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ABSTRACT. The problem of unitarization of representations
of algebras generated by idempotents with linear relations is stud-
ied. Construction of non-unitarizable representations for some sub-
intervals of continuous spectrum is presented. Unitarization of rep-
resentations from discrete series is proven.

1. Introduction

Representations of algebras generated by projections and idempotents
have deep applications in different areas of mathematics such as alge-
braic geometry, topology, analysis and mathematical physics and have
been studied by many authors (see [5, 3, 7, 9, 8, 3] and bibliography
therein). This article is a continuation of work begun in [10, 11, 12]. It
deals with the algebras P, o, Pn abo,a» @ € R, and their multi-parameter
generalizations. Recall that the algebras P, o and P, gp,o are defined in
terms of idempotent, generators and relations as follows:

n
Pn,a:C<QI7-'-’Qn’q]2'ZQjaZQj:O‘6>’ (1)
j=1

n
Praboa = Cp. 1, .-, polD® = p.pipj = 8ijpj Y pj = €,p;pp; = ap;),
7j=1

(2)
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where d;; is the Kronecker delta and e is the unit element. The main
questions we study in this work are: for which values of parameters the
algebras have finite-dimensional representations and whether they are
unitarizable, i.e. equivalent to x-representations, where the images of
idempotent generators are selfadjoint.

The paper is organized as follows: In the second section we con-
struct certain homomorphisms between the algebras P, o, Pn abo,r and
matrix algebras over them which give us functors between the categories,
Rep Pn.o; Rep Py abo,r, of their representations for different parameters
«, 7. Using this result we prove that finite-dimensional representations
of P, o exist only for o € ¥,,NQ, where ¥,, is a union of so called discrete
spectrum points and an interval of continuous spectrum points.

In Section 3 we study unitarizability of representations of P, o,. By
[16] any finite-dimensional representation of P, for discrete spectrum
point « is unitarizable. Our conjecture is that unitarizability fails for
rational points in continuous spectrum. We prove that this is in fact
true for all rational points in a collection of subintervals of the inter-
val of continuous spectrum. In Section 4 we discuss a generalization
73(01(1)7.“’01(@)77 of Pp.o. There is a connection between finding parameters
for which there are finite-dimensional representations of P, 1) 4
the famous Horn’s problem and semi-stable representations of quivers
(see [4, 7,9, 11]). Tt allows us to describe generalized dimensions of irre-
ducible representations in terms of roots of certain Kac-Moody algebras
(Theorem 5). In Section 5 we study multi-dimensional version, Py, o, ....an
and Py, abo.aq,....ans Of Pna and Py gpo.q, in particular, unitarizability and
generalized dimensions of their finite-dimensional representations. Here
we use several known results on diagonals of matrices.

2. Discrete Fourier transform and Coxeter Functors

The main objects of this section are the algebras P, o and Py, gpo,a, @ € R,
introduced in the previous section. We begin with finding a sequence of
homomorphisms:

PTL,T?’L L} Pn,abo,‘r L} n,7n®Mn(C)

Let ¢ be a primitive root of unity of degree n. Further on all summation
indices will run over {1,2,...,n}. Put ¥(gx) equal to Zz}j C(i_j)kpippj
and denote (g ) by Fj to shorten notation. It is easy to see that FZ = Fj,
and Zzzl Fy = nt. Thus 9 extends to a homomorphism ¢ : Py, -, —

Prabor- Let S = ((7)ij and A = S*diag(Fy,...,F,)S € M,(C)®
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Pr.abo,r- Then
n n
T ik ki _ 1 (i—j)k (1—r)k N
= > (PR = - > ¢ > ¢k pppr =" pizjappi
k=1 k=1 Lr =1
Set gi; = %pippj. It is easy to see that the elements g;; generate Py, gpo, -
In these new generators we have A;; =7, Gi—j+il-
Define a homomorphism ¢ : Py, gpo.r — Pnnr @My (C) putting ¢(p;) =

ej; and ¢(p) = S*diag(q1, ..., qn)S. Obviously, ¢(p;)* = ¢(p;), and it is
a routine to check that ¢(p)? = ¢(p). We have also

o(p;)o(p)o(p;) = % Y g el = % > arejs = Té(py),
k

so that ¢ extends to a homomorphism ¢ : Py, gpo.r — Pnnr ® My(C).
One can check that ¢(gij) = =Y, kg @ €.

