y)a for z,y € X.

Let Z be the set of integers with the usual linear order <. For any
positive integer n by L,, we denote the set {1,...,n} with the usual linear
order <. On the Cartesian product L,, X Z we define the lexicographic
order, i.e.,

(i,m) < (j,n) if and only if (1<j) or (i=j5 and m < n).

Later the set L,, X Z with the lexicographic order we denote by L, Xjex Z.
Also, it is obvious that the Z x L,, with the lexicographic order is order
isomorphic to (Z, <).

By 0 (Z;.,) we denote a subsemigroup of injective partial monotone
selfmaps of L, Xjex Z with co-finite domains and images. Obviously,
0 (Zi.,) is an inverse submonoid of the semigroup .%,, and F0(Z,, )
is a countable semigroup. Also, by 0~ (Z) we denote a subsemigroup
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of injective partial monotone selfmaps of Z with cofinite domains and
images.

Furthermore, we shall denote the identity of the semigroup Y0 (Z{., )
by I and the group of units of Y0 (Zi.,) by H(I).

For a topological space X, a family {A; | s € «} of subsets of X
is called locally finite if for every point x € X there exists an open
neighbourhood U of x in X such that the set {s € o | U N A} is finite.
A subset A of X is said to be

e co-dense on X if X \ A is dense in X;

e an F,-set in X if A is a union of a countable family of closed subsets
in X.

We recall that a topological space X is said to be

e compact if each open cover of X has a finite subcover;

e countably compact if each open countable cover of X has a finite
subcover;

e pseudocompact if each locally finite open cover of X is finite;

e a Baire space if for each sequence Aq, As, ..., A;,... of nowhere
dense subsets of X the union |J;2; 4; is a co-dense subset of X;

o Cech complete if X is Tychonoff and for every compactification cX
of X the remainder ¢X \ X is an F,-set in cX;

e locally compact if every point of X has an open neighbourhood with
the compact closure.

According to Theorem 3.10.22 of [11], a Tychonoff topological space X is
pseudocompact if and only if each continuous real-valued function on X
is bounded.

It is well known that topological algebra studies the influence of
topological properties of its objects on their algebraic properties and
the influence of algebraic properties of its objects on their topological
properties. There are two main problems in topological algebra: the
problem of non-discrete topologization and the problem of embedding
into objects with some topological-algebraic properties.

In mathematical literature the question about non-discrete (Hausdorff)
topologization was posed by Markov [23]. Pontryagin gave well known
conditions a base at the unity of a group for its non-discrete topologization
(see Theorem 4.5 of [19] or Theorem 3.9 of [26]). Various authors have
refined Markov’s question: can a given infinite group G endowed with
a non-discrete group topology be embedded into a compact topological
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group? Again, for an arbitrary Abelian group G the answer is affirmative,
but there is a non-Abelian topological group that cannot be embedded
into any compact topological group (see Section 9 of [7]).

Also, Ol'shanskiy [24] constructed an infinite countable group G such
that every Hausdorff group topology on G is discrete. Eberhart and Selden
showed in [10] that every Hausdorff semigroup topology on the bicyclic
semigroup 6(p, q) is discrete. Bertman and West proved in [4] that every
Hausdorff topology 7 on 6 (p, q) such that (€ (p, q), 7) is a semitopological
semigroup is also discrete. Taimanov gave in [27] sufficient conditions on
a commutative semigroup to have a non-discrete semigroup topology.

Many mathematiciants have studied the problems of embeddings of
topological semigroups into compact or compact-like topological semi-
groups (see [5]). Neither stable nor I'-compact topological semigroups
can contain a copy of the bicyclic semigroup [1,20]. Also, the bicyclic
semigroup cannot be embedded into any countably compact topological
inverse semigroup [16]. Moreover, the conditions were given in [2] and
[3] when a countably compact or pseudocompact topological semigroup
cannot contain the bicyclic semigroup.

However, Banakh, Dimitrova and Gutik [3] have constructed (assuming
the Continuum Hypothesis or Martin Axiom) an example of a Tychonoff
countably compact topological semigroup which contains the bicyclic
semigroup. The problems of topologization of semigroups of partial trans-
formations and their embeddings into compact-like semigroup were studied
in [12-15].

Doroshenko in [8,9] studied the semigroups of endomorphisms of lin-
early ordered sets N and Z and their subsemigroups of cofinite endomor-
phisms. In [9] he described the Green relations, groups of automorphisms,
conjugacy, centralizers of elements, growth, and free subsemigroups in
these subgroups. In [8] there was shown that both these semigroups do
not admit an irreducible system of generators. In their subsemigroups of
cofinite functions all irreducible systems of generators are described there.
Also, here the last semigroups are presented in terms of generators and
relations.

Gutik and Repovs in [17] showed that the semigroup .#{ (N) of partial
cofinite monotone injective transformations of the set of positive integers
N has algebraic properties similar to those of the bicyclic semigroup:
it is bisimple and all of its non-trivial semigroup homomorphisms are
either isomorphisms or group homomorphisms. There were proved that
every locally compact topology 7 on .9{ (N) such that (.${ (N),7) is a
topological inverse semigroup, is discrete and the closure of (.9 (N), )
in a topological semigroup was described.
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In [18] Gutik and Repovs studied the semigroup .94 (Z) of partial
cofinite monotone injective transformations of the set of integers Z and
they showed that .9 (Z) is bisimple and all of its non-trivial semigroup
homomorphisms are either isomorphisms or group homomorphisms. Also
they proved that every Baire topology 7 on .9{ (Z) such that (.${ (Z), )
is a Hausdorff semitopological semigroup is discrete and construct a
non-discrete Hausdorff semigroup inverse topology 7 on ﬂo{; (Z).

In this paper we study the semigroup $0(Z., ). We describe Green’s
relations on $0(Zi., ), show that the semigroup Y0 (Zi., ) is bisimple
and establish its projective congruences. We prove that 0. (Zf.,,) is
finitely generated, every automorphism of 0., (Z) is inner and show
that in the case n > 2 the semigroup Y0 (Zj,,) has non-inner automor-
phisms. Also we prove that every Baire topology 7 on J0(Zf.,) such
that (Y0 (Z., ), 7) is a Hausdorff semitopological semigroup is discrete
and construct a non-discrete Hausdorff semigroup inverse topology on
0 (Z1.,.). We show that the discrete semigroup $0(Zf.,,) cannot be
embedded into some classes of compact-like topological semigroups and
that its remainder under the closure in a topological semigroup S is an
ideal in S.

