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Abstract. We obtain a characterization of right semi-arti-
nian rings which have only trivial derivations and prove that a rigid
(i.e. has only the trivial ring endomorphisms) right semi-artinian
ring R is a field or isomorphic to some Zpn .

0. As usually, an additive mapping D : R → R is called a derivation
of R if D(xy) = D(x)y + xD(y) for all x, y ∈ R. A ring R having
no non-zero derivations will be called differentially trivial. The class of
differentially trivial rings is contained in the class of ideally differential
rings (i.e. rings R in which every two-sided ideal is closed with respect
to all derivations of R). Ideally differential rings first appear in [1] (see
also [2]). Characterization theorems for differentially trivial rings R with
the additive group R+ of finite Prüfer rank and differentially trivial left
Noetherian rings was obtained by the author in [3], [4] and [5].

In this paper we study differentially trivial right semi-artinian rings.
Recall that a ring R with an identity is called right semi-artinian if every
non-trivial right R-module has a non-zero right socle. The main result of
the present paper states as follows:

Theorem. For a right semi-artinian ring R the following conditions are
equivalent:

(i) R is a differentially trivial ring;
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(ii) R contains a set {eα|α ∈ S} of local idempotents eα such that eαR is
either a differentially trivial field or isomorphic to some Zpn, R = eαR⊕
Mα is a ring direct sum, where Mα is an ideal of R and

⋂
α∈S Mα = {0}.

Recall that a ring R which has only the trivial ring endomorphisms
is called rigid. Our theorem we can apply to prove the following

Proposition. A right semi-artinian ring R is rigid if and only if R is
either a rigid field or isomorphic to some Zpn.

All rings considered here are associative and with an identity element.
Throughout the paper p is a prime and Zpn the ring of integers modulo a
prime power pn. For convenience of the reader we recall some notation.
For any ring R, we denote by J (R) the Jacobson radical, by R(pk) the

subring of R generated by its identity element and the set { xpk

| x ∈ R }
(k ∈ N), by char(R) the characteristic, by Ann(I) = {a ∈ R | ar = ra =
0 for every r ∈ I} the annihilator of an ideal I in R, by soc(R) the right
socle and Ωk(R) = {x ∈ R | pkx = 0}.

We will also use some other terminology from [6] and [7].

1. Since in any differentially trivial ring R, in particular, all inner deriva-
tions are trivial, it is commutative. Moreover by a result of Bass (see
e.g. [6, Proposition 22.10A]) the Jacobson radical J (R) of a right semi-
artinian ring R is right T -nilpotent.

Lemma 1 (see [3]). A commutative domain R is differentially trivial if
and only if at least one of the following two cases takes place:

(1) char(R) = 0 and the field of quotients Q(R) of R is algebraic over
its prime subfield;

(2) char(R) = p > 0 and R = {ap|a ∈ R}.

A ring R is said to be a right Bass ring if every non-trivial right
R-module has a maximal submodule (see [6] and [8]).

Lemma 2. If R is a right Bass ring with the non-zero Jacobson radical
J (R), then J (R)2 6= J (R).

Proof. J (R), considered as a right R-module, contains some maximal
submodule M and, as a consequence, J (R)/M is a simple R-module.
Then there exists an element j ∈ J (R) \ M such that (j + M)R =
J (R)/M . It is obvious that (j + M)J (R) is a submodule of (j + M)R.
Assume that (j + M)J (R) = (j + M)R. Then there is some element
a ∈ J (R) of the nilpotency index k (k ≥ 2) such that (j +M)a = j +M ,
and so

0 = (j + M)ak = (j + M)ak−1 = . . . = (j + M)a.
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From this it follows that j + M = 0, a contradiction. Hence (j +
M)J (R) = {0} and therefore J (R)2 ≤ M . This yields that J (R)2 6=
J (R), as desired.

Lemma 3. If R is a right semi-artinian local ring with the non-zero
Jacobson radical J (R), then

(1) Ann(J (R)) 6= {0};
(2) Ann(J (R)2) 6= Ann(J (R)).

Proof. (1) A right R-module J (R) contains a non-zero socle soc(J (R)).
By Proposition 18.39 of [6] soc(J (R)) = annJ (R)J (R), where

annJ (R)J (R) = {r ∈ J (R) | J (R)r = {0}}.