Denote by 7 the homomorphism (¢ ®@id)o ¢ : Py apor — Pn,r®@M,(C)
and by p the homomorphism ¢ 0t : Pppr — Ppopr @ M, (C). Let ¢ be
the sum ), ¢ * .. Formally, (1, ..., qn) is the discrete Fourier transform
of (q1,...,qn). Then {¢i1,...,¢n} is again generators of P, ; since ¢; =

% >k Zkt(fk. We have
4 i—j ik L
pla) =D ¢ gy = ¢Fr ) (g @ ey
k i,j k i,J

1 o
== (IR ey
n
kg

and the (i, j)-entry of p(g;) is equal to §—; for j = ¢t + i mod n and
0 otherwise. Thus p(g;) = ¢—+ ® U* where U € M,(C) is the cyclic
permutation matrix Ue; = e;_1,Ue; = e, (e; is the standard basis in
C™). This will be used below to prove that v is an imbeding of Py, , into
Pn,avo,r- Here is some other formulas which can be useful later on. We
have

G(d) = Faplar) =D ¢ I pippy = 1> pippiga-

k k i, i

Using this we obtain also

Y(giz) = W®id)(gi;) =W ® zd)(% Z kg @ e))
k

1 . 1
= Pl ®eij = —n > pppstioj @ ey
S

= E Gs,s+i—j & €jj.
S
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Theorem 1. The mapping v : Pnnr — Pnabo,r 18 injective.

Proof. Since {G:}}—, generate P, . there is a linear basis W of Py nr
consisting of words w = w(qi,...,G,). Since the mapping ¢ — §_¢
extends to an automorphism the set W_ = {w(¢_1,...,{—n)|Jw € W} is
also a basis. Thus the set {w ® Utlw € W_,0 <t < n — 1} is linearly
independent. Clearly p(Gi, --.Gi,) = Giy - --G—i, @ U+ for any n-

tuple of non-negative integers iy, ...,i,. Hence {p(w)}yew is linearly
independent and therefore p is injective. The injectivity of ¢ follows
from the relation p = ¢ o 1. O

Let Rep Pn.a and Rep Py abo,r (Rep sy Pn.a, and Rep 4 Pr abo,r) be the
categories of bounded (finite-dimensional) representations of Py, , and of
Pr.a and Py gpo - respectively. In [16] two homomorphisms & : Py, gpo.r —
Pp1® M, (C) and ¢ : P, — Pnabor are defined. In our notations

n
&(pj) = 4;®ej;, £(p) = T Y2, ; 4iqi®eij and ¢2(qr) = Tpprp- It was proved
(see [16]) that these homomorphisms induce mutually inverse equivalences
of the categories Rep P, 4po,r and Rep 73% 1. Taking the compositions
€o w : Pn,n'r - ’Pm% b2y Mn((c) and (w ® Zd) Og : Pn,abo,T - n,abo, * we
obtain the induced functors

IT : Rep P,o — Rep 73“% and IT : Rep Ph.avo,r — Rep Pnﬂbo’%.
Other equivalence functors
T : Rep Pn,n—oz — Rep Pn,a and T : Rep ,Pn,abo,lfT — Rep Pn,abo,T

we get by considering homomorphisms ¢ : P, o — Pnn—a and tep :
Pn,abo,T — Fn,abo,1—1 given on the generators by t(Qi) =1-—gq, tabo(pi) =
p; and tgpo(p) = 1 — p.  Clearly all mentioned functors map finite-
dimensional representations into finite-dimensional ones.

Let Ap, A ja, An, and A, 74 be the set of all a for which Rep Py, ,
Reptq Pn,as Rep Prabo,a and Repfd Pr abo,o TESpectively are non-empty.

