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On the condensation property
of the Lamplighter groups
and groups of intermediate growth!

Mustafa Gokhan Benli, Rostislav Grigorchuk

ABSTRACT. The aim of this short note is to revisit some
old results about groups of intermediate growth and groups of the
lamplighter type and to show that the Lamplighter group L = ZxZ is
a condensation group and has a minimal presentation by generators
and relators. The condensation property is achieved by showing that
L belongs to a Cantor subset of the space My of marked 2-generated
groups consisting mostly of groups of intermediate growth.

1. Introduction

The modern development of group theory requires significant use of
methods of geometry, topology, probability and measure theory, the theory
of models etc. The space My, of marked k-generated groups, introduced in
[Gri84] plays an important role in this development. It is a compact totally
disconnected metrizable space and it is important to know which groups
belong to its perfect kernel (or condensation part), which is homeomorphic
to a Cantor set. Groups in the perfect kernel are called condensation
groups. The aim of this note is to revisit some results of [Gri84] and to
use them to show that the so called Lamplighter group L = Zy { Z, which
is a popular object of study (see for example [GZ01, GK12]) belongs to a
Cantor set and hence is a condensation group.
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Let Q = {0,1,2}" be the set of all infinite sequences over {0,1,2}
with the product (Tychonoff) topology.

Main Theorem. There exists a subset L = {(Ly,T,) | w € Q} C My
with the following properties:

a) L is homeomorphic to Q (and hence is a Cantor set),

b) If w € Q is not eventually constant, then L, has intermediate
growth.

c) If w e Q is a constant sequence then L, = L.

d) All groups in L are condensation groups.

A simple argument shows that a group possessing an infinite minimal
presentation is a condensation group. Surprisingly, it was observed in
[BCGS14] that there are finitely generated groups which do not have a
minimal presentation. It follows from [Bau61] that groups of the form
H G where H and G are infinite and finitely generated are not finitely
presented and it was observed in [Cor11] that such groups are condensation
groups. It is probably well known (as indicated in [BCGS14]) that the
standard presentation

L= <s,t | 52, [s,sti] i > 1>

is minimal. A proof of this fact using ideas of [Bau61] is presented for
completeness. This provides an alternative proof of the fact that L is a
condensation group.

An effective way to build large families of condensation groups is to
construct closed subsets X C My, k > 2 homeomorphic to a Cantor set.
Such families were constructed in [Gri84, Gri85, Cha00, Nek07]. It will be
interesting to produce such families based on new ideas.

2. Preliminaries

For a topological space X, let X’ denote its set of accumulation
points. For any ordinal o define the spaces X (@) inductively as follows:
!/
X0 = x, x(ot) = (X(O‘)) and XV = ﬂ X if X is a limit ordinal.
B<A
If X is a Polish space, (i.e., a completely metrizable, separable space) for

some countable ordinal oy we will have X (@) = X(@) for all o > ap (see
[Kec95, Theorem 6.1]). The least ordinal with this property is called the



224 CONDENSATION PROPERTY OF THE LAMPLIGHTER GROUPS

Cantor-Bendizon rank of X and will be denoted by rkcp(X). The set
X(20) is called the perfect kernel (or condensation part) of X which will
be denoted by x(X). Note that if nonempty, x(X) is homeomorphic to
a Cantor set and x(X) is empty if and only if X is countable. Points in
k(X)) are called condensation points and can be characterized as points
for which every open neighborhood is uncountable (see [Kec95, 1.6]).

Let My, denote the space marked groups consisting of pairs (G, .S)
where G is a group and S is an ordered set of (not necessarily distinct) set
of k generators. Two marked groups (G, S) and (H,T') in My, are identified
whenever the map s; — t;,7 =1,...,k extends to an isomorphism. Two
points (G, S) and (H,T) are of distance < 2~V if the Cayley graphs
of (G,S) and (H,T) have isomorphic balls of radius N. This (ultra)
metric makes My, into a compact, totally disconnected, separable space.
It follows from the definition that a sequence (G, S,) € M} converges
to (G,S) € My, if and only if, for every element w € F}, (the free group
of rank k), there exists N = N,, > 0, such that the the relation w = 1
holds in G if and only if it holds in G,, for n > N.

