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ABSTRACT. Let R be a ring with an endomorphism o. We
introduce (7, 0)-multiplication which is a generalization of the simple
0- multiplication. It is proved that for arbitrary positive integers
m <n and n > 2, R[z;0] is a reduced ring if and only if S,, ,,(R)
is a ring with (@, 0)-multiplication.

1. Introduction

Throughout this paper, we will assume that R is an associative ring
with non-zero identity, o is an endomorphism of the ring R and the
polynomial ring over R is denoted by R[x] with z its indeterminate.

In [6], the authors introduced and studied the notion of simple 0-
multiplication. A subring S of the full matrix ring M, (R) of n x n matrices
over R is with simple 0- multiplication if for arbitrary (a;;), (bij) € S
then (ai;)(bi;) = 0 implies that a;b;; = 0, for arbitrary 1 < i,j5,1 < n.
This definition is not meaningless because of the [4, Lemma 1.2]. Let R
be a domain (commutative or not) and R]z]| is its polynomial ring. Let
flx) =Yg aix’, g(xz) = Y bjz? be elements of R[z]. It is easy to see
that if f(z)g(xz) = 0, then a;b; = 0 for every i and j since f(z) = 0 or
g(x) = 0. Armendariz [1] noted that the above result can be extended
the class of reduced rings, i.e., if it has no non-zero nilpotent elements. A
ring R is said to have the Armendariz property or is an Armendariz ring
if whenever polynomials

f@)=a0+ a1z + - +ama™, g(x)="bo+bix+ -+ bpa" € R[z]
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satisfy f(x)g(xz) =0, then a;b; = 0 for each i,j. In [6, Theorem 2.1], the
authors show that many matrix rings with simple O-multiplication are
Armendariz rings.

Recall that an endomorphism ¢ of a ring R is said to be rigid if
ao(a) = 0 implies a = 0 for a € R. A ring R is o-rigid if there exists a
rigid endomorphism o of R. Note that o-rigid rings are reduced rings.i.e.,
the rings contains no nonzero nilpotent elements.

An ideal I of a ring R is said to be a o-ideal if I is invariant under
the endomorphism o of the ring R, i.e., o(I) C I. Now, let o0 be an
automorphism of the ring R and I be a o-ideal of R. I is called a quasi
o-rigid ideal if aRo(a) C I, then a € I for any a € R [3]. If the zero ideal
{0} of R is a quasi o-rigid ideal, then R is said to be a quasi o-rigid ring
[3]. In Section 2, we obtain some ring extensions of quasi o-rigid rings.
We prove that; the class of quasi o-rigid rings is closed under taking finite
direct products (see Corollary 2.4).

We denote RG the group ring of a group G over a ring R and, for
cyclic group order n, write C),. We also prove that; if RG is quasi -rigid,
then R is a quasi o-rigid ring (see Theorem 2.6), and R is quasi o-rigid
if and only if RCy is quasi o-rigid where R is a ring with 271 € R (see
Corollary 2.8).

Let R be a quasi o- rigid ring with ¢ : R — R endomorphism. In
Example 2.1, it is shown that My (R) is not a quasi o-rigid ring. Again,
in Example 2.12, we proved that

a a2 a3 ai4
0 a a3 a4
0 0 a as4
0 0 0 a

Sy = |a,aij €R

is not a quasi o-rigid ring however R is a quasi o-rigid ring. Naturally, these
examples are starting points of our study. In this article, we introduce
and study subrings with (7, 0)-multiplication of matrix rings which is
a generalization of the simple O-multiplication. They are related to -
skew Armendariz rings. Applying them, we obtain the following result in
Section 3. Let o be an endomorphism of a ring R. For arbitrary positive
integers m < n and n > 2, the following conditions are equivalent.

(i) R[x; 0] is a reduced ring.
(i7) Spm(R) is a ring with (7, 0)-multiplication.

(43i) Sp,m(R) is a o-skew Armendariz ring (see Theorem 3.3).
See Example 4 for the definition of the ring Sy, (R).
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2. [Extensions of quasi o-rigid rings

The following example shows that the class of quasi o-rigid rings is
not closed under taking subrings.

Example 1. Let R be a quasi o-rigid ring with ¢ : R — R endomorphism

defined by a(( CCL Z )) = ( _ac ;Zb ) . We take the nonzero element

1 0 .
a—(_l 0>.Smce

aMg(R)U(a):(_ll 8)(3 —01)(1 8):0,

My (R) is not a quasi o-rigid ring.