2. Algebraic properties of the semigroup Y0, (Zi.,)

Lemma 2.1. Let n be any positive integer > 2, a € J0s(Zi.,) and
(i,l)a = (j,m). Theni=j.

Proof. We shall show the assertion of the lemma by induction. Let ¢ = 1.
Suppose the contrary: there exists an integer [ such that (1,1)a = (5, m)
and j > 2. Then the injectivity and monotonicity of & imply that (1, k) >
(j,m) for every integer k > [. This contradicts the cofinality of a, and
hence we get j = 1.

Next we shall prove that if the assertion of the lemma is true for all
positive integers ¢ < p, where p < n, then it is true for ¢ = p. Suppose to the
contrary that there exists an integer [ such that (p,l)a = (j,m) and j > p.
Then the injectivity and monotonicity of a imply that (p, k)a = (j,m)
for every integer k > [. By assumption of induction we get that the set
(L, x Z) \ ran « is infinite, which contradicts the cofinality of «. The
obtained contradiction implies the equality ;7 = p. This completes the
proof of the lemma. O

Proposition 2.2. Let n be any positive integer > 2. Then every two
cofinite subset of L, Xiex Z are order isomorphic.
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Proof. The statement of the lemma is trivial in the case when n = 1. Let
A and B are cofinite subset of L, Xjex Z. Then for every i = 1,...,n, the
sets AN({i} xZ) and BN ({i} xZ) are cofinite subsets of {i} x Z, and hence
are order isomorphic. This implies that the union of their coordinatewise
order isomorphisms on the first factor is an order isomorphism of A
and B. O

For every i =1,...,n we put
S = {a € IO (Ziey): the restriction oz, \ i)z s an identity map} .

It is obvious that S; is an inverse submonoid of the semigroup $0(Z.,)
foreveryi=1,...,n.

Proposition 2.3. Let n be any positive integer > 2. Then the following
assertions hold:

(i) for everyi=1,...,n the semigroup S; is isomorphic to Y0 (Z);
(17) S;inS; = {1} for all distincti,j=1,...,n;
1) if @ i, 4,5 = 1,...,n, then o;8; = Ba; for all a; € S; and
j j
Bj S Sj,‘
) the semigroup F0- (71", ) is isomorphic to the direct product [[—q S;,
lex =1
and hence it is isomorphic to the direct power ($0oo(Z))".

Proof. (i) For fixed i = 1,...,n we identify the semigroups S; and .90 (Z)
by the map F;: S; — J0xo(Z), where (a)F; = alf;) 7z is the restriction
of o onto {i} x Z. Simple verifications show that such defined map
F;: S; — 90, (Z) is a semigroup isomorphism.

Statements (i7) and (ii¢) are trivial and follow from the definition of
the semigroup S;, i =1,...,n.

(tv) We define the map I: 0, (Zi,) — [[ie: Si: oo = (0, ..., an),

where (@) ; 0
r)a, ifxe i} xZ;
(@)ai = { x,  otherwise,

i =1,...,n. Simple verifications imply that the map I;: $O(Zi ) — Si,
defined by the formula (a)I; = «; is a homomorphism. This implies
that the map I: 90, (Z,) — [IiL;S; is a homomorphism. Also, for
arbitrary ay € S,...,a, € S, we have that (a)I = (aq,...,a,), where
a =i ...a,, and hence the map I is surjective. If o and 8 are distinct
elements of the semigroup Y0 (Zi., ), then there exists a positive integer
i € {1,...,n} such that (z)a # (z)5 for some = € {i} x Z, and hence
we have that (x)a; # (z)5;. This implies that («)I # (8)I, and hence
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the map I: $0.(Zy,,) — ITiz, Si is an isomorphism. The last statement
follows from (7). O

Proposition 2.4. Let n be any positive integer. Then the following
assertions hold:

(1) An element « of the semigroup Y0 (71, ) is an idempotent if and

lex
only if (x)a = x for every x € dom a.
(13) Ife,0 € E(J0(Z1,)), then e < ¢ if and only if dome C dom .

lex
(1ii) The semilattice E(I0x(Zi.,)) is isomorphic to (P<y,(Ly x Z), Q)
under the mapping (e)h = (L, X1ex Z) \ dome.

) Every mazimal chain in E($0x(Zi.,)) is an w-chain.
) QR in IO (Zi,) if and only if dom oo = dom f3.
(vi) a2 p in IO (Z1,) if and only if ran v = ran 3.
) adtB in J0uo(Zi,,) if and only if dom o = dom 8 and ran o = ran f3.
)

For all idempotents ¢, p € J0x(Zi,) there exist infinitely many
elements o, f € J0x(Zy.,,) such that a- 3 =€ and B - o = .

(iz) FO(Z1.,) is a bisimple semigroup and hence § = 9.

Proof. The proofs of assertions (i)—(iv) are trivial and they follow from
the definition of the semigroup $0(Z{., ).
The proofs of (v)—(vii) follow trivially from the fact that .J0(Z{.,)
is a regular semigroup, and by [21, Proposition 2.4.2, Exercise 5.11.2].
Proposition 2.2 implies assertion (viii). Assertion (iz) follows from
(viii) and Proposition 3.2.5(1) of [22]. O

By Lemma 2.1, for every a € Y0 (Zj.,) and any (i,k) € doma C
L, x Z there exists an integer (k)a‘ such that (i, k)a = (i, (k)a?). This
implies that the notion (k)a’ well-defined for every o € J0,(Z}.,) and
any (i,k) € doma. Also, later we shall identify o' with the restriction
{1z of a on the set {i} x Z. This makes to possible to consider o' as
an element of the semigroup Y0, (Z).

Lemma 2.5. Let n be any positive integer. Then a partial injective
monotone selfmap o of Ly, X1exZ is an element of the semigroup JO0x (71l
if and only if there exist integers dn and uy such that for anyi=1,...,n
the following conditions hold:

(i,k — Da = (i, (k — 1)a') = (i, (k)a' — 1)
and (i, + Vo = (i, (1 + 1)) = (i, ()a’ + 1),
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for all integers k < do and | > uq. Moreover o € H(Il) in Y0 (Zy.,) if
and only if

(i,m+ Da = (i, (m + 1)a’) = (i, (m)a’ + 1),
foranyi=1,...,n and any integer m.

