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ABSTRACT. In this article, we give two examples of finitely
presented quadratic algebras (algebras presented by quadratic rela-
tions) of intermediate growth.

1. Introduction

Let A be a finitely generated algebra over a field k& with generating set
S ={x1,...,2z,}. We denote by A,, the subspace of elements of degree
at most n, then A = (J;—y A,. The growth function 'y;i of A with respect
to S is defined as the dimension of the vector space A, over k,

7i(n) = dimy,(4,)

The function 752 depends on the generating set .S. This dependence can be
removed by introducing an equivalence relation: Let f and g be eventually
monotone increasing and positive valued functions on N. Set f < ¢ if and
only if there exist N > 0, C' > 0, such that f(n) < g(Cn), for n > N, and
f ~gifandonly if f < ¢ and g < f. The equivalence class of f is called
the growth rate of f. Simple verification shows that growth functions of
an algebra with respect to different generating sets are equivalent. The
growth rate is a useful invariant for finitely generated algebraic structures
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such as groups, semigroups and algebras. The notion of growth function for
groups was introduced by Schwarz [Sva55] and independently by Milnor
[Mil68]. The description of groups of polynomial growth was obtained
by Gromov in his celebrated work [Gro81|. He proved that every finitely
generated group of polynomial growth contains a nilpotent subgroup of
finite index.

The study of growth of algebras dates back to the papers by Gelfand
and Kirillov, [GK66a, GK66b]. In this paper we are mainly interested in
finitely presented algebras whose growth functions behave in intermediate
way i.e., they grow faster than any polynomial function but slower than
any exponential function. Govorov gave the first examples of finitely
generated semigroups and associative algebras of intermediate growth
in [Gov72]. Examples of algebras of intermediate growth can also be
found in [Ste75, Smi76, She80, Ufn80, KKM83]. The first examples of
finitely generated groups of intermediate growth were constructed by
Grigorchuk [Gri83,Gri84]. It is still an open problem whether there exists
a finitely presented group of intermediate growth. In contrast, there are
examples of finitely presented algebras of intermediate growth. The first
example is the universal enveloping algebra of a Lie algebra W with basis
{w_1,wp, w1, wa, ...} and brackets defined by [w;, w;] = (i — j)wiy;. W
is a subalgebra of the generalized Witt algebra Wy (see [AS74, p.206] for
definitions). It was proven in [Ste75] that W has a finite presentation
with two generators and six relations. It is also a graded algebra with
generators of degree —1 and 2. Since W has linear growth, its universal
enveloping algebra is an example of finitely presented associative algebra
of intermediate growth.

The main goal of this paper is to present examples of finitely presented
quadratic algebras (algebras defined by quadratic relations) of interme-
diate growth. The class of quadratic algebras contains a class of finitely
presented algebras, called Koszul algebras. They play an important role
in many studies. In [PP05], it is conjectured that the Hilbert series of a
Koszul algebra A is a rational function and in particular, the growth of
A is either polynomial or exponential.

In order to construct our first example of a finitely presented quadratic
algebra of intermediate growth, we consider the Kac-Moody algebra for

,22 _22>. This is a graded Lie algebra

the generalized Cartan matrix A = (
of polynomial growth whose generators are of degree 1. Next, we consider

a suitable subalgebra and its universal enveloping algebra.
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Theorem 1. Let U be the associative algebra with generators x, y and
relations 23y — 322yx + 3zya? — ya? = 0, y>z — 3y’zy + yxy? — xy® = 0.
Then

(i) It is the universal enveloping algebra of a subalgebra of the the
Kac-Moody algebra for the generalized Cartan matrix A = ( _22 32 )

(ii) U is a graded algebra with generators of degree 1.
(iii) It has intermediate growth of type eV,

(iv) The Veronese subalgebra V4 (U) of U is a quadratic algebra given
by 14 generators and 96 quadratic relations and it has the same
growth type with U.

The Kac-Moody algebra for the generalized Cartan matrix A =

(32 _22) is the affine Lie algebra Agl) . (For the definition of Kac-Moody

algebras and classification of affine Lie algebras see [Kac85]). It has a
subalgebra which is isomorphic to the Lie subalgebra L of sla(C[t]) which
consists of all matrices with entries on and under the diagonal divisible
by t. That is,

L = {a = (aij)2x2 | aij € C[t], tr(a) =0
and for (i,7) # (1,2), ¢ divides a;; }

with the usual Lie bracket [a, b] = ab—ba. It follows from [Kac85, Theorem
9.11] that L is finitely presented. In this paper we will prove this by
using the axioms of Lie bracket without mentioning the theory of Kac-
Moody algebras. In Section 2 we show that L is a finitely presented
graded Lie algebra whose generators are all of degree 1 and L has linear
growth. In Section 3 we explain the relation between the growth of a Lie
algebra and its universal enveloping algebra. In Section 4 we consider
the Veronese subalgebra of U to obtain a finitely presented quadratic
algebra of intermediate growth and in Section 5 we complete the proof of
Theorem 1. In Section 6 we give another example of finitely presented
associative algebra A of intermediate growth related to the example of
the monoid in [Kob95]. A has the following presentation:

A= {a,b,c|b’a=ab® b*c=aca, acc =0,

aba = 0, abc =0, cba =0, cbc = 0)

We show that A has intermediate growth of type eV™ and its Veronese
subalgebra V3(A) is an example of finitely presented quadratic algebra of
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intermediate growth. In Section 7 , we give an explicit presentation of
the Veronese subalgebra V4(U) of the first construction U as an example
of a finitely presented quadratic algebra of intermediate growth.

2. An example of a finitely presented Lie Algebra of linear
growth

The following example is a subalgebra of the Kac-Moody Algebra for
the generalized Cartan matrix A = (32 _22) [Kac85].

Consider the subalgebra L of Sly(C[t]) over C (i.e., matrices of trace 0
with entries in C[t])) which consists of matrices whose entries on and
under the diagonal are divisible by t. That is,

L= {a = (aij)2$2| ajj € C[t], tI‘(CL) =0
and for (i,7) # (1,2), ¢ divides a;;}
with the usual Lie bracket [a,b] = ab — ba.

Proposition 1. Let L be the Lie algebra described above. Then it has
the following properties.

(i) L is finitely presented with generators

(01 g (00

and the defining relations [z, [z, [z,y]]] = 0 and [y, [y, [y, z]]] = 0.

(ii) L = @ L;, is graded and generated by L.
k>1

(iii) L has linear growth.

Proof. Take

ﬂ:'—x—[)l —y=(0 0 and let Z‘_t 0

In fact, define

0 ¢! 0 0 t 0 .
;= s oi= . e ; 2 .
T, (0 0 ) s Ui (tZ O) , and let z; (0 —t’) fori>1
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An arbitrary element w € L is of the form:
nomgtt nktih - - -
w = 2251 'ZZ- fol ! il = Z kix; + Zliyi + Zmzzl
i=1 lit i=1 —mit i=1 i=1 i=1
So, any element of L can be written as a linear combination of x;, v;, z;

for i > 1 and {z;, yi, zi};2; forms a linearly independent set over C.
Algebra L has the following relations

(i, yj] = 2zitj—1, (1)
[, 2j] = =224, (2)
[Yi, 2j] = 2yi+5, (3)
i, z5] =0, (4)
[yia y]] =0, (5)
[2i,25) = 0 (6)
for i,j > 1. In particular,
1 1
Tip1 = —5[901',»21], Yir1 = 5[%‘,2’1]7 2 = [z, Y1)

It follows that L is generated by x1 and y;. In order to show that all the
relations (1)—(6) can be derived from the relations [z1, [x1, [z1,¥1]]] =0
and [y1, [y1, [y1,21]]] = 0, we apply induction on i + j =n. If i + j = 2,
the relations (1)—(6) hold trivially. If i 4+ j = 3,

[y1, 21] ]

[901,3/2] = [901, 9

= —% ([21, [z1, v1]] + [v1, [21, 21]])

= [22, 1]

(21, 22] = [21, [72, y1]]
= —[y1, [x1, 22]] + [z2, [y1, 21]] (since [z1, 23] = 0)
= [z2, [z1, 1]
= [x2, 21]
= —2x3,

[y1, 22] = [y1, [21, y2]]
= —([y2, [y1, 21]] + [21, [y2, y1]]) (since [y1,y2] = 0)
= [3/2,21]

= 2ys.
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The relations (4)-(5) for n = 3 correspond to relations of Ly. Observe the
following three equations for [z9, z1],
[22, 21] = [[w2, 1], 21]
= —([lz1, 22|, 1] + [[y1, 21, 22])
= [[w2, 1), ya] + [2, [y1, 21 ]]
= —2[z3,y1] + 2[w2, y2]
=k,

22, 21] = [[x1, 2], 1]
= —([[z1, 21], w2l + [[y2, 21], 21])
= [[z1, 21], 2] + [21, [y2, 21]]
= —2[x2,y2] + 2[z1, y3]
— 1,

22, 21] = [22, [x1, 91]
= —([y1, [22, z1]] + [21, [y1, 22]])
= 2[x3,y1] — 2[z1, y3]
=m.
3 [22,21] =k+1+m=0. So, (1)-(6) hold for n = 3. Now, suppose that
(1)-(6) hold for i +j < n for some n > 3. For 1 <i<n—1,

e, 541] = 5l 45, 1]

= —%([zl, [i, y;]] + [y5, [21, @3]))

= [$i+17yj]a

—2Tpt1 = [Tn, 21]