~ n
Then the functors IT and II generate the dynamical system x — — on A,

- - x
Ay fd, An and A, gq. Considering the compositions (7' )2 and (TIT")? we

obtain also the following maps on A,, and A, rq: @7 (a) =n—1— L

a—1
and (o) =1+ ——.

In order to formulate our next statement we need to recall some facts
from [10] on *-representations of the x-algebras P, o with involution de-
fined by ¢; = ¢;. If no confusion arise we write also Rep Py, , for the cat-
egory of s-representations 7 : P, o — B(H), B(H) being the x-algebra
of bounded operators on a Hilbert space H.
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Let 3, be the set of all o for which there exist *-representations
in B(H) of the x-algebra P, .. The complete description of ¥, was
obtained in [10] using the Coxeter functors on the categories Rep Py, o of
*-representations of P, 4, the one similar to (T11)? and (IIT)2. They also
generate the same dynamical systems on ¥,, given by the mapping ®* and
®~. The functor T" which maps *-representations into *-representations
gives the mapping ¥(a) = n—a on 3,,. Let ®** denote the k-th iteration
of ®T. In [10] it was proved that

Yp =AU (n - An) U [ﬁmn_ﬁn],

where A, = {®75(0), ®+*(1) 450 and B, = =Y The points of
A, and n — A, are called the discrete spectrum points, and the points
of [Bn,n — (] are called the continuous spectrum points. We denote
by X, ta the set of those a for which there exist finite-dimensional *-
representations of P, o. The following theorem was announced in [16].

Theorem 2. A, rq4 =%, tq = (Ap U (n—Ay) U [Bn,n— G,]) NQ.

Proof. The last equality was proved in [10]. To show the equality of the
first and the third sets we claim first that A, r4 N (0,1) = 0. In fact, it is
known that tr@Q = dim Im@ for any idempotent ) and therefore taking
the trace from the both hand sides of the equality Q1 + ...+ @, = ol
we obtain

dim Im@i + ... +dimIm@, = a-dim H < dim H

if 0 < a < 1. This implies that Im@1 + ...+ ImQ@), is a proper subspace
of H. On the other hand,

1
v:a(Ql“"--‘i‘Qn)’UGIle—i-...—f—Ile’

for any v € H, a contradiction.

Applying now first our functor 7" and then the functor II, we obtain
ApraN(n—1,n) =0 and Ay g N (1,1 + ﬁ) = (), which was a hard
part of the analogous result for 3,. One can easily show the following
inequalities:

0<1<1+ ﬁ =37 (0) < ®T(1) < @7 (®F(0)) < 2T (@T (1)) < ...

Since there is no finite-dimensional representation for « from (0,1) and
(1,®%(0)), applying the functor (7TI)? : Reptq Pn,a — Reprg Pr o+ (a) We
conclude that there is no finite-dimensional representation for a from the
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union Ug>o(®1*(0), @+ (1)) | Ugso(@1*(1), @+++1D(0)). Since, clearly,
{0,1} C A, fq, the application of the functor (TI)? gives A,, C A, fa.
Noting now that ®**(0) and ®**(1) has the limit point 3, we get A, f4N
0, Bn) = Ap. Similar argument shows that A, g0 (n— Bp,n] =n—A,.

By [10, Theorem 6], [3,,n — 8,] N Q C ¥, q implying [B,,n — B,] N
Q C Ay fq- To finish the proof we just note that A, rq can not contain
irrational points. This can be seen by taking the trace from the both
hand sides of the equality @1 + Q2+ ...+ Q, = al. O

The question when the sum of idempotent bounded operators on a
Hilbert space (not necessarily finite-dimensional) is a multiple of the iden-
tity operator, was studied in [15]: for each av € C there exist at most five
idempotents whose sum is af, i.e. A, = C if n > 5 while sum of one,
two, three and four idempotents can be ol if and only if a € X1, 3o, 33
and X4 respectively.