This example is one of the starting point of our study. First, we prove
that the finite direct product of quasi o-rigid rings is again a quasi o-rigid
ring.

Proposition 1. Let o1 and oo be automorphisms of rings Ry and Ro,
respectively. Assume that Iy is a quasi o1-rigid ideal of Ry and I3 is a
quasi oo-1igid ideal of Ro. Then Iy X Iy is a quasi o-rigid ideal of R1 X Ro,
where o is an automorphism of Ry X R such that o(a,b) = (o1(a), o2(b))
forany a € Ry and b € Rs.

Proof. We assume that (a,b)R; x Reo(a,b) C I x I, equivalently,

(a, b)Rl X RQ(O’l(a) ( )) - Il X IQ
Then we have (aRjo1(a),0) C I; X Iy and (0,bRa02(b)) C I; X I5. Thus
we obtain that aRy01(a) C I; and bReoa(b) C Iy. Since I is a quasi
o1-rigid ideal of Ry and Iy is a quasi oa-rigid ideal of Ro, we have a € I
and b € Iy. Hence, (a,b) € I} x Is. O

Theorem 1. Assume that each o;, 1 < i < n, is an automorphism of
rings R;. Then the finite direct product of quasi o;-rigid ideals I; of R;,
1 <1 < n,is a quasi o-rigid ideal, where o is an automorphism of [[;- R;
such that o(ay,az, -+ ,an) = (01(a1),02(a2), - ,on(ay)) for any a; € R;.

As a parallel result to Theorem 1, we have the following corollaries
for quasi o-rigid rings.

Corollary 1. Assume that each o;, 1 < i < n, is an automorphism
of rings R;. Then the finite direct product of quasi o;-rigid rings R;,
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1 <i <n, is a quasi o-rigid ring, where o is an automorphism of [[;—; Ri
such that o(ay,ag, - ,an) = (o1(a1),02(az), - ,on(an)) for any a; € R;.

Lemma 1. Let R be a subring of a ring S such that both share the same
identity. Suppose that S is a free left R-module with a basis G such that
1 € G and ag = ga for all a € R ring. Let o be an endomorphism of
R. Assume that the epimorphism & : S — S defined by &(3_ e 799) =
> ogec o(ry)g extends o. If S is a quasi T-rigid ring, then R is a quasi
o-rigid Ting.

Proof. Suppose that rRo(r) = 0 for » € R. Then, by hypothesis, we can
obtain that 737 co Rgo(r) = 0. Hence r = 0, since S is a quasi o-rigid
ring. L]

Theorem 2. Let R be a ring and G be a group. If the group ring RG is
quasi o-rigid, then R is a quasi o-rigid ring.

Proof. Since S = RG = @©4eq Ry is a free left R-module with a basis G
satisfying the assumptions of Lemma 1, the proof of theorem is clear. [J

Example 2. Let R be a ring. Note that if G is a semigroup or Cs,
then clearly the epimorphism & : S — S defined by 7(3 cq799) =
> gec 0(rg)g extends o. If the semigroup ring RG or RCy is quasi o-rigid,
then R is a quasi o-rigid ring by Theorem 2.

Corollary 2. Let R be a ring with 2~ € R. Then R is quasi o-rigid if
and only if RCy is quasi o-rigid.

Proof. If 271 € R, then the mapping RCo — R x R which is given by
a+bg — (a+b,a—>),is a ring isomorphism. The rest is clear from
Example 2.7 and Corollary 1. O

Let o be an epimorphism of a ring R. Then 7 : R[z] — R[], defined
by (31 aix’) = it yo(a;)x’, is an epimorphism of the polynomial
ring R[z], and & extends to o.

Corollary 3. R is a quasi o-rigid ring if and only if R[z] is a quasi
T-rigid ring.

Since, for an automorphism o of R, every o-rigid ring is a quasi o-rigid
ring, Corollary 1 holds for quasi o-rigid rings.
Now we investigate a sufficient condition for Corollary 1.

Proposition 2. Assume that o is an automorphism of a ring R and e
is a central idempotent of R. If R is a quast o-rigid ring then eR is also
a quast o-rigid ring.
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Proof. For ea € eR, we assume that ea(eR)o(ea) = 0, equivalently,
0 = ea(eR)o(ea) = eaeRo(ea) = (ea)Ro(ea).
Since R is a quasi o-rigid ring, we have ea = 0. O

The following example show that the condition e is a central idempo-
tent of R" in Proposition 2 is necessary.