Proof. By Lemma 1.1 from [18] we have that a partial injective monotone
selfmap « of Z is an element of the semigroup Y0 (Z) if and only if there
exist integers d, and u, such that the following conditions hold:

(k—1a=(k)a—1 and (I+1a=N)a+1
for all integers k < d,, and [ > u,,

and a € H(Il) in $90(Z) if and only if (m + 1)a = (m)a + 1 for any
integer m. Then Proposition 2.3 implies that a partial injective monotone
selfmap o of L, Xjex Z is an element of the semigroup .$0(Z;., ) if and
only if for every i = 1,...,n there exist integers d’, and u?, such that

(i,k — Da = (i, (k — 1)at) = (i, (k)a' — 1)
and (i, + a = (i, (1 + 1)a*) = (i, (1)a’ + 1),

for all integers k < di, and [ > u!,. We put d, = min{d.,,...,d"} and
o = max{ul, ..., u"}. Simple verifications show that the integers d,
and u, are requested.

The last statement immediately follows from Proposition 2.3 and
Lemma 1.1 of [18]. O

The second part of Lemma 2.5 implies the following proposition:

Proposition 2.6. For any positive integer n the group of units H(I) of
the semigroup IO (Z.,) is isomorphic to the direct power (Z(+))".

Theorem 2.20 of [6], Proposition 2.4(ixz) and Proposition 2.6 imply
the following corollary:

Corollary 2.7. Let n be any positive integer. Then every maximal sub-
group of the semigroup J0(Zi.,.) is isomorphic to the direct power

(Z(+)".

Proposition 2.8. Let n be any positive integer. Then for every ele-
ments o, f € J0so (21, ), both sets {x € IO0xo(Zi,,): - x = S} and {x €
IO (Z1,): x - = B} are finite.
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Proof. We denote A = {x € JO(Zi,): - x = p} and B = {x €
IOs0(Z2 ): o=t -a-x = at-B}. Then A C B and the restriction of
any partial map x € B to dom(a~! - a) coincides with the partial map
a~1. 3. Since every partial map from .$0(Z, ) is monotone we conclude
that the set B is finite and hence so is A. The proof of the other case is
similar. O

The following theorem describes the least group congruence o on the
semigroup J0oo(Zi., ).

Theorem 2.9. Letn be any positive integer. Then the quotient semigroup
FOo0(Z1,) /o is isomorphic to the direct power (Z(+))™".

Proof. Let a and 8 be o-equivalent elements of the semigroup $0(Zi., ).
Then by Lemma IIL.5.2 from [25] there exists an idempotent gy in
0 (Z1,,) such that a-eg = 3 - gg. Since J0(Zj, ) is an inverse semi-
group we conclude that av- e = - ¢ for all € € E($0-(Zi.,)) such that

lex
e < €9. Then Lemma 2.5 implies that there exist integers d,, uq, dg and

ug such that for any 7 = 1,...,n the following conditions hold:
ik —Da=(i,(k—1)a') = (i, (k:)a - 1),

i1+ 1Da= (i, +1a') = (i,(Da’ + 1),

i,k —=1)8 = (i, (k= 1)8") = (i, (k)5 = 1),

LI+ 1B = (0, (1 +1)8") = (6, ()8 + 1),

for all integers k < d = min{d,, dg} and | > v = max{uq,ug}. We put

(4,
(
(4,
(

do = min{(d)al, L (d)am (d)B . (d)ﬁ"}
and wp = max {(u)al, o (w)a, (W)l (u)ﬁn} .

Let €1 be an identity map from L,, x (Z \ {do,dp + 1,...,up}) onto itself.
Then € = €1 - €9 < g9 and hence we have that a - €” = 3 - €%, Therefore
we have showed that if the elements v and /3 of the semigroup Y0 (Zi., )
are o-equivalent, then there exist integers d and u such that

(i,k)a = (i, k)B and (i, 0)a = (1,1)5,

for all integers k < dand |l > w and any i =1,...,n.
Conversely, suppose that exist integers d and u such that

(i, k) = (i, k)8 and (i, ) = (1,1) 3,
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for all integers k < d and [ > w and any ¢ = 1,...,n. Then we have that
d<u lfd=word=u—1then o= pfin J0(Zj,,) and hence o and
are g-equivalent. If d < v — 1 then we put g9 to be the identity map of
the set

(LnxZ)\{(l,(d—i—l)al),...,(1,(u—1)a1),...
o ny(d+1)a"), .., (n,(u—1)a")}.

Then we get that (i,k)(aoeg) = (i,k)(8 o eg) for any (i, k) € Ly X
(Z\{d+1,...,u — 1}) and therefore a9 = - 9. Hence Lemma II11.5.2
from [25] implies that « and /3 are o-equivalent elements of the semigroup

000 (Ziey)-

Now we define the map H: J0(Z]L,) — (Z(+) x Z(+))" by the
formula

(@ H = (((da)a" = das (wa)a’ = ua) -, (da)a™ = da, (ua)a™ = ua) ),

where the integers d, and u, are defined in Lemma 2.5.

We observe that
(do — K)o’ = (do)o! — k and (g + k)’ = (ug)a’ + k,
for any ¢ = 1,...,n and any positive integer k. Hence we have that
(kYo' — k= (da)a’ — dg and (Dot —1 = (ua)a’ — ug,

for any i = 1,...,n and all integers k < d,, and [ > u,.

Lemma 2.5 implies that there exist integers d° and «° such that

(k—1)a’ = (k)a' — 1, (1+1)a’ = (1)a' + 1,
(k=18 = (k)5 -1, (+1)8" =B +1,
(k=1)(a"-p") = (k)(a"-5) =1, (I+1)(a"- ") = ()(a"- ') +1,
for any i = 1,...,n and all integers k < d° and [ > u". Hence for any

i=1,...,n and all integers k < d° and | > u” we have that

(k)(a'-B") =k = (k)(a"-5")~(k)a'+(k)a'—k = ((ds) 5'~dg)+((da) o’ ~da),

W(a"-8) =l = U)(a"5)~(a'+()a’ ~1 = ((ug) 5" —ug)+((ua)a' —ua).
This implies that the map H: Y0 (Z].,) — (Z(+) x Z(+))" is a homo-
morphism. Simple verifications show that the map H is surjective and
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kerH = o, i.e., the homomorphism H generated the congruence o on the
semigroup J0uo (Zi., ). O

Next we establish congruences on the semigroup Y0 (Z1.,).

By Proposition 2.3(iv), the semigroup .0 (Zi., ) is isomorphic to the
direct power ($0-(Z))". Hence every element a of $0,(Z]) we can
present in the form (ai,as,..., ). Later by af we shall denote the
element of the form (Iy,...,I;—1, o, Lz, ..., 1,), where [; is the identity
of j-th factor in (Y0 (Z))".