3. Non unitarizable representations on continuous
spectrum

In this section we will investigate the question whether each n-tuple of
idempotents (Q1,...,Qn) on a finite-dimensional space with the sum
equal to ol is similar to an n-tuple of projections (Py,...,P,), ie.,
whether there exists an invertible matrix .S such that

S71Q;s = p;, i=1,...,k

This is equivalent to the question whether there exists an equivalent Her-
mitian form on the finite-dimensional space such that the representation
7 of Pp.o, m(¢i) = Qi, 1 < i <, is a*representation with respect to this
Hermitian form, in this case we say that the representation 7 is unita-
rizable. As it follows from Theorem 2 finite-dimensional representations
of Py o exist only for those o for which there exists a finite-dimensional
«-representation of P, o. The following theorem was proved in [16].

Theorem 3. Ifa € ¥, NQ forn=1,2,3 and a € (A, U(n—A,))NQ
forn >4, then any finite-dimensional representation of the algebra Py, o
1s unitarizable.

For a = 2, k = 4 it follows from [2] that in each space of dimen-
sion 7k, k € N, there exist indecomposable n-tuples of idempotents with
sum equal to oI while any indecomposable (=irreducible) n-tuple of such
projections act either in one- or two-dimensional spaces (see [17]). There-
fore, there exist non-unitarizable finite-dimensional representations of the
algebra Py .
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Conjecture. For any a € [3,,n — B,] N Q there exist idempotent
matrices Q1,...,Q, which are not similar to any n-tuple of projection
matrices and such that Q1 + ...+ @, = al.

In support of this conjecture we have the following

Proposition 1. Let I, = [2+ Bh—2/2,n — 2 — (,—2/2], ¥(a) = n — a.
Then for anyn > 9 and any o € (U@ *(1,,) U (®TF(1,))) N Q there
exists a non-unitarizable representation of the algebra Py, o .

Proof. We will use the fact that there exist non-unitarizable quadruple of
idempotents Q1, Q2,Q3, Q4 in C™*, k € N such that Q1 + Q2+ Q3+ Q4 =
21. Clearly, for each 6 € 3,4 N Q we can find n — 4 projections Py with
the sum equal to 67 in one of the spaces C7* by taking if necessary a direct

sum of the same projections. Then the n-tuple {Q;, 1 <i <4, P;;1 <i<
4 n—4
n—4} is non-unitarizable and Z QH‘Z P; = (6+2)I. We have therefore
i=1 i=1
non-unitarizable representations of P, o for @ € [2+ Bp_4,n — 2 — [Bp_4].
Next we search for idempotents P, 1 < i < n, in C' @ C!, | = 7k, in
the form P, =Q; o R;, 1<i<4, =086 R;,5<i<n-—2and

p 1_( 71 VTl —7)I )
e VT(l=7)I (1-—7)1 ’
P ( I —/T(1—=7)I )
" —m]l (1 — T)Il ’

such that {Q;}%; is a non-unitarizable quadruple of idempotents with
n

the sum equal to 2I; and Z P; = aly;. This forces 27 = a — 2 and R;,
i=1
1 <i<n—2,tobeidempotents in C' satisfying

n—2

Y Ri=(a—2(1—-7)=(2a-4)
=1

Such idempotent matrices R; exist for some k € N if 2a — 4 € [G,,—2,n —
2 — Bn_2], le, @ € 2+ fBn—2/2,1+ (n — Bn—2)/2]. Then for P,_1, P, to
be idempotents we have 7 € [0, 1] implying also a € [2,4].

We claim now that for a € [246,-2/2, 14+ (n—Fn—2)/2]N[2,4]\{3} =
24 Bn—2/2,4]\ {3} the corresponding n-tuple { P;}I" ; is not equivalent to
an n-tuple of projections. In fact, assuming that there exists an invertible
matrix C such that (CP,C~1)* = CP,C~!, 1 < i < n, we obtain from
the equality for ¢ = n — 1, n that C*C = C; & Cs. Then the equalitly
for 1 < i < 4 gives Q:Cy = C1Q; and (VC1Qi/C1 1 )* = VC1Qi/T1
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a contradiction. For a = 3 we construct a non-unitarizable n-tuple by
taking P, = Q;, 1 <i <4, Pp=1and P, =0 for 6 <i <n. Thus we
have non-unitarizable representations of P, o for

€ 24 Bn—2/2,4]U24+ Bp_a,n—2—Bp_a] = 24+ Bn—2/2,n=2=B,_4].