= 3 llor, 7], 2]
- %([[zl,:ltl], zn—1] + [[zn-1, 21, 1))
= [-75272'77,—1]7

and
[, 2j41] = [4, [T1, yj41]]
= —(Wj+1, [zi, z1]] + [1, [Yj41, xi]])

= ['7}17 Z’H-j]'
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Similarly, it can be shown that
2Yn+1 = [Yir 2j+1]
for any 4,j > 1 such that i + j = n. So (1)—(3) hold for i + j =n + 1.

o1, 2] = —gln, [, 5]

1

- 5([ iy [z, @il] + (x4, [25, 21]])

= —3lzi o1, %]

= [z, 7]
This equality implies [z;, z;] = [x}, ;]. Similarly, one checks that [y;, y;] =

[yj,yi]. Hence, (4)—(5) hold for i +j =n+ 1.
Finally, we need check that (6) holds for i +j =n + 1.

[Zlv Zn] = [217 [xna yl“ = 2[$n+1’ yl] - 2[xn7 y2]
- [217 [l’n_l, yQH = 2[xn7 yQ] - Q[xn—h y3]

= [21, [21, Yul] = 2[72, yn] — 2[21, Yn11]
implies that n - [21, 2p] = 2[Xnt1, Y1) — 2[71, Ynt1] and,
2[1’1, yn-f—l} = [(El, [yl, zn]] = _[Zm [‘7717y1]] - [yh [znvxl]]
= [21, 2n] + 2[Tng1, Y1)
So [z1, 2p] = 0. Now, consider [z;, z;] for i € {1,...,n — 1},
(26, 2] = (20, [25, ]l = =([v1, 20, 25]] + [, [y1, 2i]])
= 2[Tivj, 1] — 2[xj, yit1),

and
1 1

(25, yir1] = Slog, i, 21] = =5 (21, [, wall + [y, [21, 24]])

1
= —5([21, Zn] + [Yi, 27541])
= [zj41, ¥4l
By applying this i times we get [z}, yi+1] = [zn,y1] , so that

[2i,2j] =0fori+j=n+1
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i.e., (6) holds for i + j = n + 1. By (1) - (3), the set {z;, s, 2i }i=, forms
a basis for L as a vector space. It can be observed that L = @ Lj, where

k>1
Lop_1 = <1‘k> S5 <yk> and L = <Zk> for k > 1. Since

[Lok—1, Lom—1] € Logym-1)s  [Lak, Loam] = 0,
[Lok—1, Lom] € Lo(ktm)—15

L admits an N-gradation given by the sum of occurrences of x and y in
each commutator i.e., L = @~ Ly is a graded Lie algebra generated by
two elements of degree 1 (deg(a) = min{nla € @j_; Lx)}) and L has
linear growth (dim L; € {1,2} fori >1). O

Remark 1. We notice that L also admits a Z-gradation. It is a 3-graded
Lie algebra (in the sense of [dO03]) over C generated by elements x of
degree 1 and y of degree —1 .

3. The relation between the growth of a Lie algebra and
its universal enveloping algebra

Let L be any Lie algebra over a field k and U(L) be its universal en-
veloping algebra. For an ordered basis w1, ug, ... of L, monomials u;, ... u;,
with iy < ig < -+ <4, form a basis for U(L) (Poincaré-Birkhoff-Witt
Theorem ([Ber78])). If L = @ L,, is a graded Lie algebra such that all
the components are finite dimensional, then

i bot" = ﬁ(1 gy (7)
n=0 n=1

where a,, := dim(L,) and b,:=number of monomials of length n in U(L)
([Smi76]). The proof of the following proposition can be found in various
papers ([Ber83], [Pet93], [BG0O0]).

Proposition 2. If a, and b, are related by (7) and a, ~ n? then
by, ~ e”%.

Corollary 1. If a Lie algebra L grows polynomially then its universal
enveloping algebra U(L) has intermediate growth. In particular, if L has
linear growth, then U(L) has growth of type eV™.
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4. Veronese subalgebra of an associative graded algebra

Let A = k(xy,...,x,) be a free associative algebra over a field k with
generating set {z1,..., Ty }. Each element u of A can be written uniquely
as

U =ug+up + -+ u,

where Ay = k, u; € A; and A; is the vector space over k spanned by m?
monomials of length i. Let R = {f1, fo,..., fs} be a finite set of non-zero
homogeneous polynomials and I be the ideal generated by R. Since [ is
generated by homogeneous polynomials, the factor algebra A = A /I is
graded:

A=Ay A1 - 0Ad,o...

where A; = (A +1)/1= A;/(A;n ). For d > 1, a Veronese subalgebra
of A is defined as

Vd([l) ::k®Ad@A2d@...
It is straightforward to see that,

growth of A ~ growth of Vy(A)

Proposition 3. [BF85] For sufficiently large d, V4(A) is quadratic.