Fori=1,...,n we define a relation o}; on J0u(Zi;, ) in the following
way:

aop B if and only if
there exists an idempotent € € .0, (Z) such that ae; = fe;.

Remark 2.10. For every a = (a1,...,a,) € JO0(Z],,) we have that
a=aj...qp.

Proposition 2.11. op; is a congruence on J0(Zi,) for every
1=1,....,n.

Proof. It is obvious that oj; is reflexive and symmetric relation on
IO (Zi,)- Suppose that aop;8 and Bop;y. Then there exist idempo-
tents ,1 € JO05(Z) such that ae} = fe; and i = ~if. Since in an
inverse semigroup idempotents commute we get that acfi; = Bejty =
Biie; = yiie; = ve;ty, and hence aoypy.

Suppose that ao(; 8 for some «, 8 € J0uo (Zi.,) and ~ be any element
of 0 (Zi,). Then we have that ac{ = fe for some idempotent ¢ €

FO0so(Z). Now we get yaey = vfe; and
ay(; tem)® = alving te)*y = aleny D)oy = el (v )0 =
= B} (v 1)y = Bleryni )y =
= By tei)y = Br(v; ten)°s
where ~; is the i-th coordinate of  of the representation in ($0(Z))".

Since v, 'e;y; is an idempotent of 0. (Z) we have that (ya)ap; (v8) and
(ay)oy(By)- This completes the proof of the proposition.

Proposition 2.12. o}, o o(;] = oj 0 o3 and hence o 0 o[ = o}y V 0y

foranyi,j=1,...,n.

Proof. Suppose that a(o) o o) for some a = (ai,...,an),
)

)
B = (B1,.--,0n) € JO0x(Z;,). Then there exist v = (y1,...,7) €
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IO (Zi,) such that aop;y and yop;) 8. Then the definition of of; implies

that the following equalities hold:

ap =y, forallke{l,...,n}\{i};

w=20, forallle{l,...,n}\{j};
aie = i€, ;€ = Bje for some idempotent € € J0x(Z).

We put § = (d1,...,0,), where

_ | By, ifl=y;
= L)

Then we get that ao;)0 and dop; 3, and hence a(o; o o7;)) 3. This implies
that o(;) o ;) C oy;) 0 073 and hence by Lemma 1.4 from [6] we get that
I1i) © () = 91i) V Oj)- s

Proposition 2.13. For any collection {iy,... i} C {1,...,n} of dis-
tinct indices, k < n, the following condition holds o 0 ... 00}, =
0p V.- Vo, and hence oj;, 1 = 0,10 ... 00, is a congruence on

000 (Ziey)-

Proof. We prove the statements of the proposition by induction. Propo-
sition 2.12 implies that the statements hold for £ = 2. Now we suppose
that the assertion holds for any integer j < kg < n and we shall show
that it is true for ky. Then we have

k]

(@fi1) © -+ 0 Fligy 1) © Ty ] = (i) © -+ © Tligy _5)) © (Oig 1] © Tlig, o) =
= (opy) 0000, 5])© (] © Ty, 1)) =
= 03] © -+ 0 (Tiy )] © Tlig, _]) © Oliy 1] =

= (o) 00 075,.1) © (i, ] © Tlig, 1)) =

= i) © (01i1] © -+ Oy, 5] © Ty, _4])-

This implies the following

Olin] © -+ © Oligg 1] © ligy] = (0 o0 O—[iko—l}) © Oligy] =
= (G[il] 0...0 G[iko—ﬂ) V G[iko} =
= (U[il] V...V U[ik071]) V Olige]>

and similar arguments as in the proof of Proposition 2.12 imply that

Oliy,..iy] = Oliy) © - - - © O[] 18 @ congruence on IO (Zi, ). O
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Proposition 2.13 implies the following

Corollary 2.14. For any collections {i1,... iz} < {1,...,n} and
{J1,-- -, iy C€A{1,...,n} of indices, k < n, the following condition holds:

(,L) Olig,enyig] - Olj1,0,71) Zf and Only Zf {Z.la e 7“45} - {jh cee 1.jl};'
(1) Ofiy,..ie] = Oljr,) o and only if {iv, ... ig} = {j1, .-, Ji}s

(#i7) Oli1enit) © Oteet] = Olptsesipinl where {p1,...,pm} = {i1,..., ik} U
{.717 s 7jl}~

Proposition 2.15. For any collection {i1,..., i} C {1,. n} of dis-

tinct indices, k < n, aop, 18 in O (Zlex) zf and only Zf aeg ...ep =

Bei .. g5 for some zdempotents €51y Eqy € IO (Zigy)-

Proof. (=) Suppose that aoy;, . ;18 in $0(Zi, ). Without loss of gener-

ality we can assume that ¢; = 1, ...,ip = k. Then there exist v, ..., v*!
such that aa[l]’yla[nga[g] . a[k_l]vk_la[k}ﬁ. This implies the existence
of idempotents €9,.. ., &5 € J0,(Z], ) such that ae§ = ylef, vles = 723,

oy fykflez = f3e}. Since idempotents in an inverse semigroup commute

we have that

o 1_o_o 1_o_o 2 _o_o o
QEVEG ... €] =Y E1€y.. .6 =Y €€ ... Ef = Y €T 5k =
2_o_o o_o_o —1_o o_o o
=7%e5es . ef = eSefes . eh = - =Tl €Sl ef =
k—1 o_o o o_o o
=" ereley . Ef = ﬁ5k5152 o Ep_1 = Pejey. . .y
(<) Suppose that ae? ...e;, = Be; ...€f for some idempotents
€5s s €5, € JO0so(Zi, ). Without loss of generality we can assume that
i1 =1,...,0 = k. We put v' = ae$, 42 = aeles, ..., 7F =acjey. .. =
Peleq ... €, -1 2Rl = Be9es, 42k = BeS. Therefore we get that

040[1}’710[2W20[2] . ~U[k]7k0[k+1}7k+10[k—2] e 0’[2]7%_10[1]5-
This implies that (o oo o...0 0...0p o0oy)B, end by Proposi-
tion 2.13 we have that aoy;, ;18 O

Proposition 2.16. 015 ., is the least group congruence on 0 (74, ),
i€, O[12..n] =0

Proof. For every i = 1,...,n the definition of o}, implies that o C 0.
Then by proposition 2.13 we have that ojjo...00p,) = o V... Voy,), and
since the congruences form a lattice we conclude that opjjo...00p,; Co.
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Let « = (a1, 9,...,ay) and = (81, B2, ..., Bn) be elements of the
semigroup Y0 (Zi.,) such that aof. Then there exists an idempotent

e = (e1,€2,...,epn) such that ae = fe, i.e.,
(a1€1, 62, ..., anen) = (B1€1, Pog2, .. ., Pnen)-
Now we put v! = (81,2, ..., an_1,0n), Y2 = (B1, B2, -+ Qn1,n); - - -,

= (p1,82, .-, Pn-1,0ap). Then we have that aa[l]'yl, 710[2]72, e
7”_10[216. Therefore we get that o C opjjo...00,, and hence o =
0’[1]0...00[”]. ]

For every i = 1,...,n we define a map 7' : 00 (Z].) — F0uo( fex) DY
the formula ()7 = aj, ie., (a1,...,q4...,0pn)7" =
= Iy, ..., -1, @, L1, ..., I,). Simple verifications show that such de-
fined map 7': J0 (Z.) — J0o0(Z7,) is a homomorphism. Let mi* be the
congruence on $0(Z.,,) which is generated by the homomorphism 7*.