Applying now the Coxeter functors corresponding to &+, ®~, ¥ which
map non-unitarizable representations into non-unitarizable (see [16, The-
orem 6]), we obtain the statement. O

We say that an interval I} = [a,b] is less than an interval Iy = [c, d]
and write I; < Iy if b < ¢. A simple calculation shows that the in-
tervals from the proposition above satisfy ®+*+1 (1) < ®+k(I,) and
W(OHF)(1,) < U(@+t*+D)(1,). There are still a lot of points left where
we do not know the non-unitarizability, e.g. the length of the interval
between ®*(I,,) and I,, is greater than 5/6 and goes to 5/6 as n — oo.

Theorem 4. The functor Il : RepP, o — Rep P, » maps unitarizable
representations into unitarizable one.

Proof. Tt follows from the fact that the functor IT maps *-representations
of Pp .« into *-representations of P, =. O

Note that if we knew that the functor II maps non-unitarizable rep-
resentations into non-unitarizable ones, we could prove the existence of
non-unitarizable representations for each continuous spectrum point « if
n>9.

4. Algebras generated by idempotents with orthogonality
condition

In this section we consider a generalization of the algebras considered
in the previous sections. The famous Horn’s problem and its variations
(seel4, 7,9, 11] ) can be stated in terms of representations of x-algebras.

Let a8 = (ags),ags), o 70551?)7 1 < s < t, be vectors with real strictly
increasing coefficients. Let us define the following algebra (see [16]):

P(a(l)7a(2) 7“'7a(t))”y x

t ds
—C<{p] }1<s<t1<]<d5’pz Pj = zgpz Zzag»s)pf):ve%
s=1 j=1

This is a x-algebra if we require all generators to be self-adjoint. We use
P(a<1),a(2),...,a(t>) as a shorthand of P(a(l),a@),...,a(”),l' In [11] the following
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sets are considered T{(g,  4,) = {(a®,a? .. a® ~)al) eR%, v e R}
and

Way,..d) = {((aM, @] a® y) € Tiay,...dp)

there is a representation of P(a(l) a®,..a®) 7}

dependent only on (dy,...,d;). With an integer vector (dy,...,d;) we
associate a non-oriented tree with ¢ rays of length dy, ..., d; correspond-
ingly coming from a single root. Further on we will denote W by W (G)
and T(g, ... 4,) by T(G), where G is such a tree. In [11, 14] an equivalence
of the category of x-representations of P(a(1>,a<2>,...,a<t>),1 and a subcate-
gory of locally-scalar graph representations (see [13]|) has been established
and in the case of a Dynkin graph G a complete description of W (G) as
well as an algorithm for writing out all irreducible *- representations were
obtained.

In [4] a connection of Horn’s problem with semi-stable quiver rep-
resentations has been established. It allows to reformulate the problem
of finding parameters, for which there are representations (not neces-
sarily *-representations) of 73(&(1)’&(2)7”‘@@)), in terms of root systems of
Kac-Moody Lie algebras. Here we will describe a connection between
representations of the algebra P(a(1)7a(2)7”.7a(t))’,y and semi-stable quiver
representations in a way convenient for our application.

We denote by G also a quiver obtained from the graph G by orienting
all arrows toward the root. Recall that a semi-stable representation of
the quiver G is given by vector spaces H, and complex numbers A, for
each vertex v, and by linear maps a : H, — H,, and o* : H,, — H, for
each arrow a : v — w in G such that the linear maps satisfy

Z aa™ — Z a*a = M\1

a€G, h(a)=v a€G, t(a)=v

for each vertex v. Here ¢(v) and h(v) denote the tail and the head vertices
of the arrow a.