Since Ann(J (R)) ≥ annJ (R)J (R), we conclude that Ann(J (R)) is non-
zero.

(2) If by contradiction we assume that Ann(J (R)) = Ann(J (R)2),
then by the same reason as in the part (1) the annihilator
Ann(J (R/Ann(J (R)))) contains a non-zero element a + Ann(J (R)),
whence aJ (R) ≤ Ann(J (R)) and aJ (R)2 = {0}. But then in view of
our assumption a ∈ Ann(J (R)) which leads to a contradiction. The
lemma is proved.

2. Proof of Theorem. (⇐) Suppose that a ring R contains a set
{eα|α ∈ S} of local idempotents eα which satisfies the hypothesis of
theorem. If d : R → R is some derivation, then d(R) ⊆ Mα for each
α ∈ S and consequently d(R) ⊆

⋂
α∈S Mα. Hence d is trivial.

(⇒) Let R be a differentially trivial right semi-artinian ring. Then
it is commutative and by Theorem 3.1 of [12] the quotient ring R/J (R)
is (Von Neumann) regular. Therefore R/J (R) = soc(R/J (R)). By
Proposition 22.10A of [6] R = R/J (R) contains some minimal ideal I
and I = eR for an idempotent e. This idempotent can be lifted to some
idempotent e of R and so I = eR is a differentially trivial local ring with
the identity element e and J (I) = eJ (R) is a T -nilpotent ideal.

1) Let char(I) = char(I/J (I)). Assume that J (I) is non-zero. By
Lemma 2 J (I)2 6= J (I). Writting B for I/J (I)2 we see that J (B) 6=
{0}. From the proof of Theorem 27 of [9, Chapter VIII, §12]), Hensel’s
Lemma (see e.g. [10, Chapter 10, Exercises 9 and 10]) and Corollary 2
of [9, Chapter VIII, §7] it holds that B contains a subfield D such that
B = J (B) + D is a group direct sum of the additive groups J (B)+ and
D+. As a consequence, for any element b = b + J (I)2 of B there are
unique elements i = i +J (I)2 ∈ J (B) and d = d +J (I)2 ∈ D such that
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b = i+d. Then the map δ : B → B given by δ(b) = i (b ∈ B) gives a non-
zero derivation δ of B. This implies that the rule θ(b) = wi (b ∈ I), with
a fixed element w of Ann(J (I)2)\Ann(J (I)) (see Lemma 3), determines
a non-zero derivation θ of I, a contradiction. Hence J (I) = {0}.

2) Now let I be a ring of characteristic pk (k ≥ 2) and Ωs = Ωs(I)
(1 ≤ s ≤ k). Suppose that I = I/Ωk−1(I) has a non-zero derivation
d. Then for any element i ∈ I there exists an element i1 ∈ I such
that d(i + Ωk−1) = i1 + Ωk−1. Since pi1 6= 0 for some i1, the rule
µ(i) = pi1 (i ∈ I) determines a non-zero derivation µ of I which gives a
contradiction. This means that I is a differentially trivial ring. However
char(I/J (I)) = char(I), J (I) is right T -nilpotent and so I is a field.
Since I is a local ring, we conclude that J (I) = Ωk−1.

Assume that δ : I/Ann(Ω1) → I/Ann(Ω1) is a non-zero derivation.
Then for every i ∈ I there is an element ai ∈ I such that δ(i+Ann(Ω1)) =
ai + Ann(Ω1), where ai0w0 6= 0 for some i0 ∈ I and w0 ∈ Ω1. Then the
rule µ(i) = w0ai (i ∈ I) gives a non-zero derivation µ of I, a contradiction.
Hence I/Ann(Ω1) is differentially trivial.

We see that pI ≤ Ann(Ω1) and from the part 1) J (I) ≤ Ann(Ω1),
i.e. Ω1J (I) = {0}. Moreover pΩ2J (I) ≤ Ω1J (I) = {0} yields that
Ω2J (I) ≤ Ω1. Now by induction on t we can prove that Ωt+1J (I) ≤ Ωt

for all t (t = 1, 2, , . . . , k − 1). As a consequence,

J (I)k = IJ (I)k = ΩkJ (I)k = (ΩkJ (I))J (I)k−1 ≤

≤ Ωk−1J (I)k−1 ≤ · · · ≤ Ω1J (I) = {0}.

