
Jo
u
rn

al
 A

lg
eb

ra
 D

is
cr

et
e 

M
at

h
.

Algebra and Discrete Mathematics RESEARCH ARTICLE
Number 2. (2007). pp. 115 – 124

c© Journal “Algebra and Discrete Mathematics”

On closed rational functions in several variables

Anatoliy P. Petravchuk and Oleksandr G. Iena
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Abstract. Let K = K̄ be a field of characteristic zero. An

element ϕ ∈ K(x1, . . . , xn) is called a closed rational function if

the subfield K(ϕ) is algebraically closed in the field K(x1, . . . , xn).
We prove that a rational function ϕ = f/g is closed if f and g are

algebraically independent and at least one of them is irreducible.

We also show that a rational function ϕ = f/g is closed if and

only if the pencil αf + βg contains only finitely many reducible

hypersurfaces. Some sufficient conditions for a polynomial to be

irreducible are given.

Introduction

Closed polynomials, i.e., polynomials f ∈ K[x1, . . . , xn] such that the sub-
algebra K[f ] is integrally closed in K[x1, . . . , xn], were studied by many
authors (see, for example, [5], [10], [4], [1]). A rational analogue of a
closed polynomial is a rational function ϕ such that the subfield K(ϕ)
is algebraically closed in the field K(x1, . . . , xn), such a rational function
will be called a closed one. Although there are algorithms to determine
whether a given rational function is closed (see, for example, [7]) it is
interesting to study closed rational functions more detailed.

We give the following sufficient condition for a rational function to be
closed. Let ϕ = f/g ∈ K(x1, . . . , xn), f and g are coprime, algebraically
independent and at least one of polynomials f and g is irreducible. Then
ϕ is a closed rational function (Theorem 1).

Using some results of of J. M. Ollagnier [7] about Darboux polynomi-
als we prove that a rational function ϕ = f/g ∈ K(x1, . . . , xn)\K is closed
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.116 On closed rational functions in several variables

if and only if the pencil αf + βg of hypersurfaces contains only finitely
many reducible hypersurfaces (Theorem 2). We also study products of
irreducible polynomials.

Notations in the paper are standard. For a rational function F (t) ∈

K(t) of the form F (t) = P (t)
Q(t) with coprime polynomials P and Q the

degree is degF = max(degP,degQ). The ground field K is algebraically
closed of characteristic 0.

1. Closed rational functions in several variables

Lemma 1. For a rational functions ϕ,ψ ∈ K(x1, . . . , xn)\K the following
conditions are equivalent.

1) ϕ and ψ are algebraically dependent over K;

2) the rank of Jacobi matrix J(ϕ,ψ) =

(

∂ϕ
∂x1

. . . ∂ϕ
∂xn

∂ψ
∂x1

. . . ∂ψ
∂xn

)

is equal to

1;
3) for differentials dϕ and dψ of functions ϕ and ψ respectively it

holds dϕ ∧ dψ = 0;
4) there exists h ∈ K(x1, . . . , xn) such that ϕ = F (h) and ψ = G(h)

for some F (t), G(t) ∈ K(t).

Proof. The equivalence of 1) and 2) follows from [3], Ch. III, §7, Th. III.
The equivalence of 2) and 3) is obvious. Since 2) clearly follows from
4), it remains to show that 1) implies 4). Let ϕ and ψ be algebraically
dependent. Then obviously tr.degK K(ϕ,ψ) = 1. By Theorem of Gordan
(see for example [9], p.15) K(ϕ,ψ) = K(h) for some rational function h
and therefore ϕ = F (h) and ψ = G(h) for some F (t), G(t) ∈ K(t).

Definition 1. We call a rational function ϕ ∈ K(x1, . . . , xn) \ K closed
if the subfield K(ϕ) is algebraically closed in K(x1, . . . , xn).

A rational function ψ̃ is called generative for a rational function ψ if
ψ̃ is closed and ψ ∈ K(ψ̃).

Lemma 2. 1) For a rational function ϕ ∈ K(x1, . . . , xn)\K the following
conditions are equivalent.

a) ϕ is closed;
b) K(ϕ) is a maximal element in the partially ordered (by inclusion)

set of subfields of K(x1, . . . , xn) of the form K(ψ), ψ ∈ K(x1, . . . , xn)\K.
c) ϕ is non-composite rational function, i.e., from the equality ϕ =

F (ψ), for some rational functions ψ ∈ K(x1, . . . , xn)\K and F (t) ∈ K(t),
it follows that degF = 1.