Let m be a x-representation of the algebra 77(1,@)7__.#(,5))70 in a space H
of dimension n. Let Pj(s) = w(pg»s))
assume that I/C(lj) =0foralll<s<¢t Let R§s) = Pl(s) + ...+ Pj(s)
(a projection), HJ(S) = Im R§-S) and let I’g.s) : H](s) — H be the natural

(e)ple) ), and T = R,

. Without loss of generality we can

isometries. Then, in particular, Fj o=y
j
Denote by Vj(s) the operator Fg?{( 2:1 I/i(s) — V](j_)lPi(S))ng) : H](S) —
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o)

]+1,Where1<]<d — 1. Then

V;(s)*v;(s) _ V;(j)lv;(j)l* _ (V(S) — Vj(i)l)IHJ(s),

VIV = o = ),

(5) ( )* _ S
Vvt = AB),

Here A®) : H — H is a self-adjoint operator A() = ZZ 1 Z()PZ(S)

Moreover, AN + ...+ A® = 5y The operators Vj(s) together with
their conjugate give rise to a semi-stable representation of the quiver G.

This correspondence is in fact an equivalence functor between the cat-
egory of x-representations of algebra Pow,.v0)0 and the subcategory
of semi-stable *-representations of the corresponding quiver (the proof is
similar to one in [5]).

Below we show how to obtain a description of all possible generalized
dimensions of representations of the algebra P(a(l)’a@)’m’a(t))’,y using the
results from [5]. Note that to single out which of them occur as dimensions
of *-representations is another problem(see [16, 11]).

An n-tuple of diagonalizable matrices A; such that A;+...+A4,, =0
gives rise to a representation of the algebra P(a(1>,a<2),...,a<t)),07 where

ald) is the spectrum of A; counted with multiplicities. Indeed, A;

pe’ ) where I = Pl(j T P(J Visa decomposition of the iden-
tity 1nt0 pa1rw1se orthogonal 1demp0tents These idempotents form a
representation of Pla ,a®,..ab) 0 Conversely, having a representation

P,gj) = w(p,(g)) of the algebra P, 4, o), We can form diagonaliz-
d (1) P(l) I

able operators 5umm1ng up to zero as follows A; = > ;1 o

Ag =0 ak ) for 1 < j <'t. Theorem 1 [5] describes possnble spec-
tra of dlagonahzable matrices summing up to zero. To formulate next
result we need to recall some notations from [5].

Consider a graph G with vertices I = {0} U{[i,j]|]1 < i < 1 <
j < d;}. Let C be a generalized Cartan matrix with columns indexed
by elements of I such that C,, = 2 for v € I and C,, = —1 for u # v
if w and v are connected by an edge. Let R be the root system of Kac-
Moody Lie algebra with Cartan matrix C. If A € C’, then R;\“ will
denote the set of positive roots o € N’ such that Ao = EUE] Avay, = 0.
Set p(a) = 1 — (1/2)a’Ca € Z. Remark that p(a) = 0, if a is a real
root.

In [5] ¥y is defined as the set of all & € Ry such that p(a) > p(8M) +
p(B®)) 4 ..., for any decomposition a = BN + 33 + ... as a sum of
two or more elements of Rj\r. Put d = Zi,:l ds. If G is a Dynkin graph
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then all roots are real, so p(a) = 0. Thus X, is the set of all a € R; for
which there is no decomposition & = ) 4+ 2 4 | as a sum of two or
more elements of R;’. Let d = (dg-s)) €N where 1 <s<t:1<j<d,

be a vector such that n := Z?;l dg-s) is independent of 1 < s < t. Put

afs,r] = n— 37" dgs), 1 <r <ds—1, ap = nand let \[s,j] =
ol — ol 1< <di—1, 00 =7 — (i +af 4. +al?). We wil

write @ = a(a®,a®, ... a®) and A = X\(dW,...,d?) to emphasize
the dependence of the parameters. As a corollary of |5, Theorem 1| we
obtain the following

Theorem 5. Algebra P(a(1)7a(2)7”.7a(t))7,y has an irreducible representa-
tion in generalized dimension d if and only if a(a(l),a@), e ,a(t)) €