An important problem of geometric group theory (raised in [Gri05])
is the identification of rkcp(My) for k > 2. It follows from [Corll] that
the lower bound rkcp(My) > w®, k > 2 holds. By a classical result of
B.H. Neumann [Neu37] there exists uncountably many non-isomorphic 2-
generated groups. Therefore k(M) is a Cantor set for all k£ > 2. A finitely
generated group G is called a condensation group, if for some generating set
S of size k the pair (G, S) belongs to x(My). It follows that this property
does not depend on the generating set (see [ACGP07, Lemma 1]).

In [Gri84] the second author constructed Cantor sets G C My, consist-
ing essentially of groups of intermediate growth. Clearly, groups belonging
to these families lie in the condensation part of My. In general, it is a chal-
lenging problem to identify which groups are in the condensation part. It is
expected that every group of intermediate growth is a condensation group.
In contrast, it is easy to observe that virtually nilpotent groups are not
condensation. In [Corll,BCGS14] condensation properties of metabelian
groups were considered and it was proven that restricted wreath prod-
ucts H ! G of two finitely generated infinite groups are condensation
groups [Corll, Proposition 8.1]. Also, by [Cha00] every non-elementary
hyperbolic groups is a condensation group.

Let us briefly recall the groups constructed in [Gri84]. Although the
original definition is in terms of measure preserving transformations of the
unit interval, we will give here a definition in terms of automorphisms of
rooted trees. Let € denote the set all infinite sequences over the alphabet
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{0,1,2}. We identify © with the product {0,1,2}" and endow it with
the product topology. Let 7 : 2 — Q be the shift transformation, i.e.,
T(w)n = wn1. For each w € Q we will define a subgroup G, of Aut(7z),
where the latter denotes the automorphism group of the binary rooted
tree T2 whose vertices are identified with the set of finite sequences {0, 1}*.
Each group G, is the subgroup generated by the four automorphisms
denoted by a, b, ¢y, d, whose actions onto the tree is as follows.
For v € {0,1}*

a(0v) = 1v and a(1v) = Ov

by (0v) = 0B(w1)(v) cw(0v) = 0¢(w1)(v) dy(0v) = 0§(wr)(v)
bo(lv) = 1br()(v)  co(lv) = lew(v)  d

and e denotes the identity.
Note that from the definition, the following relations are immediate:

2:b2

2 2
o, =C, =d, =bycud, =e

Denoting by S,, = {a, by, ¢, d,, }, we obtain a subset {(Gy, S,) | w €
Q} € My. In [Gri84] it was observed that this subset is not closed. It
was also shown in [Gri84] that modifying countably many groups in this
family, one obtains a closed subset G = {(G,,S,) | w € Q} with the
following properties:

Theorem 1 ([Gri84]).

1) G is homeomorphic to 2 via the map w +— (G, Sy),

2) If in w € Q all symbols {0, 1,2} appear infinitely often, then G, is
a 2-group,

3) For w € Q which is not eventually constant (i.e., is not constant
after some point), G, has intermediate growth,

4) If w € Q is eventually constant, then G, is virtually metabelian of
exponential growth.



226 CONDENSATION PROPERTY OF THE LAMPLIGHTER GROUPS

3. Proof of the Main Theorem

We start with the following basic lemma:

Lemma 1. Suppose that {(Gn, Sp)} is a sequence in My, converging to
(G,S). Let Fy, be the free group of rank k, with basis {z1,...,x} and let
. Fy,— G, m,: Fy — G, be the canonical maps. Given wi, ..., Wy, €
Fy, let T = {mw(w1),...,m(wn)} , Tn = {mn(w1),...,mn(wn)} and H =
(T < G,H,, = (I},) < Gy,. Then the sequence {(Hy,,T,)} converges to
(H,T) in My,.