Proof. Let dy,...,ds be the degrees of fi, fa,..., fs respectively and
d > max{d;, 1 <1i < s}. For any two words v, v” such that

deg(v') + d; + deg(v") =d
consider the element v’ f;v” € Ay, and for any two words w’, w” such that
deg(w’) + d; + deg(w”) = 2d

consider the element w'fyw” € Agy. Let R* = {v'f;iv" W' fiw"} for i €
{1,...,s} and a be a homogeneous element from A N T Say a =
> avfiw, where a € k, v and w are words. If we choose a summand and
represent v = v1vy, deg(vy) is a multiple of d, 0 < deg(vg) < d. Similarly,
w = wowy, deg(wi) is a multiple of d, 0 < deg(wz) < d. Then we will get
deg(va fiwe) = d or 2d. Hence v fiwg € R*. Tt shows that Vz(A) N T is an
ideal generated by the elements of R* and an element v’ f;v” is a linear
combination of free generators of :4(”) whereas w' f;w” is a quadratic

element in these generators. So Vy(A) = Vy(A)/(Va(A) N I) is a quadratic
algebra. O
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5. Proof of Theorem 1

Let L = (z1,...,2m | f1 =0,..., fr = 0) where each of f; is a linear
combination of the commutators (elements of the form [z;,, ..., x; ] with
an arbitrary distribution of parentheses inside). Then the universal en-
veloping algebra U(L) of L is an associative algebra with the identical
set of generators and relations, where the commutators are thought of

as in the ordinary associative sense: [z,y] = xy — yx [Bou89, Proposi-
tion 2, p.14]. The universal enveloping algebra U(L) of L = (z1,y1 |
[1, [z1, [x1,91]]) = 0, [y1,[y1, [y1,x1]]] = 0) has the following presenta-
tion:

U(L) = <1U1,y1 | xil))yl - 3»”5%3/1!131 + 31:11/153% - yﬂ? =0,
yiry — 3ytriyr + 3yiz1y; — 11y; = 0).

So, the associative algebra U in Theorem 1 is the universal enveloping
algebra U(L) of L. By Proposition 2, since L has linear growth, the growth
rate of U(L) is intermediate of type eV™ . In order to obtain a quadratic
algebra of intermediate growth we consider a Veronese subalgebra of V4(U)
as explained in the previous section and conclude that for a given finitely
presented graded algebra with all generators of degree 1, one can construct
a finitely presented graded algebra with all relations of degree 2. V4 (U)
is an example of a finitely presented graded algebra with intermediate
growth. It has 14 generators and 96 relations. In the next section we
compute all these relations.

6. A construction based on Kobayashi’s example

In this section we construct another example of a finitely presented
associative algebra with quadratic relations whose growth function is
intermediate. For this, we consider the following example of a monoid
with 0 that appears in the paper of Kobayashi [Kob95].

M = {a,b,c | ba = ab, bc = aca, acc = 0)

where w(a) = w(c) = 1, w(b) = 2, w is a positive weight function on M.
Kobayashi shows that M is a finitely presented monoid with solvable word
problem which cannot be presented by a regular complete system. In order
to prove that it cannot be presented by a regular complete system, he
proves that M has intermediate growth. Now, we consider the semigroup
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algebra k[M] over a field k. k[M] has the same presentation and growth
function with M. So k[M] is an example of finitely presented associative
graded algebra of intermediate growth. But the generators of k[M] have
degrees deg(a) = deg(c) = 1 and deg(b) = 2. To construct a quadratic
algebra with these properties, we need to consider an algebra whose
generators are all of degree 1. Thus we consider the following monoid:

M = {(a,b,c | b’a = ab?, b*c = aca, acc =0,

aba = 0, abc =0, cba =0, cbc = 0)

where w(a) = w(b) = w(c) = 1. )
Now, we have the monoid algebra A := k[M] over a field k:

A= {(a,b,c|b’a = ab® b’c=aca, acc =0,

aba = 0, abc =0, cba =0, cbc = 0)

where deg(a) = deg(b) = deg(c) = 1. To show that A has intermediate
growth, we first find a complete rewriting system for A. Let < be the
shortlex order on (X) based on the order a < b < ¢ i.e.,

wy < wg implies |wi| < |wa| or |wi| = |wa| & wi <jer wo.
Then A has the rewriting system R consisting of the following relations

b2a — ab?
be = aca
acc — 0
aba — 0
abc — 0
cba — 0
cbe — 0

It is easily seen that R is Noetherian. By applying the Knuth-Bendix algo-
rithm, we obtain the following complete rewriting system R, equivalent
to R:

Roo = {b%a — ab?, b*c — aca, aba — 0, abc — 0, cba — 0, cbe — 0}

o0
U U {a"ca™ e — 0},
n=1



80 FINITELY PRESENTED QUADRATIC ALGEBRAS

A monomial (word) m is called irreducible with respect to the rewriting
system R if all the rewriting rules act trivially on m. The set of all
irreducible words with respect to R is denoted by Irr(R). Since Ry is
a complete rewriting system, I77(R«) is the set of words which do not
contain v as a subword for any u — v € Rs. By Bergman’s Diamond
Lemma [Ber78], Irr(Rx ), forms a basis for A. Words in Irr(R«) are of
the following form

ba™ca™c. .. a™ calb?
where s € {0,1},1,k € NU{0} and 0 < m3 < ma < -+ < m,,m; € NU{0}

fori € {1,...r}. So, the number of words in Irr(R>) of length n is equal
to

n
Z 2j4+1) - {(my,....,m;) | 0<my <...<myp,my+. .. +mp=n—j—r1}|
7=0

n
Z2g+1 (n —7)

where p(n) is the number of partitions of n. Hence

va(n) ~ p(n) ~ eV,

A is an example of finitely presented graded algebra with generators of
degree 1 and intermediate growth function and its Veronese subalgebra
V3(A) can be presented by finitely many quadratic relations (to be precise
with 21 generators and 280 relations).

7. Appendix: Presentation of the Veronese
subalgebra V4 (U) of U

As we noted in the Section 5, U(L) is an associative algebra with
generators x,y and the set of relations

R = {2’y —32*yx+3xys”® —yz® = 0, y’z—3y sy +3yazy” —xy® = 0}.

Since R is a set of two homogeneous polynomials, U is a graded algebra.
Let V4(U) be the Veronese subalgebra of U. It was proven in Section 4
that V4(U) is a graded algebra generated by the set S of monomials of
length 4 over {x,y} and the set of relations R* = {f; = 0,vfw = 0}
where v, w are monomials such that I(v) + (w) =4 and, f; = 23y —
322yx + 3zyx? — yxd, fo = yPr — 3y’xy + 3yay® — xyd. Basically, R*
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is the set of homogeneous polynomials of degree 4 or 8 generated by
R={f1 =0, fo =0} in k[z,y]. Since there are 48 different pairs (v, w)
of monomials, R* consists of 2 homogeneous polynomials of degree 4:

3

(1) ya* = 23y — 3x%yx + 3xya®, (i) y’z = xy° — Syxy® + 3y xy

and 96 homogeneous polynomials of degree 8:

1) zyz’2t = 2ty — 323yt + 32%yzat,

2) iyt = 2t2?yr — 3xtaya? + 3xtya’,

3) x?y?yx® = Pyy?a? — 3xlyry’a? + 3x2yaya?,

4) xyx’ady = vtyxy — 3xdyxdy + 3xyxady,

5) w3yxdy = xtx?y? — 3xtwyxy + 3xtyxy,

6) 2%y’ya’y = 2dyyey — 3xPyxy ey + 3a?y ayay,

7) wyx?ziyr = vtyryr — 3x3yrlyr + 3xiyrayz,

8) 22y%xt = 2?yradyx — 3xlyrayr® 4 3xlyryx®,

9) 2?y?yxyr = 23yydr — 3xyryz + 322y ry’ie,
10) ayx’x?y? = xtyxy? — 3x3ya?y? + 3x2yxa?y?,
11) 229?23y = 22yra®y? — 3x2yzwyxy + 3xyxyzy,
12) 22y?yxy? = 23yy* — 32%yxy* + 322y%ay?,
13) zyzlryx? = xty?a? — 3a3yrya? + 3alyrrya?,
14) ayzyrt = vyx’z?yr — 3zyrryr? + 3vyzlyar’,
15) zydya® = zyxyy?s? — 3wyzy’a? + 3xyPryx?,
16) xyz’ry’z = 2*y3r — 323yxy’e + 3xlyxayie,
17) ayat = vy?aa’yr — 3zyloaya? + 3vylryar’,
18) zyPyzyr = zyxyye — 3zylryde + 3zyPzyl,
19) ayzlryxy = 2*y’ry — 3x3yryry + 3x’yrayzy,
20) xyzyrdy = zyr’z?y? — 3wyxlryzy + 3ryrlyry,
21) zyPyxly = zyzyyley — 3xylayley + 3vylryxy,
22) zyx?xy® = 2yt — 3x3yxy® + 3xyxay?,
23) zytady = zylea®y? — 3vyrryry + 3xylaysly,
24) zydyry? = wyayy? — 3xy’ryt + 3zydry,
25) 32’2zt = yadya® — 3yxlyat + Jyryxa?,
26) yalyzt = yadalyx — 3yxdeyr® + 3yrdya?,
27) yxyPyxd = yrlyy?a? — 3yzyxy®z? + Syxylryr?,
28) 22y’ x?yx = yrdyryr — yxlyrlyr + Syryxyiey,
29) yry’rt = yryrzyr — yryrayr? + Syxyryrd,
30) yrylyryxr = yrlyydz — Syryryds + Syxylryie,
31) y2ala?y? = yadyay? — Syxlyxy? + Syxyray?,
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yry*ady = yayray® — Syxyzxyry + Syryzyzy,
yry?yzy® = yatyy* — 3yzyzy* + Syzy ey,
y2$2$3y = y$3y$2y — 3yx2ya:3y + 3yl’y$$3y,
yryxdy = yada?y® — Syzdzyxy + yadyzty,
yry?yz®y = yatyytey — Syzyry iy + 3yzy rycy,