Let S be an inverse semigroup. For any congruence p on S we define
a congruence ppyin on S as follows:

apminb  if and only if ae =be for some e € E(S), epalapb lbh,

(see: [25, Section III.2]).

Prop051t10n 2.17. 7« mm = 0[1]©...00[j_1] ©O[i}1] © - .. O O for every
1=1,...,n

Proof. (<) Suppose that a(opij0...00_1]00741)0. . .00,) B in FO0u (2, )
for some a = (a1, ..., ay,) and ﬁ (B1,- .., Bn). Then by Proposition 2.15

we have that aef...e7 17,4 .. = fe] ... €5 1541 - - . €, for some idem-
potent € = (g1, ..., 5i_1,]li,5i+1, .. 5n) i.e., ae = fe. Then we have that
o; = B;, and hence ae™ = fe* for " = (51, e il 1,(1_1042,51“, ceyEn)-
It is obvious that e*ri*a~ om"ﬁﬁ 13, This 1mpheb that ojjo...00p_q 0
Ofi4+1] ©--- 0 0[] © T

(=) Suppose that ar fninﬁ in $0(Zi,) for some a = (ai,...,an)

and 8 = (f1,...,0n). The there exists an idempotent €= (e1,.--,€n)

in $0,(Z;,) such that ac = f[e and entfalanmi* B71B. The last
two equahtles imply that «; lay = = B 13, = ¢;. This and the equal-

ity ae = fe imply that oye; = fie; and hence oy = ;0 “la, =
e = ,Blsl = BiB; 18, = Bi. Therefore we have that as* = [e*,
where £* = (51,.. €im1, 15,6041, .0, En), L€, Q] .67 1€5, .. 5% =

Pel ... €5 16541 ---€p- Then by Proposition 2. 15 we have that a(op) o
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... 0 0-[7:—1} 0] O-[i-i-l} 0...0 U[n])ﬁ in J@OO(ZIZX) This 1mpheS that Wifnin g
0'[1] O... OU[ifl} OU[i+1] Oo... OO'[n}

For every o € 90, (Z1,,) and any (i, j) € doma C L, x Z according
to Lemma 2.1 we denote (7, j)a = (i, (7)a;)-

Proposition 2.18. Let {i1,...,ix} C {1,...,n} be any collection of
distinct indices, k < n. Then aoy, ;18 in I0(Zi,) if and only if the
following conditions hold:

(i) there exists a positive integer p such that (j)a; = (j)B; for all
integers j with [j| = p and all i =iq,.. ., ik;

(i) doma N (({1,...n} \ {i1,...,ix}) X Z) = dompB N (({1,...n}\
{i1, ... ig})XZ) and (§)o; = (4)6; for all (i, j) € doman(({1,...n}\
{il,...,’ik}) X Z).

Proof. Without loss of generality we can assume that i1 = 1,... i = k.
(=) Suppose that aoy; . ;B in F0x(Zf, ). Then there exist idem-

potents €7,...,ep in JO0s(Z;,,) such that acf...e = Pef...e}. This
implies assertion (i7).

We observe that the definition of the idempotent 7, ¢ = 1,...,n,
implies that the restriction 7|1, \(i})xz 15 an identity map of the set
(Ly \ {i}) x Z. Therefore there exists a positive integer p; such that

({(2,4): 4] = pi}) U (L \ {i}) x Z C dom ;.

We put p = max{pi,...,pr} and p requested as in (ii).

(<) Suppose that assertions (7) and (i¢) hold. By Idj; we denote the
partial identity map of the subset M for any M C L, x Z. For every
1 =1,...,n we put

&7 = 1dg(i)ljizpy V1AL (ip)x2 -
Simple verifications show that ae}...ep = Be7...ep and hence aoyy . 1

in Y0 (7).

3. Generators and automorphisms
of the semigroup Y0..(Z}.,)

We put 62 (Z) = {a € $6(Z): doma = Z} and 6.9(Z) = {a €
I0so(Z): rana = Z}.

Proposition 3.1. 62(Z) and 6l (Z) are antiisomorphic subsemigroups

of $0so(Z).
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Proof. Simple verifications imply that 62 (Z) and 6L (Z) are subsemi-
groups of the semigroup $0(Z). We define i: 62 (Z) — 6L (Z) by the
formula ()i = a~!. It is obvious that so defined map i: 62 (Z) — 6L (Z)
is surjective and since the map i is the restriction of inversion of the
inverse semigroup .90,,(Z) onto the subsemigroup 62 (Z) we get that it
is an antiisomorphism. O

It is obvious that the group of units of the semigroup $0,,(Z) is
isomorphic to the group of units of 62 (%) (@OE?] (Z)), and moreover by
Proposition 2.6 it is isomorphic to the additive group of integers Z(+).

Simple observations imply the following proposition.

Proposition 3.2. The subsemigroups 62 (Z) and @o[g](Z) (as a subset)

generate the inverse semigroup S0~ (Z), and moreover 6l (Z)-62(z) =

H0so(Z).

For an arbitrary integer k we define the maps ¢;: Z — 7Z and
Sk Z — 7 by the formulae

(i1, ik N
(Dex, = { i ifi<k and (i)sk, =1+ k.
Obviously that g € 62(Z), e, € 60 (Z) and ¢ is an element of the
group of units of J0.(Z), for every k € Z.

Proposition 3.3. The set {€9,s1} generates the semigroup Y0~ (Z) as
an inverse Semigroup.