Example 3. Let F be a field with char(F') # 2. It is easy to see that the

ring R = M (F') with an endomorphism a(( CCL Z )) = < ac _db > is

)ofR.

o o |
= =

a quasi o-rigid ring. Consider the idempotent element e = (

o) ()20 (o)

the idempotent e is not central. Let a = ( 8

Since

. Now it is easy to see

1
0
thatea#()and(i i)(; ;)d(} 1)):0.

Example 3 shows that for a quasi o-rigid ring R, M, (R) or the full
upper triangular matrix ring T, (R) is not necessarily quasi -rigid.

N—

Example 4. Let R be a ring. We consider the following subrings of T,,(R)
for any n > 2.
(1)

R, =RI,+355 ZZ:HI RE;

a az aiz -+ Ay
0 a a3 -+ az

= 0 0 a Tt Aa3n :a,aijER ’
0 0 0 ea

where E;; is the matrix units for all ¢, j and I,, is the identity matrix.

ay az as --- Qap
0 a ay -+ ap_1

T(R,n) = 0 0 a -+ an2 |:.q,€R
0 0 O ai
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(3) Let m < n be positive integers. Let S, ,(R) be the set of all n x n
matrices (a;j) with entiries in a ring R such that

(a) for i > j, a;; =0,

(b) for i < j, a;j = ap when i — k = j — [ and either 1 < 4,5, k,1 <m
orm <175,k <n.

Clearly, Sp1(R) = Spn(R) =T(R,n).

Let ¢ be an endomorphism of a ring R, then & : M, (R) — M, (R),
defined by 7((ai;)) = (o(aij)), is an also endomorphism of M, (R) and &
extends to 0. Now assume that R is a quasi o-rigid ring. It is easy to see
that R, T(R,n) and S, ,,(R) are not quasi o-rigid rings for n > 2. For
instance, we consider the ring:

a a2 a3 ai4
0 a a23 a924
0 0 a a3z4
0 0 0 a

Sy = la,a;j € R

Although R is a quasi o-rigid ring, Sy is not a quasi o-rigid ring.

0100
0000
0000
0000

Let a € Sy such that a = # 0. Since
0100 0100

_ o000 o000
aSsa(a) = o 0 0 0 [ 0 0 0 0
000 0 0000

0100 0 o(1) 0 0

0000 0 0 0 0

=loooo %o o 00"

0000 0 0 00

Sy is not a quasi o-rigid ring.

3. On o-skew Armendariz and (7,0)-multiplication rings

In Corollary 3, we proved that R is a quasi o-rigid ring if and only if
R[z] is a quasi 7-rigid ring.

Theorem 3. Assume that o is a monomorphism of a ring R and o(1) = 1,
where 1 denotes the identity of R. Then the factor ring R[x]/(z?) is &-
skew Armendariz if and only if R is a o-rigid ring, where (x?) is an ideal
of R[x] generated by x2.
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Proof. (:=>) Assume that R[z]/(z?) is a o-skew Armendariz ring. Let
r € R with o(r)r = 0. Then

(o) = Z)(r + ) = o (1) + (o ()7 — 70 (r))y — o(1)a%? =1,

because o(r)T = To(r) in (R[z]/(2?))[y; 7], where T = z + (2?) €
R[z]/(2?). Since R[z]/(2?) is 7-skew Armendariz, we can obtain that
o(r)Z =0 so o(r) = 0. The injectivity of o implies r = 0, and so R is
o-rigid.

(<:) Assume that R[z;o] is reduced. Let h = h + (22) € R[z]/(2?).
Suppose that p.g = 0 in (R[z]/(z?))[y; o], where p = fo+ f1y+... + [ y™
and ¢ = g9+ g1y + ... + 9,y". Let f;, = a;, + a;, 7, g; = bj, + bj, T for
each 0 < i <m, and 0 < 57 <n, where 72 = 0. Note that Ty = YT since
a(l) =1, aT = Ta for any a € R. Thus p = hg + T and § = ko + k17,
where hg = >7i%0 aigy' b1 = Yoi%0 ai ¥ ko = 25— bjoy’ k= 3270 by v
in R[y]. Since p.g = 0 and > = 0, we have

0= p.q = 0 = hoko + (hokﬁl + hlko)f + hlklf2 = hoko + (h[)k‘l + hlko)f.