EA(d(l)“_,,d(t))'

5. Multi-parameter algebras

One of the interesting subfamilies of the family of algebras considered
in the previous section is obtained when dy = do = ... = dy = 1. *-
Representations of these algebras has been investigated in [12|. The cor-
responding Coxeter functors are constructed in [12, 16]. They give rise
to certain dynamical systems on the set of parameters (aq, ..., ay). The
corresponding mapping are called multi-parameter Coxeter maps. Un-
like the one-parameter algebras neither the complete set of parameters
for which representations exist no classification of such representations in
a “discrete case” is obtained yet. Let us write these algebras and their
“abo” analogs explicitly:

n
Prsabos(atyan) = Cltts - o A1 = 4,87 =0, Y g5 =e,
=1

ql-qj = 5iqu', QjQQj = ozjqj fOI” all ] = 1, e ,7”L>.

and

n
Pn,(al,...,an) = C(plv R 7pn‘ Zakpk = eap? =Dj for all ] = ]-a s ,’I’l>.

k=1
Further on we will assume that a; # 0 for all j = 1,...,n. These are
x-algebras if we assume all generators to be self-adjoint. If 7 is a represen-
tation of P, (4,.....a,) ON a space H then the vector (d;di,...,d,) where

d =dim H, d; = rank (p;) will be called the generalized dimension of 7.
Similarly, if 7 is a representation of Py, 4p0,(ay,....an) o0 H then the vector
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(d;dy,...,dn) where d = rankn(q), d; = rankm(g;) will be called the
generalized dimension of 7.

We are going to give an explicit construction of a non-unitarizable
representations of Py, apo,(ry,....7,) When 3, 7; = n/2 and n is even.

For this consider for 2 < k < n/2 the following vectors

(m—1)(m —1)
I

Uk:( ,Tk—1,7‘k—1,...,Tk—1,Tk,Tk—1,...,Tk—1)

(here 7, occurs on the k-th place). For m € {1,n/2 +2,n/2+3,...,n}
set vy, = T (1,1,...,1) and

UTL/2+1 = (van/2+1 - 17 ey 7-n/2—‘,-1 - 17Tn/2+1a e Tn/2+1)

(here 7,, /91 for the first time occurs on the n/2 + 1 place), where

n 1 n/2
-7
=1-m)- 7 + 1—n/2+) T5).
y=( 1) ' Z J - ( / Z 5)
j=n/2+2 Jj=2
Consider the matrix P with columns v{, ..., v ie.
n (7'171357’271) (7‘171357’3*1) o (7’171)5_71'77,/2*1) Y Tn/242 -+ Tn
T To T3 — 1 Tn/2 — 1 Tnjo41 — 1 Tujope o0 Ta
T T — 1 T3 Tny2 — 1 Tajo41 — 1 Tujoge o0 Ta
1 59— 1 T3 — 1 Tny2 =1 Tn/2+1 Tnj242 -+ Tn

Proposition 2. Let 3 ;7 =n/2, 7 # 1,7, #0 (1 < j <n) and let n
be even. Then the mapping p; — ej;,p — P extends to a homomorphism
T 2 Proaborr,..orn — Mn(C). Moreover, if (-,-) is a sesquilinear form such
that (m(x)u,v) = (u, 7(z*)v) for all x € Pp avor, ..m, and all vectors u, v
then (-,-) is zero.

Proof. 1t is a routine to check that P is an idempotent. Let C be the
matrix of the sesquilinear form (-,-) in the standard basis then the con-
dition (7 (p;)u,v) = {u,7(p;j)v) (which is equivalent to Ce;; = eLC for
all 1 < i < n) implies that C is a diagonal matrix diag(ci,ca,...,cp).
We are left with the condition (7 (p)u,v) = (u, 7(p)v) which is equivalent
to CP = PTC. Considering the second rows of these two matrices we
obtain