Proof. By Theorem 4.2 of [8] the set {eg,¢1} generates the semigroup
62(Z) and hence by Proposition 3.1 we get that the set {ey*,¢; " =

¢_1} generates the semigroup 60[2] (Z). Next, Proposition 3.2 implies the
statement of the proposition. Ol

Proposition 3.3 implies the following

Theorem 3.4. For every integer k the set {ek, <1} generates the semigroup
I0so(Z) as an inverse semigroup and hence Y0~ (Z) is finitely generated.
Moreover, every minimal system of generators of the semigroup F0so(7Z)
(as an inverse semigroup) has the form {cg,<i,,-..,Si,. }, where k is an
arbitrary integer and the set of indices i1, ..., iy, s a minimal system of
generators of the semigroup Z(+) (as a group).

Remark 3.5. It is obvious that the {1} and {—1} are the minimal
systems of generators of the additive group group of integers Z(+) as a
group.
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For an arbitrary positive integer n we put

02(Z,) = {a € $0,(Z,): doma = L, x Z}
and Gz ) = {a € J0,(ZL,): rana = L, x Z}.

The proof of the following proposition is similar to the proof of Propo-
sition 3.1.

Proposition 3.6. 62 (Z

L) and @O[g](Z”
groups of $0(Zi.,,).

L) are antitsomorphic subsemi-

Proposition 2.3(iv) implies the following:

Proposition 3.7. For every positive integer n the semigroup 62 (Z)
(resp., 6%z )) is isomorphic to the direct power (02(Z))"

lex
(resp., (@o@] (Z)").

Also we observe that by Proposition 2.6 the groups of units of the

semigroups 6 (Z ) and @S](Z{gx
n
(Z(+))"

Propositions 2.3(iv) and 3.2 imply the following:

) are isomorphic to the direct power

) and 6L (Z1,) (as a sub-

set) generate the inverse semigroup Y0 (Zi, ), and moreover 6 (Z3,) -

02 (Ziey) = F0so(Zizy).

lex
For an arbitrary positive integer n and any integers k and j such
that j = 1,...,n, we define the maps ey;;: Ln X Z — L, x Z and
Sk[j]: Ln X Z — Ly X Z by the formulae

Proposition 3.8. The subsemigroups 62 (7

lex

(m,i+1), if m=jandi>k;
(m,i)exy) = (m,i), ifm=jandi<Ek;
(m,i), ifm+#j

, _f (mi+Ek), ifm=j;

wnd ("“Zkkm"{ (mi), i m#j.
Obviously that ey € 69 (ZiL,), 6;[}] € @o[g}(Z{éX) and g[;) is an element

of the group of units of JO(Zi.,), for any k € Z and j =1,...,n.

Theorem 3.4, Propositions 3.7 and 3.8 imply the following theorem.

Theorem 3.9. For every positive integer n and any n-ordered collection
of integers (ki,...,kn) the set {€x, 1], Ekun]» SI]s - - - Si[n] } generates
the semigroup 90 (Z1,,) as an inverse semigroup and hence J0(Zi., )
is finitely generated.
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Remark 3.10. We observe that for every positive integer n and any
2n-ordered collection of integers (ki, ..., kn,kn+t1,-..,kopn) the set

—1 —1
{6k1[1]7 s 76kn[”]’5kn+1[1]’ s ’6k2n[n]’ gl[l]v s 7§1[n]a g—l[l]) R g—l[n]}
generates the semigroup $0.(Z1.,) as a semigroup in the general case.

Proposition 3.11. Let f: $0.(Z) — F0(Z) be any automorphism
of the semigroup J0.(Z). Then (62(Z))f = 62(Z) and (@O[S] (Z))f =
6L (Z), and moreover the restrictions flgo z): O%(Z) — GL(Z) and

l 0 @ 6l (Z2) — 6L (Z) are automorphisms of the semigroups 62 (Z)

and G (Z), respectively.

Proof. Fix an arbitrary element a € 62(Z). Then we have that a=! €

60[2} (Z) and hence aa™! = T is the unity element of the semigroup .$0.,(Z).
Suppose to the contrary that there exists a € 6%(Z) such that (a)f ¢
62 (Z). Then we have that

I= (Df = (aa™)f = (@)f(a)J.

The last formula implies that dom T # Z because (a)f ¢ 62 (Z), a con-
tradiction. The obtained contradiction implies that (a)f € 62(Z) and
hence (62(Z))f C 62(Z). Suppose there exists 8 € J0(Z) \ 6 (Z)
such that (3)f € 62(Z). Then the inverse map f~! of f is an automor-
phism of the semigroup .90~ (Z), and by previous arguments we get
that 62(Z) #Z 8 = (B)ff~! € 6(Z), a contradiction. Thus, the equality
(62(2))f = 62(Z) holds.

The proof of the equality ( 0 (Z2)f = 6L (Z) is similar. The last
assertion follows from the first part of the proof. Ol

Since by Proposition 3.3 the elements ¢, € 6% (Z) (resp., 561, SRS

60[2} (Z)) generate F0~(7Z) as an inverse semigroup, the following proposi-
tion holds.

Proposition 3.12. For an arbitrary automorphism §: 62 (Z) — 62 (Z)
(resp., f: 6L (Z) — 60 (Z)) of the semigroup G (Z) (resp., 6L (Z)) there
exists a unique automorphism f: $0x(Z) — J0x(Z) of the semigroup
000 (Z) such that flog z) = F (resp-, flg 105 = 1)

By Theorem 9 from [9] every automorphism of the semigroup 62 (%)
is inner and moreover the group of automorphisms of 6.2 (Z) is isomorphic
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to the additive group of integers Z(+). Then Proposition 3.1 implies the
following corollary.

Corollary 3.13. FEvery automorphism of the semigroup @o[g](Z) s inner

and moreover the group of automorphisms of @0[21 (Z) 1is isomorphic to the
additive group of integers Z(+).

Theorem 3.14. Every automorphism of the semigroup $0so(7Z) is inner
and moreover the group of automorphisms of 90 (Z) is isomorphic to
the additive group of integers Z(+).

