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ABSTRACT. In this paper the well-known connection between
hyperidentities of an algebra and identities satisfied by the clone
of this algebra is studied in a restricted setting, that of n-ary full
hyperidentities and identities of the n-ary clone of term operations
which are induced by full terms. We prove that the n-ary full
terms form an algebraic structure which is called a Menger algebra
of rank n. For a variety V, the set IdL'V of all its identities built
up by full n-ary terms forms a congruence relation on that Menger
algebra. If IdZ'V is closed under all full hypersubstitutions, then
the variety V is called n — F'—solid. We will give a characterization
of such varieties and apply the results to 2 — F—solid varieties of
commutative groupoids.

1. Full terms

Here we consider algebras of n-ary type, that is, all operation symbols
have the same fixed arity n. Let 7, be such a fixed n-ary type with
operation symbols (f;)icr indexed by some set I. Let X,, = {x1,...,2n}
and let X = {z1,...,2,,...} be a countably infinite set of variables.
Then W, (X,,) is the set of all n-ary terms of type 7,. Together with
n-ary operations f,; defined by

fit Wr (X)) — Wi, (X,) with
(tl, e ,tn) — fi(t17 . .,tn) = f(tl, e ,tn)
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2 CLONES OF FULL TERMS

W, (X,,) forms the absolutely free algebra
Fro(Xn) = (Wr, (Xn); (fi)ier)

of type 7,. There is another possibility to define an operation on the set
W (X,,), namely by
S™(xj,t1,...,ty) :=1tj for 1 < j <n and
S™(fi(s1y- vy Sn)stlyeeoutn) = fi(S™(s1,t1, i tn)y ey
S™(Spy sty ey tn)).

We consider a subset of W, (X,,), the set of all full terms. Let H,, be
the set of all mappings s : {1,...,n} — {1,...,n}. Full terms of type
Tn, are inductively defined by:

Definition 1. (i) Let s € H,, be an arbitrary function and let f; be an
operation symbol of type 7. Then fi(Ty1),- -, Tsm)) 95 a full term
of type Tp.

(ii) If t1,...,tn are full terms of type T, then fi(t1,...,tn) is a full
term of type Tp.

Let Wfl (X,) be the set of all n-ary full terms of type 7,,. By de-
finition, the set WT}; (X,,) is closed under the operations f;. Therefore
(WE(Xn); (fi)ier) is a subalgebra of F,, (X,). Clearly, the restriction
of ™ to Wfl (Xp) is an operation on this set. Therefore we define a

superposition operation S™ on Wf; (Xp) by:

Definition 2. (i) S™(fi(Zs1)s -+ Tsm))st1y -+ tn)
= filtsrys -+ s ts(n)),

(ZZ) Sn(fi(sla . '78n)7t17' . atn)
= fi(Sn(Sl,th e ,tn), .. .,S”(sn, ,tl, . ,tn)).

Now we consider the algebra clonep, := (WX (X,,); S™) of type n+1.
Then we have:

Proposition 1. The algebra clonept, satisfies the so-called superasso-
ciative law

(C)  S™(Xo, S"(Y1, X1, ., Xp)s oo s SV, X1y, X))
~ S™(S™(Xo, Y1,...,Yn), X1,...,Xy), where S™ is an (n + 1)-ary

operation symbol and X;,Y; are variables.

Proof. We give a proof by induction on the complexity of the full term
which is substituted for Xj.
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Substituting for X a term of the form f;(z4),. .., Zs()) for a func-
tion s € H,, then
S filTs(rys - T(n))s S (1581, -+ 8n)s -y S (ns 1,5 8n))

fz(S ( 517---75n)7"'a5n(ts(n)7517"'73n))
( ( "7ts(n))751a--'75n)
= S*(S (fz( (1)s > Ts(n))st1s -y tn); 815+ -+, 8) by Definition 2.
If we substitute for Xo aterm t = fi(r1,...,r,) and assume that (C)
is satisfied for rq,...,r,, then
(fl(’rlv . ) S (tlasla"'asn)a'--’Sn(tnasl""78n))
fz( (1, S™(E1, 81y vy Sn)s e ey S (Eny STy vy Sn))se ey
S”(rn,S (t1,81y -y Sn)seen s S™(tny S1y -+ Sn)))

( ( (Tl,tl,...,tn),.. .,Sn(Tn,tl,.. . ,tn)),Sl,...,Sn)
S"(S”(fz(rl, .. .,Tn),tl, e ,tn),sl, . ,Sn).