3 2 CQ(Tg—l) Yz 62(7'4—1)
T2—1 ’ 7'2—1
02(7'5 - 1) CQ(T%-H - 1)
== < ..,cny =—3—" 3
C5 7_2_1 ) >c2+1 7_2_1 ; ( )
02(7'%+2) CaTp,
Cnjog=—=——...,Cp = ——

2 T — 1 7'2—1'
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Considering the (5 +1,n)-entry of these matrices we obtain CnTo41 =

CQ(TﬂJrl_l)
. ot _ ca(ry Ny _
2417y and using (3) we get 2 7nyy = —2——7,. This implies ¢; =

0. Equations (3) then show that ¢; = 0 for all 2 < j < n. Considering
the (1,2)-entry we obtain 01% = 0 thus ¢; is also zero. So

C =0. O

Note that putting 7; = 1/2 we obtain a non-unitarizable representa-
tion of the algebra Py, 4461/2 and hence (applying the functor generated
by the homomorphism ¢g from Section 2) of the algebra Py, 2 in dimen-
sion 7.

It is worth mentioning that the number A = " | o; changes under
multi-parameter Coxeter map by the rule A — ®*(A), where ®* and
®~ are the one-parameter Coxeter maps. This justifies the following
definition:

Definition 1. A point a € C\ {0} will be called n-universal if for each
a1, ...an € C\{0} with 3°7_, aj = a the algebra P (a.....a,) has a finite
dimensional representation.

Theorem 6. If a € R is n-universal then a € ¥, N Q.

Proof. If a € R is n-universal then Repsy Py (o ay # (). Obviously,
in this case RepsqPpn # (). Since the categories RepsqPp,n and

Repyq Pnﬂbo,% are equivalent we have = € Kn,fd = Yntd = %En nQ
(for the last two equalities see [16]). Thus a € ¥, N Q. O

Theorem 7. Ifa € C\{0} is such that there exist oy, . .. a, € C\{0} with
Z}l:l aj = a and Py ghofan,...an} has a finite dimensional representation
in generalized dimension (1,1,...,1) then « is n-universal.

Proof. From the theorem of Fillmore [6] we know that a matrix C' is simi-
lar to a matrix with the main diagonal (31, . .. 3,,) if and only if Z?:l Bj =
TrC. The condition that P, 4o {a;.....a,} has a finite-dimensional repre-
sentation in generalized dimension (1,1,...,1) is equivalent to the exis-
tence of an idempotent nxn matrix () with the main diagonal (a1, ... ay).
By the mentioned above theorem for any (f1, ..., ;) with Z?Zl Bj =
there is a matrix F' similar to @ (hence an idempotent) with the main

diagonal (81, ..., (). O

Introduced above notion of universal point is appropriate only for the
category of all finite dimensional representations. If we restrict ourselves
to *-representations then no reasonable candidate is known since the
possible vectors of parameters are subject to special linear inequalities.
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But in the case of generalized dimension (1,1,...,1) the answer follows
from theorems of Schur and Horn (see [1],p.304). Let o = (avy, ... ) €
R™ and let O, denote the set of Hermitian matrices with eigenvalues «.
Then the image of the map ® : O, — R" that takes a matrix to its
diagonal is a convex polyhedron whose vertices are n! permutations of a.
Let us denote this polyhedron by II,.

Theorem 8. The x-algebra Py, (4, ,....a,) has a finite dimensional x-represen-
tation in generalized dimension (r;1,1,...,1) iff

(1, am) € 1 1,00,...,0)
(the subscript vector consists of r 1’s and n — 1 0’s.)

Proof. Since the categories of *-representations of the algebras
Prar,an) A Py abo (ar,...a,) ar€ equivalent (see [16]) and any rep-
resentation of Py, . q,) With generalized dimension vector (r;1,1,...,1)
under this equivalence goes to a representation of Py, 4po (as,....an) With
the same generalized dimension the x-algebra P, (4. q,) has a finite

dimensional *-representation in generalized dimension (r;1,1,...,1) if

and only if there is an n X n projection matrix P of rank r with the

main diagonal (aq,...,a;,). This happens exactly when (aq,...,ay) €

11,1000 O
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