2) For every rational function ϕ ∈ K(x1, . . . , xn) \ K there exists a
generative rational function ϕ̃. If ϕ̃1 and ϕ̃2 are two generative rational
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functions for ϕ, then ϕ̃2 = aϕ̃1+b
cϕ̃1+d for some a, b, c, d ∈ K such that ad−bc 6=

0.

Proof. 1) a)⇒ b). Suppose that the rational function ϕ is closed and
K(ϕ) ⊆ K(ψ) for some ψ ∈ K(x1, . . . , xn). The element ψ is algebraic
over over K(ϕ) and therefore by the definition of closed rational functions
we have ψ ∈ K(ϕ). Thus K(ϕ) is a maximal element in the set of all one-
generated subfields of K(x1, . . . , xn).

b)⇒ a). If K(ϕ) is a maximal one-generated subfield of K(x1, . . . , xn),
then K(ϕ) is algebraically closed in K(x1, . . . , xn). Indeed, if f is algebraic
over K(ϕ), then tr.degK(ϕ, f) = 1 and by Theorem of Gordan K(ϕ, f) =
K(ψ) for some rational function ψ. But then K(ψ) = K(ϕ) and f ∈ K(ϕ).

The equivalence of b) and c) is obvious.

2) The subfield K(ϕ) is contained in some maximal one-generated
subfield K(ϕ̃), which is algebraically closed in K(x1, . . . , xn) by the part
1) of this Lemma. Therefore ϕ̃ is a generative rational function for ϕ.

Let ϕ̃1 and ϕ̃2 be two generative rational functions for ϕ. Then ϕ̃1 and
ϕ̃2 are algebraic over the field K(ϕ) and therefore tr.degK K(ϕ, ϕ̃1, ϕ̃2) =
1. In particular, then the rational functions ϕ̃1 and ϕ̃2 are algebraically
dependent.

By Lemma 1 one obtains ϕ̃1 ∈ K(ψ), ϕ̃2 ∈ K(ψ) for some rational
function ψ. Since both ϕ̃1 and ϕ̃2 are closed, we get K(ϕ̃1) = K(ψ) =
K(ϕ̃2). But there exists a fractional rational transformation θ of the field
K(ψ) such that θ(ϕ̃2) = ϕ̃1. Therefore, ϕ̃2 = aϕ̃1+b

cϕ̃1+d , for some a, b, c, d ∈
K, ad− bc 6= 0.

Remark 1. Note that algebraically dependent rational functions have
the same set of generative functions. This follows from Lemma 1 and
Lemma 2.

Remark 2. Let f ∈ K[x1, . . . , xn]\K. By Lemma 3 from [1], the subfield
K(f) is algebraically closed if and only if the polynomial f is closed. So,
the polynomial f is closed if and only if f is closed as a rational function.

Theorem 1. Let polynomials f, g ∈ K[x1, . . . , xn] be coprime and al-
gebraically independent. If at least one of them is irreducible, then the
rational function ϕ = f

g
is closed.

Proof. Without loss of generality we can assume that f is irreducible. By
Lemma 2 there exists a generative rational function ψ = p

q
for ϕ, where

p and q are coprime polynomials. Then ϕ = P (ψ)
Q(ψ) for some coprime

polynomials P (t), Q(t) ∈ K[t].
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Let P (t) = a0(t − λ1) . . . (t − λm) and Q(t) = b0(t − µ1) . . . (t − µl),
λi, µj ∈ K be the decompositions of P (t) and Q(t) into irreducible factors.
Then

ϕ =
f

g
=
a0(

p
q
− λ1) . . . (

p
q
− λm)

b0(
p
q
− µ1) . . . (

p
q
− µl)

=
a0(p− λ1q) . . . (p− λmq)q

l−m

b0(p− µ1q) . . . (p− µlq)
.

and we obtain

(∗) b0f(p− µ1q) . . . (p− µlq) = a0g(p− λ1q) . . . (p− λmq)q
l−m.