Proof. Let §: $05(Z) — $0(Z) be an arbitrary automorphism of the
semigroup $0,(Z). Then Theorem 9 from [9] and Corollary 3.13 imply
there exist integers 4 and j such that (a)f = gas; ' and (3)f = g; Bs; U for

all a € 6(Z) and B € 6L (Z). Next we shall show that ¢ = j. Suppose
the contrary that i # j. We fix an arbitrary o € 62 (Z) such that « is

not an element of the group of units of 62 (Z). Then a~! € 6L (Z) and
aa~! =T is unit of the semigroup $0,(Z). Now, we have that

I=(Df = (aa” )i = (@)f(a )] = qas; 'ga'

Since i # j we get that dom(ag[lgjofl) # 7 and hence domI =
dom(g;a; 1gjoz_1g; ) £ Z, a contradiction. The obtained contradiction
implies that ¢ = j. Now, Theorem 3.4, Theorem 9 of[9] and Corollary 3.13
complete the proof of the theorem. O

The following example implies that for every integer n > 2 the semi-
group $0(Z1.,,) has a non-inner automorphism.
Example 3.15. We define the map h: $0(Z%,) — F0(Z2,) in the
following way. By Proposition 2.3(iv) we identify the semigroup J0o(Z2,)
with (0.(Z))* and put (o, az)h = (a2, o). It is obvious that so de-
fined map b is an automorphism of the semigroup J0..(Z%, ). It is easy
to see that the restriction of an inner automorphism of an arbitrary
monoid onto its group of units is an inner automorphism. Therefore
it is complete to show that the restriction b|zr): H(I) — H(I) is not
an inner automorphism. Suppose to the contrary: the automorphism
h: IO (Z2,) — FOx(Z2,,) is inner. By Proposition 2.6 the group of units
of (J0,.(Z))? is isomorphic to (Z(+))?, and since the group (J0.(Z))? is
commutative we get that the restriction b|g ) : H(I) — H(I) is trivial, a
contradiction. The obtained contradiction implies that the automorphism
h: 900 (72, ) — F0so(Z2,) is not inner.
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Also, the above implies that in the case when n > 2 we have that
the automorphism b: Y0 (Zf,,) — J0(Z(., ) defined by the formula

lex ‘ lex )
(a1, 9,3, .., an)h = (2,1, a3, ..., ) is not inner.

4. On topologizations of the semigroup .9{ (Z! )

lex

Theorem 4.1. Every Baire topology T on J0.(Zi,) such that
(IO (Z3.,), T) is a Hausdorff semitopological semigroup is discrete.

Proof. If no point in $0(Zy,, ) is isolated, then since ($O(Zi.,),T) is
Hausdorff, it follows that {a} is nowhere dense for all o € $0,(Z{.,)). But,
if this is the case, then since J0(Zi.,) is countable it cannot be a Baire
space. Hence $0(Z.,) contains an isolated point p. If v € JO(Z(.,) is
arbitrary, then by Proposition 2.4 (ix), there exist a, f € 0 (Z1.,) such
that - -8 = pu. The map f: x +— a-x -3 is continuous and so ({u})f~*
is open. By Proposition 2.8, ({u})f~! is finite and since ($0(Z,), )
is Hausdorff, {7} is open, and hence isolated. O

Since every Cech complete space (and hence every locally compact
space) is Baire, Theorem 4.1 implies Corollaries 4.2 and 4.3.

Corollary 4.2. Every Hausdorff Cech complete (locally compact) topology
T on IO (Z1,) such that (Y0 (Z1,), T) is a Hausdorff semitopological
semigroup is discrete.

Corollary 4.3. Every Hausdorff Baire topology (and hence Cech complete
or locally compact topology) 7 on J0(Zi.,) such that (FO(Zi. ), T) is
a Hausdorff topological semigroup is discrete.

Remark 4.4. Example 4.4 and Proposition 4.5 from [18] show that
there exists a non-discrete Tychonoff topology 7 on the semigroup
94 (7) such that ($L(Z), 7w ) is a topological inverse semigroup. Then
by Proposition 2.3 we get that for every positive integer n there exists
a non-discrete Tychonoff topology 7ij, on the semigroup .$0(Zi.,) such

that (Y0 (Zi., ), i) is a topological inverse semigroup.

Theorem 4.5. Letn be a positive integer and S be a topological semigroup
which contains $0s(Zi,,) as a dense discrete subsemigroup. If I =S\
IO (Z1.,) # @ then I is an ideal of S.

Proof. Suppose that I is not an ideal of S. Then at least one of the
following conditions holds:

V) I-90.0(Z0) ¢ I, 2) $0(ZL)-I¢I, or 3)I-I¢I.
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Since J0(Zi., ) is a dense discrete subspace of S, Theorem 3.5.8 from [11]
implies that Y0 (Z., ) is an open subspace of S. Suppose there exist a €
0 (Zi,,) and B € I such that 5« = ¢ I. Since FO0(Z., ) is a dense
open discrete subspace of S, the continuity of the semigroup operation in .S
implies that there exists an open neighbourhood U () of § in S such that
U(B)-{a} = {7}. Hence we have that (U(8)NI0(Z,)) {a} = {7} and
the set U(B) N 0 (Zi., ) is infinite. But by Proposition 2.8, the equation
X - & = has finitely many solutions in Y0 (Zi, ). This contradicts the
assumption that § € S\ JO0(Z;.,). Therefore -« =~ € I and hence
I- 90, (Zt,,) C I. The proof of the inclusion 0 (Zi,) - I C I is similar.

Suppose there exist a, 5 € I such that o- § = ¢ I. Since Y0 (Z1.,)
is a dense open discrete subspace of .S, the continuity of the semigroup
operation in S implies that there exist open neighbourhoods U(«) and
U(pB) of a and § in S, respectively, such that U(a) - U(5) = {v}. Hence
we have that (U(8) N I0(Z1,)) - (U(e) N IO (Z1,)) = {7} and the
sets U(B) N IO (Zi,) and U (o) N IO (Z1.,,) are infinite. But by Proposi-
tion 2.8, the equations x - 5 = v and « -k =  have finitely many solutions
in J0(Zj,, ). This contradicts the assumption that o, f € S\ FO(Z1., ).
Therefore a- =~ € I and hence [ - I C I. O

Proposition 4.6. Letn be a positive integer and S be a Hausdorff topolog-
ical semigroup which contains 0 (Zi.,) as a dense discrete subsemigroup.
Then for every v € 0o (Zi.,) the set

Dy = {(x,5) € I000(ZL) X IO (ZL) | X -5 =7}
s a closed-and-open subset of S x S.

Proof. Since J0(Zi.,) is a discrete subspace of S we have that D, is an
open subset of S x S.

Suppose that there exists v € J0(Z{.,,) such that D, is a non-closed
subset of S x S. Then there exists an accumulation point (o, 3) € S x S
of the set D,. The continuity of the semigroup operation in S implies
that a - f = 7. But J0,(Z},) x J0(Zi.,) is a discrete subspace of
S x S and hence by Theorem 4.5, the points o and 3 belong to the ideal
I =5\ J0(Z,,) and hence o - f € S\ FO(Zj,,) cannot be equal
to . O

Theorem 4.7. If a Hausdorff topological semigroup S contains 0 (Zi.,)
as a dense discrete subsemigroup for some positive integer n then the
square S x S cannot be pseudocompact.