Proof. Let F,, be the free group of rank m with basis {y1,...,ymn} and
let v : F,, —» H and 7, : F, — H, be the canonical maps. Also, let
p : F, — Fj be the group homomorphism defined by p(y;) = w; , i =
1,...,m. Note that we have the following;:

Yo = mpop for every n

and

y=mop
It follows that, given w € F,,, w = 1 in H if and only if p(w) =1 in G.
This shows that the sequence {(H,,T},)} converges to (H,T) in M,,. [

The following is a description of the structure of the group Gogo....

Theorem 2. The group Gogo... is isomorphic to the group L X Zo where

L = 7o ' 7Z is the Lamplighter group given by presentation
<s,t | s2,[s,5"],i > 1> and Zs acts on L by the automorphism

s+ st

tst

Proof. Let us denote Gggo... by G and denote its canonical generators
by a,b,c,d. Let H be the subgroup of G generated by the elements
b,c,d, b, ¢, d*. There exists an embedding (see [Gri84])

v:H — GxG
b —  (a,b)
¢c = (a0
d — (1,4
b*  —  (ba)
A = (ca)
e  — (d,1)
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Let D = ((d)) be the normal closure of d in G. By induction on word
length one can see that D is an abelian group (see [Gri84, Lemma 6.1]).

We claim that D = (d9 | g € (a,b)). Let us denote the right hand side
by T'. Clearly T is contained in D. It suffices to show 7' is normal. Since
bed = 1 it is enough to show that (d9)¢ € T for all g € (a,b). By induction
on k one can see that the following equality holds:

. 1,d@"y =2k
d(ab) — ( ) )
Tzz)( ) { (d(ab)ka’l) ., n=2k+1

We will show by induction on |g| that (d9)¢ = (d9)°. Suppose |g| = 1,
the case g = b is obvious since bed = 1. If g = a, we have ¢((d*)?) =
Y((d*)€) = (d*,1) and hence (d9)¢ = (d?)°. Now assume |g| > 1. Since
d’ = d we can assume that ¢ starts with a. There are two cases, either
g = (ab)™ or g = (ab)"a for some n. In the first case (using induction
assumption)

(L, (d")) = (1,(d")) , n =2k

@Z)((d(ab)n)c) = { ((d Jlab)a aya, ? (d 1), n=2k+1

and in the second case

a ((d(ab)k)aa 1) y n =2k
““M))%:{a«wwwﬂzuwwwﬁ>v”=%+1

In any case 9((d9)¢) = ((d%)?). This shows T is normal and hence
D=T.
Now letting

—n—1

o d(ab)” n>0
"] deb) T e gy <

we see that T = (t, | n € Z). Looking at 1 (t,) we see that the t,, are
mutually distinct, therefore 7' = H ZLo.

zZ
Since 9((ab)?) = (ba, ab) , it follows that the element ab is of infinite

order in G.

We will show that the subgroups D and (ab) intersect trivially. Suppose
not, then d? = (ab)" for some g € (a,b) and n € Z. Necessarily n has
to be even since left hand side of d9 = (ab)"™ has even number of a’s. If
n = 2k then ¢ ((ab)?*) = ((ba)¥, (ab)¥) whereas 1(d?) = (d", 1) or (1,d")
for some element h € G. It follows that (ab)* = 1 which is a contradiction
since ab has infinite order.
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Now the subgroup K = D x (ab) is isomorphic to (Z$°) X Z = Zo 1 Z
which is the Lamplighter group. This is true since we have

t® =t, 1, neZ

and hence the generator (ab) acts on D by shifting its generators.
Conjugating the generators of K by the generators of G we see that
K is a normal subgroup. The quotient G/ D is isomorphic to the infinite
dihedral group Do, (see [Gri84, Lemma 6.1]) and maps onto the quotient
G/K. The kernel of this homomorphism contains the image of ab in
G/D. From this It follows that K has index 2 in G. Hence we have
G = K x (a) = L X Zy. Identifying s = d,t = ab we see that conjugation
by a gives the asserted automorphism of K. O

For w € Q let L, = (dw,ab,) < G,. By virtue of the relations
a? = bZ} = c?u = da = by,cudy, = 1 we see that L, is a normal subgroup of
index 2 in GG, and hence share many properties with G,,. Let us denote
by T, = {dw, ab,} and L, = {(Lw,T.,) | w € Q} C Ma.