v arlryx? = yrdy?a? — 3yxlyxyr® 4 yryrryx?,

yraeyzt = y2alalyr — 3yPalaeyx® + 3ylalyad,
Yy
Yy
Yy
Yy
Yy
Yy
Yy
Yy
y'ody = ylex’y® — 3ylzayay + 3yPryaty,
ylyry? = yeyy® — 3yeyt + 3ytay?,

w?yrat = 2tayr® — 3xtyad + 323yt

ya® = ylryy*a® — 3y’ayia? + 3ytaya®,
22ryxy = yridylry — 3yxlyryry + Syryrryxy,
zyxdy = y?a?a?y? — 3yxlryxy + 3ytxlyx’y,
yaty = yrryyay — 3yPeyiry + 3ytwyxy,
2?xy’r = yridyde — 3yxlyryr + 3yryxry’e,
zt = yPra’yr — 3yPraya® + 3ylaya’,
yryxr = y2aeyyPr — 3ydzyds + 3ytayle,

2,03 _ 03,4 2,103 3
réry’ = yax’y” — Jyxtyxry” + 3yryray”,

3

NN S L R S

zyPrt = 22y?yx® — 3vyayyx® + 3zyrya®,
wyyla? = 2tyPr — 3x3yxy’e + 3x3yyrya,
22yxady = 2tayry — 3xtyay + 323yady,

zyPady = 2?yPyaty — Swyxyya?y + dwyryay,
wyyPey = oyt — 3utyay® + 3tyyry?,
22yra’yr = zteye — 3xtyryr + 3x3yalyz,
ryPrlyr = 22y>yryr — 3vyxyyryx + 3xylryryr,

2?y?y?2? = 2?yxyde — 3xyPaya + 322y yzyw,

22yray? = xiay® — 3xtyxy? + 3x3yx?y?,
zyia?y? = ?yPyxy? — 3wyzyyry® + 3xytoyry?,
22y?yPay = 2?yry* — 32%y%wyd + 322y yry?,
zylrat = zyrlrya? — 3ryrlyxrd + 3xyrya?,

ryryx? = 22y?y?2? — Szyxyyta? + 3xylry’a?,

ryxyy’a? = zyr?yPe — 3ryryry’r + Sxyryyry,
rylrrlyr = vyxlry’s — 3ryxlyryx + Seyryrlyr,

ziyPryle = 22y?y3r — 3eyryyPr + 3xylayie,

ryyle? = xylayle — 3xydrye + 3xydyaye,
vylrxdy = zyr’ryry — 3ryxlyxly + Sxyryxiy,

zydryry = 22y*yey — 3zyryy’ay + 3wvyirylry,
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(@)

9)
0)
1)
2)
3)
4)
5)
)
)
8)
9)
0)
1)
2)
3)
4)
5)
)
)
8)
9)
0)
1)
2)
3)
4)
5)
96)

O© © © © © © 0 W 0 0 0 0 0 00 0 O =~ =~ ~J I ~J 3 =3 = 3 I
-~ -~

zyzyyey = zya’y* — Bvyzyzy® + dwyzyywy?,
CCle’l’QyQ = .’Ify$2f£y3 — 3zcyx2y$y2 "‘ 3$y$y$2y2,
zyday® = a?y?yt — ayayyt + 3xyPxy?,
vydyPoy = xyPay® — 3azyPay® + 3zyPyay?,
yaryrxt = yxdryr? — 3yxdyad + Jyalya?,

ylat = yayPya® — 3yPwyya® + 3yPaya®,
yryy*a? = yadyds — 3yatyxye + yatyyayx,
yﬂ?yl’lzy.%' = ym3xy2x — 3y$3y$y$ + 3y$2y$2y$,
ylotyr = yayPyzys — 3y’zyyryx + 3ytzyryr,
yry®y*a? = yayxyPr — Syzy*ey*c + SyzyPyzyz,
yryra?y® = yriey® — 3yadyry? + 3yxtyxty?,
yloty? = yayPyzy? — 3yPzyyay? + 3ydayxy?,
yry*y*aey = yryryt — 3yzy®ey® + SyzyPyry?,
yryzady = yrdzyzy — 3yatyaty + 3yxiyxdy,
ylady = yayPyaty — 3yPayyxty + 3ytwyxty,
yrlyyPry = yaty* — dyxyxy® + yatyyxy?,