The proof of Theorem 4.7 is similar to that of Theorem 5.1(3) of [3].
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Recall that, a topological semigroup S is called I'-compact if for every
x € S the closure of the set {x, 2%, 23, ...} is a compactum in S (see [20]).
We recall that the Stone-Cech compactification of a Tychonoff space X
is a compact Hausdorff space X containing X as a dense subspace so
that each continuous map f: X — Y to a compact Hausdorff space Y
extends to a continuous map f: BX — Y [11].

The proof of Corollary 4.8 is similar to that of Corollary 4.9 of [18].

Corollary 4.8. Let n be a positive integer. If a topological semigroup
S satisfies one of the following conditions: (i) S is compact; (ii) S is
I'-compact; (iii) the square S x S is countably compact; (iv) S is a
countably compact topological inverse semigroup; or (v) the square S x S
is a Tychonoff pseudocompact space, then S does not contain the semigroup

IO (Zt.,.)-

lex

References

[1] L. W. Anderson, R. P. Hunter and R. J. Koch, Some results on stability in
semigroups. Trans. Amer. Math. Soc. 117 (1965), 521-529.

[2] T. Banakh, S. Dimitrova and O. Gutik, The Rees-Suschkiewitsch Theorem for
simple topological semigroups, Mat. Stud. 31:2 (2009), 211-218.

[3] T. Banakh, S. Dimitrova and O. Gutik, Embedding the bicyclic semigroup into
countably compact topological semigroups, Topology Appl. 157:18 (2010), 2803—
2814.

[4] M. O. Bertman and T. T. West, Conditionally compact bicyclic semitopological
semigroups, Proc. Roy. Irish Acad. A76:21-23 (1976), 219-226.

[5] J. H. Carruth, J. A. Hildebrant and R. J. Koch, The Theory of Topological
Semigroups, Vol. I, Marcel Dekker, Inc., New York and Basel, 1983; Vol. I, Marcel
Dekker, Inc., New York and Basel, 1986.

[6] A. H. Clifford and G. B. Preston, The Algebraic Theory of Semigroups, Vol. 1.,
Amer. Math. Soc. Surveys 7, Providence, R.I., 1961; Vol. II., Amer. Math. Soc.
Surveys 7, Providence, R.I., 1967.

[7] W. W. Comfort, Topological groups, Handbook of set-theoretic topology. Kunen
K., Vaughan J. (eds.) Elsevier, 1984, pp. 1143-1263.

V. Doroshenko, Generators and relations for the semigroups of increasing functions
on N and Z, Algebra Discr. Math. no. 4 (2005), 1-15.

8

[9

V. Doroshenko, On semigroups of order-preserving transformations of countable
linearly ordered sets, Ukr. Mat. Zh. 61:6 (2009), 723-732; translation in Ukr. Math.
J. 61:6 (2009), 859-872.

[10] C. Eberhart and J. Selden, On the closure of the bicyclic semigroup, Trans. Amer.
Math. Soc. 144 (1969), 115-126.

[11] R. Engelking, General Topology, 2nd ed., Heldermann, Berlin, 1989.

[12] O. V. Gutik and K. P. Pavlyk, On topological semigroups of matriz units, Semigroup
Forum 71:3 (2005), 389-400.



O. GuTik, I. POZDNYAKOVA 279

[13]
[14]

[15]

[16]

[17]

18]
19]
[20]
21]
[22]

[23]

[24]
[25]
[26]
[27]

[28]

0.

O. Gutik, K. Pavlyk and A. Reiter, Topological semigroups of matriz units and
countably compact Brandt \°-extensions, Mat. Stud. 32:2 (2009), 115-131.

O. V. Gutik and A. R. Reiter, Symmetric inverse topological semigroups of finite
rank < n, Mat. Metody Phis.-Mech. Polya. 53:3 (2009) 7-14.

O. Gutik and A. Reiter, On semitopological symmetric inverse semigroups of a
bounded finite rank, Visnyk Lviv Univ. Ser. Mech.-Math. 72 (2010), 94-106 (in
Ukrainian).

O. Gutik and D. Repovs, On countably compact 0-simple topological inverse semi-
groups, Semigroup Forum 75:2 (2007), 464-469.

O. Gutik and D. Repovs, Topological monoids of monotone, injective partial
selfmaps of N having cofinite domain and image, Stud. Sci. Math. Hungar. 48:3
(2011), 342-353.

O. Gutik and D. Repovs, On monoids of injective partial selfmaps of integers with
cofinite domains and images, Georgian Math. J. 19:3 (2012), 511-532.

E. Hewitt and K. A. Roos, Abstract Harmonic Analysis, Vol. 1, Springer, Berlin,
1963.

J. A. Hildebrant and R. J. Koch, Swelling actions of I'-compact semigroups,
Semigroup Forum 33 (1988), 65-85.

J. M. Howie, Fundamentals of Semigroup Theory, London Math. Monographs,
New Ser. 12, Clarendon Press, Oxford, 1995.

M. Lawson, Inverse Semigroups. The Theory of Partial Symmetries, Singapore:
World Scientific, 1998.

A. A. Markov, On free topological groups. Izvestia Akad. Nauk SSSR 9 (1945),
3-64 (in Russian); English version in: Transl. Amer. Math. Soc. (1) 8 (1962),
195-272.

A. Yu. Ol'shanskiy, Remark on counatable non-topologized groups. Vestnik Moscow
Univ. Ser. Mech. Math. 39 (1980), 1034 (in Russian).

M. Petrich, Inverse Semigroups, John Wiley & Sons, New York, 1984.
L. S. Pontryagin, Topological Groups, Gordon & Breach, New York ets, 1966.

A. D. Taimanov, The topologization of commutative semigroups, Mat. Zametki
17:5 (1975), 745-748 (in Russian).

V. V. Vagner, Generalized groups, Dokl. Akad. Nauk SSSR 84 (1952), 1119-1122
(in Russian).

CONTACT INFORMATION
Gutik, Faculty of Mechanics and Mathematics, Ivan

I. Pozdnyakova Franko National University of Lviv,

Universytetska 1, Lviv, 79000, Ukraine

E-Mail: o_gutik@franko.lviv.ua,
ovgutik@yahoo.com,
pozdnyakova.inna@gmail.com

Received by the editors: 07.12.2013
and in final form 27.01.2014.