The algebra clonegrT, is generated by the set
Fyr, = {fi(xs(l)v s ’xs(n)) ‘ iel, se Hn}

of so-called "fundamental terms".
The algebra clonepT, is an example of a Menger algebra of rank n.

Definition 3. (/3/) An algebra M = (M; S™) of type 7 = (n + 1) is
called a Menger algebra of rank n if it satisfies the aziom (C).

Let Vs be the variety of all algebras satisfying (C') and let Fy,, (Y)

be the free algebra with respect to Vi , freely generated by Y = _{yj |
j € J}, where Y is a new alphabet of individual variables indexed by
the index set J = {(i,s) | ¢ € I,s € Hp}. The operation of Fy,, (V) is

denoted by S™. Then we can prove:

Theorem 1. The algebra clonepT, is free with respect to the variety Vi
of Menger algebras of rank n, freely generated by the set'Y .

Proof. We prove that clonepT, is isomorphic to Fy,, (Y') under the map-
ping ¢ : W'(X,,) — Fy,, (Y), inductively defined by
(1) e(filTgays -« Tsm))) = Y(iys)

(i) o(fi(tsr)s-- -+ to))) = " W) 0(t1), - - (t)

where 7€ 1 and s € H,.

The homomorphism property can be proved by induction on the com-
plexity of the term to. If to = fi(zs(1),---,Tsn)) for some i and some
mapping s € H,, then



4 CLONES OF FULL TERMS

So(sn(fi(xs(l)a'"al‘s(n))atla---)tn)) - f(fi(ts(l)v"'vts(n))
- *Sn(y(i,s)ago(tl)?' s p(tn))
= S™e(fi(zsa), - Ts(n)));
e(t1), - o(tn)).
Inductively, assume that tg = f;(r1,...,7,) and that

@(Sn(rjatla cee 7t'n)) = gn(go(rj)’ So(tl)v e 790(tn))

for all 1 < 7 <n. Then
e(S™(fi(r1, - smn)st1y 5 tn))
= (fz( (7“1,751,...,tn),sn(rg,tl,...,tn),...,
S™(rpyt1y .y tn)))
S ( zzd ( (’r‘l,tl,... tn)),ap(S"(rg,tl,...,tn)),...,
gp(S (rn,tl, o tn))
S"(Y(i,iay S ((r1), o(t1), - o (tn)), -
S"(p ( n), (), o(tn)))
Sn( (y(zzd ( ) 7()0( n)):@(tl)w"v(p(tn)))
= S"(@(filrrs )y p(t), - @ltn))-

This shows that ¢ is a homomorphism. The mapping ¢ is bijective
since {y(;s) | © € I, s € Hy} is a free independent set. Therefore we have
Y(is1) = Y(jis2) = (1,51) = (4, 82) = 1 = j, 81 = 52
= fi($31(1)7 c ,xsl(n)) = fj(a;s2(1), R ,.TSQ(”)).

Thus ¢ is bijective on the generating sets of both algebras and there-
fore ¢ is an isomorphism. O

In [2] strongly full terms of type 7, were defined in the following way:
(i) fi(x1,...,2y) is strongly full for every i € I,
(ii) if t1,...,t, are strongly full, then f;(¢1,...,t,) is strongly full.

Let W;_i F(X,,) be the set of all strongly full terms of type 7,,. That means,
we obtain strongly full terms by Definition 1 if we allow for s only the
identity function. Since S™ is closed on anF (X,) we obtain an algebra
clonegpt, ;= (WSF( Xp); S™).