We get hoko = 0 and hoki + hiko = 0 in R[y; o]. Since R[y; o] is reduced,
koho =0andso0 = ko(k0k1+h1k0)h1 = (k‘ohl)z. Thus kohl = 0, hlk‘o =0
and hok; = 0. Moreover, R is o-skew Armendariz by [8, Corollary 4].
Thus ag,0"(bo,) = 0, ag,0"(b1,) = 0 and a1,0"(by,) = 0 for all 0 < i < m,
0 < j < n. Hence fﬁi(yj) =0forall 0 <i<m,0<j<n. Therefore
R[z]/(2?) is o-skew Armendariz. O

In [6], the author defined and studied Armendariz and simple 0-
multiplication rings. In other words, a subring S of the ring M, (R)
of n X n matrices over R is with simple O-multiplication if for arbitrary
(aij), (bij) € S then (ai;)(bi;) = 0 implies that for arbitrary 1 <i,7,1 < n,
ailblj = 0.

Let o be an endomorphism of a ring R. As we mentioned before, & :
M, (R) — M, (R), defined by 7((a;)) = (c(ai;)), is an also endomorphism
of M,(R) and & extends to o. We shall say that a subring S of the ring
M., (R) of n xn matrices over R is with (7, 0)-multiplication if for arbitrary
(aij), (bij) € S, (aij)a((bij)) = 0 implies that for arbitrary 1 <i,j,l <n
a0 (byy) = 0.

Let o be an epimorphism of a ring R. We know that & : R[z] — R[z],
defined by 7(>1" o a;z) = I o(a;)a?, is an also epimorphism of the
polynomial ring R[x|, and @ extends to ¢. So, the map

M, (R)[x] — ML, (R)la],
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defined by
i=0 i=0

is an endomorphism of the matrix ring M, (R)[z] and clearly this map
extends 0. By the same notation of authors in [6], ¢ denotes the canonical
isomorphism of M, (R)[z] onto M, (R[z]). It is given by

¢(@(Ao) +7(A1)x + ... +7(An)2™) = (fij(z)),

where

fij(2) = (0(alD) + o(al)a + ... + o (al]))a™)

and a(ag?)) denotes the (i,j) entry of @(Ay). In fact follows E;; will
denote the usual matrix unit.

Theorem 4. Let o be an endomorphism of a ring R, and R be a o-skew
Armendariz ring.

(1) If S is a subring of M, (R) with (7, 0)-multiplication and, for some
Ai,Bi€e S0<i<1, (Ay+ A1z)(By + Biz) = 0 then A;ot(B,) =0 for
0<t,u<l.

(2) If, for a subring S of M, (R), ¢(S[z]) is a subring of M, (R[z])
with (7, 0)-multiplication, then S is an 7-skew Armendariz ring.

Proof. (1) Assume that S is a subring of M, (R) with (7, 0)-multiplication
and, for some A;, B; € S, 0 <i < 1. Then

0 = (Ao + A1z)(Bo + Biz)
= AgBy + AgBix + A1z By + A1x Bz
= AypBo + [A()Bl + Alﬁ(Bo)]a} -+ Alﬁ(Bl){EZ
0),(0 0),(1 1 0 1 1
= az(l )bl(j) + (az(l )bl(j) + a’z('l )U(bl(j)))x + a’z('l )U(bz(j))UUQ-
Now, we set p = Z%:o aglt)$t and ¢ = 111:0 bl(;L)x“. Then pg = 0 and
(t) t(b(U)

a; o' (b;;") =0, since R is a o-skew Armendariz ring.

(2) We prove only when n = 2. Other cases can be proved by the same
method. Suppose that

(Ag) +a(A1)x + ... + T(Ap)z™ € S[z; 7]

p(x) 0) +0
(Bo) +o(B1)z + ... + 7(Bp)z™ € S[x; 7]

q(z) 7
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such that p(z)q(z) = 0, where

() ()

o(aiy) o(ayy) o(byy) o(byy)
a(A;) = ' ' and 7(Bj) = ' '
o(as)) o(aly) (b)) (b))

for 0 <i < mand 0 < j < m. We claim that 5(4;)5'(c(B;)) = 0 for
0<i<mandO0<j<m. Then p(z)g(x) = 0 implies that

(a(al(-?)) + ...+ U(al(;n))xm)a((bl(?)) + ..+ (bl(]m))xm) =0

since ¢(S[z]) is (7,0)-multiplication. Now we can obtain that
a(agf))at(a(bl(;))) =0 for all 0 < 4,j,u,t < m since R is o-skew Ar-
mendariz. O

Now we return one of the important examples in the paper, the ring
Sp.m(R) that is not a (quasi) -rigid rings for n > 2 by Example 2.12. We
consider our ring Ss. Note that if R is an o-rigid ring, then o(e) = e for
e?=c€ R. Let p=eja+(e12—e13)r and ¢ = e3q + (e2s +e34)x € Sy[z;7),
where e;;'s are the matrix units in S;. Then pg = 0, but (e12—e13)7(e34) #
0. Thus Sy is not -skew Armendariz. Similarly, for the case of n > 5, we
have the same result.