Note, as λi 6= µj , the polynomials p−λiq and p−µjq are coprime for
all i = 1, l and j = 1,m. Moreover, since p and q are coprime, it is clear
that q is coprime with polynomials of the form p+ αq, α ∈ K.

Note also that p − βq 6∈ K. Indeed, if p − βq = ξ ∈ K for some
β, ξ ∈ K, then p = ξ + βq and

ϕ =
f

g
=
a0(ξ + (β − λ1)q) . . . (ξ + (β − λm)q)ql−m

b0(ξ + (β − µ1q) . . . (ξ + (β − µl)q)
,

which means that f and g are algebraically dependent, which contradicts
our assumptions.

So from (∗) we conclude that f is divisible by all polynomials (p−λiq).
Since f is irreducible, taking into account the above considerations we
conclude that m = 1 and f = a(p−λ1q), a ∈ K

∗. Therefore, from (∗) we
obtain

b0a(p− λ1q)(p− µ1q) . . . (p− µlq) = a0g(p− λ1q)q
l−1

and after reduction

b0a(p− µ1q) . . . (p− µlq) = a0gq
l−1.

Since q is coprime with (p− µjq), we get l = 1 and finally a0g = b0a(p−
µ1q). We obtain

ϕ =
f

g
=
a0(p− λ1q)

b0(p− µ1q)
=
a0(

p
q
− λ1)

b0(
p
q
− µ1)

=
a0(ψ − λ1)

b0(ψ − µ1)
.

One concludes that K(ϕ) = K(ψ), which means that ϕ is a closed rational
function.
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2. Rational functions and pencils of hypersurfaces

In this section we give a characterization of closed rational functions.
While proving Theorem 2 we use an approach from the paper of J. M. Ol-
lagnier [7] connected with Darboux polynomials. Recall some notions and
terminology (see also [6], pp.22–24). If δ is a derivation of the polynomial
ring K[x1, . . . , xn], then a polynomial f is called a Darboux polynomial
for δ if δ(f) = λf for some polynomial λ (not necessarily λ ∈ K). The
polynomial λ is called the cofactor for δ corresponding to the Darboux
polynomial f (so, f is a polynomial eigenfunction for δ and λ is the
corresponding eigenvalue).

Further, for a rational function ϕ = f
g
∈ K(x1, . . . , xn)\K one can de-

fine a (vector) derivation δϕ = gdf−fdg : K[x1, . . . , xn] → Λ2
K[x1, . . . , xn]

by the rule δϕ(h) = dh ∧ (gdf − fdg). For such a derivation δϕ a poly-
nomial h is called a Darboux polynomial if all coefficients of the 2−form
dh∧(gdf−fdg) are divisible by the polynomial h, i.e., dh∧(gdf−fdg) =
h · λ for some 2−form λ, which is called a cofactor for the derivation δϕ.
Note that every divisor of the Darboux polynomial h is also a Darboux
polynomial for δϕ (see, for example, [6], p.23). It is easy to see that the
polynomial αf + βg is a Darboux polynomial for the derivation δϕ and
therefore every divisor of the polynomial αf+βg is a Darboux polynomial
of the derivation δϕ = gdf − fdg.

Theorem 2. Let polynomials f, g ∈ K[x1, . . . , xn] be coprime and let
at least one of them be a non-constant polynomial. Then the rational
function ϕ = f

g
is closed if and only if all but finitely many hypersurfaces

in the pencil αf + βg are irreducible.

Proof. Let ϕ = f
g

be closed. Suppose that the pencil αf + βg contains
infinitely many reducible hypersurfaces. Let {αif + βig}i∈N, (αi : βi) 6=
(αj : βj) for i 6= j as points of P

1, be an infinite sequence of (different)
reducible hypersurfaces. For each i take one irreducible factor hi of αif+
βig.

By the above remark, all polynomials hi are Darboux polynomials for
δϕ and deg hi < degϕ. By Corollary 5 from [7] there exist finitely many
cofactors of δϕ that correspond to Darboux polynomials hi (degrees of
hi are bounded). Therefore, there exist polynomials hi and hj such that
δϕ(hi) = λhi and δϕ(hj) = λhj for some cofactor λ ∈

∧2
K[x1, . . . , xn].

This implies δϕ( hi

hj
) = 0 and thus d(f

g
) ∧ d( hi

hj
) = 1

g2
δϕ( hi

hj
) = 0 (see [7]).