Proof of the main Theorem:

a) Consider the map ¢ : Q — L given by w + (Ly,, T},). ¢ is continuous
since, if w, converges to w, then by Theorem 1 (G, , S., ) converges to
(G, Sw) and hence by Lemma 1 (L, , T, ) converges to (L, ;). To see
that ¢ is injective: By [Gri84, Section 5|, the following is true: Given
w1 # way in €, there exists u € Fy (depending on w; and ws), such that
u is trivial in G,, and nontrivial in G,,, (this amounts to saying that
the map a — a,by,, — buy, Cuy = Cuy, dw, — duw, does not extend to an
isomorphism from G, to G, i.e., (Gy,, Sy, ) and (Gu,, Sw,) are distinct
points in M,). One observes that such u is a 2 power and (since L,
has index 2 in G,,) its image in G, lies in L. Therefore the image of
uw in L, is trivial but its image in L, is nontrivial which implies that
(Lw,, Ty ) and (Ly,,, T,,,) are distinct. This shows that ¢ is injective and
by compactness we have that ¢ is a homeomorphism.

b) This follows from Theorem 1 and the fact that L, has finite index
in G,.

c¢) By Theorem 2 L... is isomorphic to L and it is immediate from
the definition of the groups that Gogo... = Gi11... = Goos.. and Lggg... =
L1y, = Loga....

d) This follows from part a).

As a corollary we obtain the following:

Corollary 1. The Lamplighter group L is a condensation group.
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4. Minimal presentations of the Lamplighter groups

For a subset A C G of a group let ({(A)) denote the normal subgroup
generated by A. A presentation (X | R) is called minimal if for every
r € R we have r ¢ ((R\ {r})). The following is well known.

Proposition 1. Let (X | ri,72,...) be an infinite minimal presentation
where | X| = k. Then the marked group (G, X) lies in the condensation
part of M.

Proof. 1t is enough to show that any open ball around (G, X) is uncount-
able. Let B = B((G,X),27") be a ball of radius 2= around (G, X).
A marked group (H,T) € My lies in B if and only if for all w € Fj
such that |w| < 2N + 1, we have w = 1in G <= w = 1in H. Let
A={w € Fy | |lw| <2N +1and w =1in G}. Choose M = M(N) € N
large enough so that A C ((ri,72,...,7)). For any subset U C N such
that {1,2,...,M} C U, let (Gy, X) be the group (X | r;,i € U). Clearly
all (G, X) € B and since the initial presentation is minimal all of them
are distinct marked groups. Hence B is uncountable. O

We will give an alternative proof of Corollary 1 by showing that the
standard presentation of L is minimal.
For a group G and a subset S C G let

Ts ={(s19,529) | s1,520€ S,g€e G} CG x G

Theorem 3 ([Bau6l]). Let G and H be two groups and S C G be a
subset. Then there exists a group W = W(H,G,S) (called the circle
product of G and H with respect to S) with the following properties:

o W contains subgroups Hy,g € G all isomorphic to H,

o W is generated by G and Hq,

The subgroup K = (Hy | g € G) is normal in Wand W = K x G,
For hg, € Hy, and g2 € G we have hj? € Hg, g,,

[Hy,,Hy,) = 1 if and only if (g1,92) € Ts.

Note that W can also be realized by using graph products: Let I' be
the graph with vertex set G and edges T's, and let K be the graph product
where each vertex group is H. Clearly GG acts on K and one can see that
W=KxGdG.
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Proposition 2. For every n > 2,the presentation
<s,t | ", [s,sti] 1> 1>
is a minimal presentation of Z, L Z.