Theorem 5. Let o be an endomorphism of a ring R. For arbitrary positive
integers m < n and n > 2, the following conditions are equivalent.

(1) R[z;0] is a reduced ring.

(2) Spm(R) is a ring with (7, 0)-multiplication.

(3) Spm(R) is an T-skew Armendariz ring.

Proof. To prove, we completely follow the proof of [6, Theorem 2.3].

(1) = (2) We will proceed by induction on n. Suppose that n > 2 and
the result holds for smaller integers. Let A = (a;;) , A = (ai;) € Spm(R)
and Ag(A) = 0.

Note that the matrices obtained from A and A by deleting their first
rows and columns belong to Sy, —1,m—1(R) when m > 1, and S,,—1 n—1(R)
when m = 1. The product of obtained matrices is equal to 0. So, applying
the induction assumption, we get that aijai (@) =0 for i > 2 and all j4,1.
Similarly, by deleting the last rows and columns, we get that a;;0"(@j;) = 0
for I<n —1 and all 4, j. Moreover,

a110(@1n) + a120(azn) + - - + @100 (@npn) = 0. (1)

It is left to prove that aijo(@;,) =0for1 <j<n.Let1<j <k <n.
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If E < m, then a;; = ay—j—1 and k—j+1 > 2, so from the induction
conclusion, we get that aijo(ar,) = ar—j—1,,0(Akn) = 0.

Similarly, we get that if m < j (which is possible only when m < n),
then a10(ag,) = a1;0(@; j—k4n) = 0.

If 5 <m <k, then a1;0(@kn) = tm—j+1,m0(@mn+m—r) = 0 (because
j < k implies that either m —j4+1>20orn+m—k<n-—1).

Multiplying (1) on the left by a;; and the foregoing, we get that
a3y0(@,) = 0. Hence, aj10(@1,) = 0. Similarly, multiplying (1) (in
which now aj10(a@1,) = 0) on the left by a2, we get that aj20(as,) = 0.
Continuing in this way, we get ai;0(aj,) = 0 for all j < m — 1. These
results and (1) gives the result when m = n.

If m < n, then, same as above, multiplying (1) on the right by @,
Qp—1,ns > Gm41,n applying the foregoing relations , we get (successively)
that

alna(ann> = al,n—lo'(an—l,n)
= a17m+1a(am+l,n)
=0.

Now (1) implies also that a1,,0(@mn) = 0 and we are done.

(2) = (3) Note that ¢((Snm(R))[x]) = Snm(R[x]). Now the rest
follows from Theorem 4.

(3) = (1) Clearly, Sy, (R) contains a subring isomorphic to Sa(R).
Hence (3) implies that Sa(R) is a g-skew Armendariz ring. Then R[z; 0]
is a reduced ring. O

Theorem 6. Let o be an endomorphism of a ring R with o(1) = 1.
For arbitrary integers 1 < m < n, if T is a subring of Ty (R), which
properly contains Sy m(R), then there are Ay, A1, By, By € T such that
(Ao + A1x)(Bo + Biz) = 0 and A15(By) # 0. In particular, T is not a
g-skew Armendariz ring.

Proof. We proceed by induction on n. Let us observe first that if T is
an o-skew Armendariz subring of the ring T, (R), then by deleting in
every matrix from 7T the first(last) row and column, we get a o-skew
Armendariz subring of the ring T,,_;(R).

To start the induction, assume that n = 3 and m = 3. Applying the
above observation, it suffices to show that no subring of Ty(R), which
properly contains S3(R), is g-skew Armendariz. It is clear that every
such subring S contains the matrices A = a1, B = —akFEs, for some
O#GERaHdC:Elg.
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Let a((i Z)): < _ac _db ),p:A+C$,q:B+C$ER[ZE;U].

We have (A + Cz)(B + Cz) =0 but Co((B)) # 0, so S is not a -skew
Armendariz ring.
Now, the rest of the proof is similar to the proof of [6, Theorem 2.4]. ]

Corollary 4. For arbitrary integers 1 < m < n and every ring R with an
endomorphism o, no subring of T,,(R), which properly contains Sy, m(R),
is with (@, 0)-multiplication.
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