Thus J (I)k = {0}.

Let B = I/J (I)2. Since B/J (B) ∼= I/J (I) and I/J (I) is a differ-

entially trivial ring, B/J (B) = (B/J (B))(p
k) for all k ∈ N by Lemma

1. Hence B = J (B) + D, where D is the subring of B generated by an
identity element and the set {xp2

|x ∈ B}. Writting D1 for an image of
D in B/pB we see that D and D1 are differentially trivial. Since D1

∼=
D/(D ∩ pB) and char(D1) = p, we deduce that J (D) = D ∩ pB = pD.
This gives that D is an Artinan ring and D ∼= Zp2 by Lemma 2.8 of [3].
Hence I = A + J (I), where A ∼= Zpn .

In view of Corollary 27.9 from [11] J (I)+ = A1 + T is a group direct
sum of a cyclic subgroup A1 isomorphic pA and some subgroup T . Cer-
tainly T is an ideal of I. Since I+ = A + T is a group direct sum, each
element i of I can be uniquelly written in the form i = a + g with a ∈ A
and g ∈ T . Let ρ be a fixed element of Ann(T 2) \Ann(T ). It is not hard
to check that the rule χ(i) = ρg (i ∈ I) determines a non-zero derivation
χ in R, a contradiction. Hence I ∼= Zpn for some n ∈ N.
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3) Combining previous remarks, we see that R contains a set {eα|α ∈
S} of local idempotents eα such that eαR is a differentially trivial field
or isomorphic to some Zpn , R = eαR ⊕ Mα is a ring direct sum, where
Mα is an ideal of R (α ∈ S). If α 6= β, then Mα + Mβ = R and so⋂

α∈S Mα = {0}.
From Theorem 3.1 of [12] and our theorem it follows

Corollary 4. R is a differentially trivial right semi-artinian ring if and
only if R/J (R) = soc(R/J (R)) and R contains a set {eα|α ∈ S} of local
idempotents eα such that eαR is a differentially trivial field or isomorphic
to some Zpn , R = eαR ⊕ Mα is a ring direct sum, where Mα is an ideal
of R and

⋂
α∈S Mα = {0}.

3. Proof of Proposition. (⇐) is obvious.
(⇒) Let R be a rigid right semi-artinian ring. Suppose that R is not a

field. Theorem 2.2 of [13] implies that R contains only trivial idempotents
and consequently every minimal ideal of R is nilpotent. Hence J (R) is
non-zero. If D is any non-zero derivation of R and tD(R) = {0} for every
non-zero nilpotent element t of nilpotency index < n − 1 and wD(R) 6=
{0} for some non-zero nilpotent element w of nilpotency index n, then the
rule σ(r) = r + wD(r) (r ∈ R) determines a non-trivial endomorphism
σ of R, a contradiction. Therefore without loss of generality we may
assume that

J (R)D(R) = {0} (1)

for any derivation D of R.
Suppose that ρ : R/ Ann(J (R)) −→ R/ Ann(J (R)) is a non-zero

derivation of
R/ Ann(J (R)). Then for every element u ∈ R there exists an element
vu ∈ R such that

ρ(u + Ann(J (R))) = vu + Ann(J (R)). (2)

Since for some u0 ∈ R there exists an element vu0
/∈ Ann(J (R)) such

that
m0vu0

6= 0 (3)

for some element m0 ∈ J (R), we obtain that a map θ : R −→ R given
by θ(u) = m0vu (u ∈ R), with m0 and u1 as in (2) and (3), determines
a non-zero derivation θ in R. Then in view of (1) θ(a)θ(b) = 0 for all
elements a, b ∈ R and so the rule β(a) = a + θ(a) (a ∈ R), determines
a non-trivial ring endomorphism β of R, a contradiction. This shows
that the quotient ring R/Ann(J (R)) is differentially trivial and therefore
D(R) ⊆ Ann(J (R)). Inasmuch as Ann(J (R)) ≤ J (R), (D(R))2 = {0}
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for each derivation D of R. So the rule δ(r) = r+D(r) (r ∈ R) determines
a non-trivial ring endomorphism δ of R, a contradiction. Hence R is a
differentially trivial ring and we can apply Theorem to complete the proof.
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