y3azx4 = nyQxny — 3y2x2y:p3 — 3y2:vy334,
y4.’I}y.Z'2 _ y$y2y2w2 _ 3y2xyy2x2 + 3y3$y2x2’
y2$yy2$2 = y2$2y3$ — 3y2113yxy2$ + 3y2$yyacy:13,
yiraty = y*a*wyxy — 3y*atya®y + 3y ayay,
yrayry = yayyiey — 3y*azyytay + 3yPayiey,
yrayyPzy = y*a?yt — 3yPzyxy® + 3y zyyxy?,
yrxlyr = y?ayre — 3ylalyxyr + 3ylryalyw,
yloeyte = yayyde — 3ytayyPe + 3ylayta,
ylyPa? = yPryPr — 3yteyte + 3ytyxye,
y3$$2y2 — y2$2l‘y3 _ 3y2x2y$y2 + 3y2xy$2y2,
yley? = yayyt - 3yPayyt — 3yPxyyt 4 3ytayt,
4

ytytey = Pyt — 3ytay® + 3ytyay?

We can rename the generators as follows:

yt =1, Y2 =Y, yrry = Ys, yir? =Yy,

yry’ =Ys, yayr=Ys,  yz’y=1Yr,

yr® =Y,

ry® = X1, ay’r=Xo, ayry=X;  ayr’ =Xy,

.T2y2 = X57 l‘2y$ = X67 I3y = X77

So the relations will be

2t = Xg.

(i) Ys = X7 — 3Xg + 3Xy, (ii) Ya = X — 3Y; + 3Y3
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X1 Xg = XgYs — 3X7 X + 3X6X5g,
X7 Xg = XgXg — 3Xg X4 + 3XgYs,
X5Ys = X7Yy — 3X6Yy + 3X5Xy,
Xy X7 = Xsg¥7 — 3X7 X7 + 3X6 X7,
X7 X7 = Xg X5 — 3Xg X3+ 3XgYr,
X5Y7 = X7Y3 — 3XgY3 + 3X5 X3,
Xy Xg = XgYs — 3X7 X6 + 3X5 X6,
X5X8 = X6X6 — 3X6X4 + 3X6Yé,
X5Y6 = X7Y5 — 3X6Y2 + 3X5X2,
Xy X5 = XgYs; — 3X7 X5 + 3X5X5,
X5X7 = X6X5 — 3X6X3 + 3X6Y7,
X5Ys = X7Y1 — 3X6Y1 + 3X5 X,
Xy Xy = XgVy — 3X7Xy +3X6Xy,
X3Xg = Xy Xg —3Xu Xy + 3X4Yé,
X1Ys = X3Yy — 3XoY, + 3X1 Xy,
Xy Xo = XgYo — 3X7Xo + 3X6 X2,
X1 Xg = XoXg—3X0 X, + 3X2Yé,
X1Ys = X3Ys — 3XoYs + 3X Xo,
X1 X3 = XgY3 — 3X7 X35+ 3XX3,
X3 X7 =Xy X5 — 33Xy X3+ 3X,Y7,
X1Y7 = X3Y3 — 3XoY3 + 3X1 X,
Xy X1 = XgY] —3X7X, 43X X1,
X1 X7 =XoX5 —3X9X3+3XoY7,
X1Y5 = X3Y1 —3XoY] + 3X1X1,
Yy Xg = YgY¥s — 3Y7 X + 3Y5 X,
Y7 Xg = Y Xg — 3Ys Xy + 3YgYs5,
Y5Ys = Y7V — 3YeYs + 3Y5 Xy,

Y1 X6 = YsYs — 3Y7 X + 3Y5 X,
Y5 X5 = Y6 X6 — 3Ys Xy + 3Y5Ys5,
Y5Ys = Y7Yo — 3Y6Y2 + 3Y5 X0,

Yy X5 = YsY5 — 3Y7 X5 + 3V X5,
Y5 X7 = Y6 X5 — 3Y5 X3 + 3YsY7,
Y5Ys = Y7Yy — 3YsY) + 3Y5X1,

Yy X7 = YsY7 — 3Y7 X7 + 3V X7,
Y7 X7 = Ys X5 — 3Ys X3 + 3YsY7,
Y5Y7 = Y7Y3 — 3YsY3 + 3Y5 X,
YaXy = YsYy — 3Y7 Xy + 3Y6 Xy,
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38) Y3Xg =Y, X —3Y4 Xy 4+ 3YyYs,