It is clear that full terms can be expressed as strongly full terms if we
change the type from 7, to 7,;;. The operation symbols of the new type
7, are all n-ary and indexed by a set J which has the same cardinality as
{(i,s) | i€ I,s € Hy}. As aresult we obtain that clonep7, is isomorphic
to clonegp,:.
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2. Full hypersubstitutions and substitutions of
clonerT,

For a full term ¢ we need the full term ¢, arising from ¢ if we map all
variables corresponding to a mapping s € H,. This can be defined in-
ductively by the following steps:

(1) Ift = fi(zr1), .- Tp(ny)) fori € I,r € Hy,
then ts = fi(xs(r(l))a ey xs(r(n)))

(11) If t= fi(tb .. .,tn), then ts == fi((tl)sa ey (tn)s)-

It is clear that ¢4 is a full term for any full term ¢ and s € H,,.
Hypersubstitutions are important to describe hyperidentities and solid
varieties. We restrict this concept to full hypersubstitutions.

Definition 4. A full hypersubstitution o of type T, is a mapping
o {filiel} — W (X,).

Note that hypersubstitutions can be defined for arbitrary terms. Every
full hypersubstitution ¢ can be extended to a mapping & defined on
WTIZ (X,) by the following steps:

(1) olfiwsqr)s-- > sm))] = (o(fi))s for every s € Hy,

(i) G[fi(t1,. .. t)] i= S™(o(fi), 5[t1],- .., 6[tn]).

Let Hyp® (7,) be the set of all full hypersubstitutions of type 7,. On
Hpr(Tn) we define a binary operation o by o1 oy 02 := &1 0 09 wWhere
o denotes the usual composition of functions. Together with the iden-
tity hypersubstitution o4 defined by o;4(f;) := fi(z1,...,2,) one has a
monoid (Hyp® (7,); on, 04q). For more background on hypersubstitutions
see [1]. Then we have:

Proposition 2. Let o € Hyp" (7). Then & is an endomorphism on the
algebra (WE (X,); S™).

Proof. Indeed 6 : (W} (X,);S") — (WL (X,);S™) is a function from
(WE(Xy); S™) into itself. Now we prove by induction on the complexity
of a term ty that for any ¢1,...,t, € WTZ (Xn),

G(S™(to, b1, ... tn)) = S™(G(t0), 5(t1), - .., 6 (tn)). (1)

First we consider to = fi(z41),---,Ts(n)) Where i € I and s € H,.
Then
G(S™(filTg1y, > To(n))s L1y - - -5 tn))
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= S"((a(fi))s,6(t1), ..., 6(tn))
S™(6(to), 6(t1), ..., 0(tn))
Now assume that tg = f;(r1,...,7,) where r; are full terms and that

(1) holds for each r;, 1 <14 <mn. Then
&(Sn(fz('l“l, ) tl,...,tn))
= O'(fz( (T‘l,tl,...,tn),Sn(T‘Q,tl,...,tn),...,
S™(Tpyti, .y tn)))
S™(o(fi),0(S™(r1,t1, ... tn)),0(S™(ro,t1, ... tn)), ...,
J(S (Fpstiy .. ytn))
( ( ) ( ( )7&(751)7"‘
5"(6(rn),0(t1), -, 6(tn)))
— (S0 (f), 5, )60, ()
A(&(fz(n,.. ™)), 0(t1), ..., 0(tn))-

Therefor S an endomorphlsm O

We have seen that the free algebra clonep7, is generated by the set
For, = {fi(xs(1ys s Tsm)) | © € I, s € Hy}. Therefore any mapping 7
from Fj,, into WTZ (X,) can be uniquely extended to an endomorphism
n of cloner7,. Such mappings are called full clone substitutions. Let
Substrc be the set of all such full clone substitutions. Together with a
binary composition operation ® defined by 171 ®n2 := 7; onz where o is
the usual composition of functions and with the identity mapping idp,,
on Fy;, we see that (Substpc; ©,idp,, ) is a monoid. Let End(cloner,)
be the monoid of endomorphisms on the algebra clonep7,. Then we
examine the connection between these monoids and the monoid of full
hypersubstitutions of type 7,.

Clearly the monoids End(clonert,) and (Substrc; ©,idr,, ) are iso-
morphic.

Proposition 3. The monoid (Hyp" (7,);0n,0iq) can be embedded into
the monoid (Substpc; ©,idp,,, ).