Proof. Clearly the relation s is not redundant. For i > 1 let r; = [s, s'']

and suppose that for some m > 1 r,, is redundant. Let

ap =0, ag=jm+1)+1+...+j) j=>1

and
o Joagtg+1 it j<m—1 S
a23+1_{a2j+j+2 it jem-1 720
Note that
' )+ b j<m—1 )
a2]+1_a2j_{j+2 if j>m-—1 320
and

|ak—a4|>m if \k—€\>2.

Finally let S = {ag,a1,a2,...} C Z and observe that the set § — S =
Z \ {—m,m}. Form the circle product W = W (Z,,Z, S) with generators
x,y. By the properties of W we have for ¢ > 1

[m,xyi]:l < (0,i)€Ts <= i€ S-S5 < i#m.

Therefore, under the assumption that r,, is redundant in Z, ! Z, the map
s — x,t — y defines a homomorphism from Z,,Z to W which contradicts
the fact that r,, = 1 in Z, 1 Z but [z,2Y"] # 1 in W. O

References
[Bau6l]  Gilbert Baumslag. Wreath products and finitely presented groups. Math.
Z., 75:22-28, 1960/1961.

[BCGS14] Robert Bieri, Yves Cornulier, Luc Guyot, and Ralph Strebel. Infinite pre-
sentability of groups and condensation. Journal of the Institute of Mathe-
matics of Jussieu, FirstView:1-38, 1 2014.

[Cha00]  Christophe Champetier. L’espace des groupes de type fini. Topology,
39(4):657-680, 2000.

[Corll]  Yves Cornulier. On the Cantor-Bendixson rank of metabelian groups. Ann.
Inst. Fourier (Grenoble), 61(2):593-618, 2011.



M. G. BENLI, R. GRIGORCHUK 231

[dCGPO07] Yves de Cornulier, Luc Guyot, and Wolfgang Pitsch. On the isolated points

in the space of groups. J. Algebra, 307(1):254-277, 2007.

[GK12]  Rostislav Grigorchuk and Rostyslav Kravchenko. On the lat-
tice of subgroups of the lamplighter group, 2012. (available at
http://http://arziv.org/abs/1203.5800).

[Grig&4] R. I. Grigorchuk. Degrees of growth of finitely generated groups and the
theory of invariant means. lzv. Akad. Nauk SSSR Ser. Mat., 48(5):939-985,
1984.

[Gri85] R. I. Grigorchuk. Degrees of growth of p-groups and torsion-free groups.
Mat. Sb. (N.S.), 126(168)(2):194-214, 286, 1985.

[Gri05] Rostislav Grigorchuk. Solved and unsolved problems around one group. In
Infinite groups: geometric, combinatorial and dynamical aspects, volume 248
of Progr. Math., pages 117-218. Birkh&auser, Basel, 2005.

[GZ01] Rostislav 1. Grigorchuk and Andrzej Zuk. The lamplighter group as a
group generated by a 2-state automaton, and its spectrum. Geom. Dedicata,
87(1-3):209-244, 2001.

[Kec95]  Alexander S. Kechris. Classical descriptive set theory, volume 156 of Grad-
uate Texts in Mathematics. Springer-Verlag, New York, 1995.

[Nek07]  Volodymyr Nekrashevych. A minimal Cantor set in the space of 3-generated
groups. Geom. Dedicata, 124:153-190, 2007.

[Neu37] B.H. Neumann. Some remarks on infinite groups. J. Lond. Math. Soc.,
12:120-127, 1937.

CONTACT INFORMATION
M. G. Benli, Texas A&M University, Mailstop 3368, College
R. Grigorchuk Station, TX 77843-3368, USA

E-Mail: mbenli@math.tamu.edu,
grigorch@math.tamu.edu

Received by the editors: 28.04.2014
and in final form 28.04.2014.