)
39) Y1Yg = Y3Y, — 3YaYy + 3Y1 Xy,
40) Y1 X3 =YsY; — 3Y7 X35 + 3Ys X3,
41) Y3 X7 =Y, X5 — 3Y, X3 + 3Y, Y5,
42) Y1Y7 = Y3Y3 — 3YaY3 + 3Y1 X5,
43) Y3 X9 = Y3Ys — 3Y7 Xy + 3V Xo,
44) V1 Xs = Yo X¢ — 3Ya Xy + 3Y5Y5,
45) Y1Ys = Y3Ys — 3Y2Ys + 3Y71 Xo,
46) Y3 X1 = YY1 — 3Y7 Xy + 3Ys Xy,
47) Y1X7 = Yo X5 — 3Ya X3 + 3YaY7,
48) Y1Y5 = Y3Y) — 3YaY) + 3Y1 Xy,
49) XeXs = XsX1— 3XsYs + 3X7 Xs,
50) X1Xs = X5Ys — 3X3Ys + 3XaYi,
51) X7Y1 = XgYs — 3X7Xs + 3X7Ye,
52) XeX7 = XgX3 —3XsY7 + 3X7 X7,
53) X1X7 = X5Ys — 3X5Ys + 3XaY5,
54) X7Y3 = XgY1 — 3X7X1 + 3X7Y5,
55) XeXp = XsXo — 3XsYs + 3X7 X,
56) X1X6 = X5Ys — 3X5Y5 + 3XaYe,
57) XsYi = X¢Vs — 3X5Xs + 3X5Vs,
58) XoXs — XsX1 — 3XsYs + 3X7 X,
59) X1X5 = X5Y5 — 3X3Y5 + 3XaY5,
60) X5Y3 = XgY1 —3X5X, +3X5Y5,
61) XoXg — X4 X1 — 3X4Ys + 3X3Xs,
62) X1X4 = X5Yy —3X3Y, +3XaYy,
63) X3Yi = X1V — 3X3Xo + 3X3Y,
64) XoXg = Xy X9 — 3X,Ys + 3X3Xs,
65) X1X9 = X5Ys —3X3Ys +3XaY5,
66) X1V, = XoYs — 3X1 Xy + 3X1Y5,
67) XoX7 = X4X3 — 3X4Ys + 3X3X7,
68) X1X3 = X5Y3 — 3X3Y3 + 3X0Ys,
69) X3Y; = X,Y) —3X3X, + 3X3Y5,
70) XoX5 = Xy X1 —3X4Y5 + 3X3X5,
71) X1X1 = X5Y1 —3X3Y7 + 3XoY,
72) X1Y3 = XoY1 — 3X 1 X1 +3X1Y5,
73) YoXs = Ys X4 — 3YsVs + 3Y7 X,
74) Y1Xg = Y5Ys — 3Y3Ys + 3YaY5,
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N
Ut

) Y7Yy = YaYo — 3Y7 X + 3Y7 Y5,

76) YsX6 = Yz Xo — 3YsYs + 3Y7.XG,
TT) YiXe = YsYs — 3YaVs + 3YaVe,
78) Ys5Yy = YsYs — 3Y5Xo + 3Y5Ys,
79) Y6 X5 = Y X1 — 3YsY5 + 3Y7 X5,
80) YiXs = YaYs — 3Y3Ys + 3YaY5,

oo
—_

) YaYs = Yy — 3Y5 X, + 3Y3Y5,
) Y6 X7 = YsX3 —3YgY7 + 3Y7.X7,
) Y1 X7 = Y5Y7 — 3Y3Y7 4 3YaY7,
) Y7Y3 = YgY1 — 3Y7X + 3Y7Y5,

oo oo
=W N

85) YoXg =Yy Xy — 3Y,Ys + 33Xy,
86) Y1.Xy = Y5Yy — 3Y3Y, + 3YoYy,
87) Y3Yy =Y Yo — 3Y3Xs + 3Y3Ys,
88) Yo X7 = Yy X3 — 3Y,Y7 4 3Y3X7,
89) Y1.X3 = Y5Y3 — 3Y3Y3 + 3YaY3,

Ne)

0) Y3Y3 =Y,Y) — 3Y3X; + 3Y3Y5,
1) YoX¢ =Yy Xy — 3Y4Ys + 3Y3 X,
) Y1Xo = X5Ys — 3Y3Ys + 3Y5Y5,
3) Y1Yy =Y5Ys — 3Y1 X + 3Y1 Y56,
4) Yo X5 = Yy X1 — 3Y4Y5 + 3Y3X5,
5) Y1X7 =Y5Y1 — 3Y3Y) + 3YaY,
96) Y1Y3 = YoY1 — 3Y1.X1 + 3Y1Ys.

O © © O ©
[\S)

We see that V4(U) is a quadratic algebra with generators X, ..., Xs,
Yi,...Ys and relations (i), (i), 1)-96). This may not be the simplest
presentation of V4(U). Observe that the generators Yg and Y5 are linear
combinations of other generators by (i) and (i7), so they can be removed
from the generating set.
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