Proof. Let o € Hyp* (). Then by Prop081t10n 2, 6 is an endomorphism
on the algebra clonep,. Since Fsr, = {fi(Ts(1), -, Tsm)) |1 €I, s €
H,} is a generating set of clonerT,, the mapping 0/F,,, 1s a substitution
with 6,p, = 6. We define the mapping ¢ : Hyp¥(r,) — Substpc
by (o) = 6/p,, . Injectivity of ¢ is clear. We will show that ¥ is a
homomorphism. Let 01,09 € Hyp® (). Then ¢(oy op 02) = (01 op
02)"/F,, = (610062)/p, = 01002/, = O1/p, ©02/p, = ¥(0o1)o
Y(og) = P(01) © P(o2). Clearly, the mapping v preserves the identity
element. O
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3. Full hyperidentities and identities in cloneg7,

Let V be a variety of type 7, and let IdX'V := WTIZ (X,)? N IdV be the
set of all identities of V' consisting of n-ary full terms. Then we have

Proposition 4. IdY'V is a congruence on clonep,.

Proof. We will prove that from r ~ t,r; ~ t; € [df'V,i =1,...,n, there
follows S™(r,r1,...,rn) ~ S™(t,t1,...,t,) € IdEV. At first we prove
by induction on the complexity of the term t € WTFn (X,,) that for every
n € Nt from t; ~r; € IdE'V,i =1,... n there follows S™(t,t1,...,t,) ~
S™(t,r1,...,rn) € IdEV. Indeed, if t = fi(Ts), -5 Tsmy), 1 €1, s €
H,, then
Sn(fi(xs(1)7 ce ’xs(n)))tlv e 7tn)

= fi(ts(l)a e 7ts(n))

~ fi(rs(l)v"' 7rs(n))

= Sn(fl(l’s(l), .. ,a:s(n)),rl, e Tn) S Idfv
since IdV is compatible with the operation f; of the absolutely free al-
gebra F, (X) and by the definition of full terms. Assume now that
t=filly,...,ln) € WE(X,) and that for [;,1 < j < n, we have already

S™(Uj b1y tn) = S™(Uj, 71, ... ) € TAEV.

Then
Sn(fi(lla"'7ln)>t17"'7tn) - fi(Sn(l17t17"'>tn)7"'a
S™(lpyt1y .o ytn))
fi(Sn(ll,’l“l, . ,Tn), ey
S™"(lpy 71y yTn))
= S™(filli,- - sln)y 1y yT)
€ Id-v.

%

Now we prove the implication
tareldiV = S™(t,ry,...,r0) = S™((r,71,...,10) € IdEV.

This is a consequence of the fully invariance of Id,V as a congruence
on the absolutely free algebra F. (X,) and the definition of full terms.
Assume now that t ~ rt; ~ r; € IdEV. Then S™(t,t1,...,t,) ~
Sty ... ty) & S (T, rn) € 1RV O

Full hypersubstitutions can be used to define F-hyperidentities in a
variety V of type 7,.

Definition 5. Let V' be a variety of type 7, and let IdEV be the set of all
identities of V' consisting of n-ary full terms. Then s ~t € I1dE'V is called
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an n-F-hyperidentity in V if 6[s] ~ 6[t] € IdEV for every o € Hyp" (1,,).
If every identity in IdEV is satisfied as an n-F-hyperidentity, the variety
V' is called n-F-solid.

We will give a sufficient condition for the n-F-solidity of a variety V.

Proposition 5. If 1d5V is a fully invariant congruence relation on
clonept,, then the variety V is n-F-solid.

Proof. Let s ~t € Id5'V and let o € Hyp' () be a full hypersubstitu-
tion. Since by Proposition 2 the extension ¢ of ¢ is an endomorphism of
cloner7,, we have &[s] ~ &[t] € IdE'V. O

As we will show later, the opposite is not true.
By Proposition 4 we can form the quotient algebra

clonepV = CloneFTn/Idﬁv

which belongs to the variety of Menger algebras of rank n. There is
the following connection between clone identities and n-F-hyperidentities
in V.

Proposition 6. Let V be a variety of type 7, and let s ~t € IdEV. If

s/t is an identity in clonepV , then it is an n-F-hyperidentity in V.

Proof. Let s =t € IdY'V be an identity in clonerV and let o
€ Hyp"(r,). Then 6 € End(clonept,) and 0/F,,, € Substpc with
0/F,,, = 0. By the natural mapping natl df'V we have

natldEV o Gk, P A fi(Ts1)s - Tsny) |1 € 1,8 € Hp} — clonepV

and this is a valuation mapping with

natldfV o6, =natldV o6.

Then
st e ld(clonepV) = (natldiVoé,p )(s)

(natIdE'V o 6k, )(t)

= (natldf'V od)(s) f F
eH .
—  (natIdFV o &)(t) orevery o € Hyp™ ()
= [0[sllrary = [6[t]] farv
= ols|~oft] € IdEV
This means, s & t is satisfied as an n-F-hyperidentity in V. O

Conversely, not every n-F-hyperidentity in V' is an identity in clonep V'
as the following examples show.
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4. 2-F-solid varieties of type (2)

We ask for the greatest and the least 2-F-solid varieties of groupoids.

Theorem 2. The variety Vijy = Mod{zizy ~ xgml,x% ~~ x%} s the
greatest 2-F'-solid variety of commutative groupoids and the variety Z =
Mod{xi1x2 = x3x4} of all zero semigroups is the least non-trivial one.

Proof. The class of all groupoids which satisfy the commutative law
as a full hyperidentity is the greatest 2-F-solid variety of commutative
groupoids. We denote this variety by HpMod{ f(z1,x2) ~ f(z2,21)}
where f is a binary operation symbol and call it the full hypermodel-class
of the commutative law. Since this variety is 2-F-solid, it is closed under
the application of full hypersubstitutions. The application of the full hy-
persubstitution o, 2 to the commutative identity gives 23 ~ 3 and the
identity hypersubstitution gives the commutative law. (We notice that
instead of f(z1,z2) we write x1x9.) This shows HpMod{f(z1,z2) ~
f(x2,21)} € Viig. We can prove the opposite inclusion by showing that
Vbig is 2-F-solid since HpMod{ f(x1,x2) = f(x2,x1)} is the greatest 2-
F-solid variety of commutative groupoids. To do so we need all full
hypersubstitutions. But we can restrict ourselves to all full hypersub-
stitutions of type (2) which are essential for Vj;,. An easy observation
shows that for any variety V, if s &~ ¢ is an identity in V, if for a hyper-
substitution o the equation &1[s] ~ 61[t] is an identity in V' and if o9
is a hypersubstitution such that o1(f) ~ o2(f) is an identity in V', then
also da[s] = d2[t] is an identity in V. For an arbitrary term ¢ € W(g) (X32)
we define the term ¢? inductively by f(xl, 22)t = f(x9,21), f(20,21)% =
fz1,22), fx1,21)¢ = f(a1, 1), f(x2,22)? = f(x2,22) and if ¢ has the
form t = f(t1,t2),t1,12 € W(J;)(Xn) we set t? = S%(f(xq,21),14,1%). We
show by induction on the complexity of ¢t € W(Q) (X,), that t =~ t¢ ¢

Id¥ Viig-  For terms of complexity 1, that is, with one binary opera-
tion symbol this is clear. Assume that t = f(t1,t2) and that t¢ ~ t €
Id%'Vyig,i = 1,2, Then t¢ = SQ(f(x27$1)t(li,tg) ~ S?(f(wg,x1),t1,t2) =
fta,t1) =~ f(tl,tg) =t € 1d{V};;. Now we prove that for every full
hypersubstitution o; we have &;[f(z2,z1)] =~ t? € IszVbZ-g. By defini-
tion, we have &;[f (z2,z1)] = 0(f)s where s is the permutation (01). If ¢
has complexity 1, that is, if t € {f(z1,21), f(z1,22), f(z2,21), f(22,22)},
then

[y, 20 = flay,21) = f(22,22) = 05z, 1) (f)s € 1d5 Viig,

f(xa, 29) = flaa,m2) = f(w1,21) = 0z, zg)(f)s € Id5 Vig,

flar,2)? = flao,x 1)( O f(a1 ) ([)ss [ (@2, w1) = f(21,22)

= Of(z2,21)

fs-

\_/
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Assume that ¢t = f(t1,t2), then 6¢[f(z2,z1)] = f((t1)s, (t2)s) and
assume that (t;)s = t¢ € Idi'Vi,. Then f((t)s, (t2)s) ~ f(tt9) ~
f(t4,t4) = 64[f(x2,21)]. For an arbitrary full hypersubstitution o; we
have 6¢[f(xa,x1)] = t¢ =~ t = 64[f (w1, 22)] € Idngig and the commuta-
tive law is satisfied as a 2-F-hyperidentity in Vj,,.

We denote by ¢, the term arising from the full term ¢ by replacing
every occurrence of xo by x; if ¢ = 1 and every occurrence of x; by
x9 if © = 2. We prove that for every full term ¢, the equations ¢,, ~
te;,i,5 € {1,2},1 # j, are identities in V. Indeed if ¢ has complexity
1, then we have f(z1,71) ~ f(v2,22) € Idi Vg If t = f(t1,t2) and
assume that t;, ~ ti, ,i,j,k € {1,2},7 # k. Then t;, = f(t1, ,t2, ) =
f(t1x27t2x2) =1z, € Idg%zg

Let o; be an arbitrary full hypersubstitution. Then &;[f(x1,21)] =
(Jt(f)>01 = te, and te, =ty R by, = bey, = (Ut(f>)c2 = 6t[f($27$1)] S
Id% Vig where ¢; € Hy with ¢;(1) = ¢;(2) = 4, for i = 1,2. This shows
that f(z1,21) = f(z2,22) is a 2-F-hyperidentity in Vj;,. Altogether,
this shows the 2-F-solidity of Vi;4 and the equality HpMod{ f(x1,22) ~
f(x2,21)} = Viig.

The next step is to show that Z is the least non-trivial 2-F-solid
variety V; of commutative groupoids.

Clearly, V; C Mod(W(g) (X2)?). But from
flar,w2) = f(a1,21) = f(x2,22) € Idg Mod(W)(X2)?)

we obtain

flar,wa) ~ f(w3,24) € IdMod(W (3 (X2)?)

and this means V; C MOd(W(g)(XQ)Q) C Z. From (W(g)(Xg))2 C IdZ

we obtain Z = M od(W(g) (X3)?). There is only one full binary term over
Z, namely f(x1,x2). Therefore we have only to consider the identity
hypersubstitution and this shows that Z is 2-F-solid. Since Z is an atom
in the lattice of all varieties of groupoids, it is the least non-trivial 2-F-

solid variety of commutative groupoids. O

The variety V4, is 2-F-solid but if we apply the clone endomorphism
which maps the generator f(xj,x2) to the full term f(z1,z2) and the
generator f(x2,x1) to the full term f(x1,x1) to the identity f(x1,x2) ~
f(z2,21) € Id5Vi,, then we get the equation f(z1,22) ~ f(21,21)
which is not satisfied in Vj;, since Vi # Z. This means, I dg Vig 1s not
fully invariant and the opposite of Proposition 5 is not satisfied. Since
f(z1,m2) =~ f(wo,71), f(x1,71) =~ f(x2,72) are 2-F-hyperidentities in
Vhig and using the compatibility, we have that f(f(z1,z2), f(z1,21)) =
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f(f(za,21), f(x2,22)) is a 2-F-hyperidentity in Vi If we apply the
valuation mapping which maps f(z1,22) and f(z1,21) to the full term
[f(z1,22)]1d514;, and both f(z2,z1) and f(z2,z2) to [f(z1,21)]1dsv4,, to
the equation f(f(x1,xz2), f(x1,21)) = f(f(x2,21), f(x2,x2)), then we ob-
tain the equation [f(x1,¥2)]1d,v4,, = [f(21,71)]1d,14;, and so f(x1,22) =
f(x1,21) is an identity in Vj;e, which is a contradiction. This means,
the equation f(f(z1,22), f(z1,21)) =~ f(f(22,21), f(22,22)) is a 2-F-
hyperidentity in V4;, but not an identity in clonerVs;, and hence the
opposite of Proposition 6 is not satisfied.
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