Then by Lemma 1, the rational functions ϕ = f
g

and hi

hj
are algebraically

dependent. As ϕ is closed, hi

hj
= F (ϕ) for some F (t) ∈ K(t) and therefore

deg hi

hj
= degF degϕ (see for example [7]). But this is impossible since
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deg hi

hj
< degϕ. Therefore, all but finitely many hypersurfaces in αf+βg

are irreducible.

Let now α0f + β0g be an irreducible hypersurface from the pencil
αf + βg. Consider the case when f and g are algebraically independent.
One can assume without loss of generality α0 6= 0. Then α0f + β0g and
g are algebraically independent as well. (If α0 = 0, then β0 6= 0 and
polynomials f and α0f + β0g are algebraically independent). Therefore,
since α0f + β0g and g are coprime, by Theorem 1 the rational function
ψ = α0f+β0g

g
is closed. Then obviously ϕ = f

g
= α−1

0 (ψ − β0), which
proves that ϕ is a closed rational function.

Let now f and g be algebraically dependent. Then f = F (h) and g =
G(h) for a common generative polynomial function h and polynomials
F (t), G(t) ∈ K[t] (see Remark 2). Let (1 : β1) 6= (1 : β2) be two different
points in P

1 such that f+βig = F (h)+βiG(h) is irreducible for i ∈ {1, 2}.
In particular this means that deg(F (t)+βiG(t)) = 1, i.e., F (t)+βiG(t) =
ait + bi, ai, bi ∈ K, ai 6= 0. Then since β1 6= β2, we conclude that
F (t) = at+ b and G(t) = ct+ d for some a, b, c, d ∈ K. So ϕ = f

g
= ah+b

ch+d .
As at least one of f and g is non-constant and since f and g are coprime,
we conclude that K(ϕ) = K(h). Therefore, since K(h) is an algebraically
closed subfield of the field K(x1, . . . , xn), ϕ = f

g
is a closed rational

function.

Remark 3. Note, in order to show that ϕ = f
g

is closed in Theorem 2
it is enough to have two different irreducible hypersurfaces in the pencil
αf + βg. One irreducible hypersurface α0f + β0g is enough provided f
and g are algebraically independent.

Remark 4. We also reproved a weak version (we do not give any esti-
mation) of the next result of W. Ruppert (see [8], Satz 6).

If f and g are algebraically independent polynomials and the pencil
αf+βg contains at least one irreducible hypersurface, then all but finitely
many hypersurfaces in αf + βg are irreducible.

Remark 5. If a polynomial f ∈ K[x1, . . . , xn] is non-constant then by
Theorem 2 and Remark 2 f is closed if and only if for all but finitely many
λ ∈ K the polynomial f + λ is irreducible. This result is well-known (it
can be proved by using the first Bertini theorem), see, for example, [9],
Corollary 3.3.1.

Using Remark 5 one can prove that any non-constant polynomial
f ∈ K[x1, . . . , xn] \ K can be written in the form f = F (h) for some
polynomial F (t) ∈ K[t] and irreducible polynomial h. Similar statement
holds for rational functions.
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Corollary 1. A rational function f
g
∈ K(x1, . . . , xn) \ K can be written

in the form f
g

= F (ϕ), F (t) ∈ K(t), for some rational function ϕ = p
q

such that polynomials p and q are irreducible.

Proof. Let p1
q1

be a generative function for f
g
. As p1

q1
is closed, by Theo-

rem 2 the pencil αp1+βq1 contains two different irreducible hypersurfaces
p = α1p1 + β1q1 and q = α2p1 + β2q1, i.e., with (α1 : β1) 6= (α2 : β2).
Since the pencils αp+βq and αp1 +βq1 are equal, and since in the pencil
αp1 +βq1 all but finitely many hypersurfaces are irreducible, we conclude
that p

q
is closed and is a generative function for f

g
.

Remark 6. Under conditions of Corollary 1 polynomials p and q can be
chosen of the same degree.

Corollary 2. Let K ⊆ L ⊆ K(x1, . . . , xn) be an algebraically closed
subfield in K(x1, . . . , xn). Then it is possible to choose generators of L in
the form p1

q1
, . . . , pm

qm
, where pi and qi are irreducible polynomials.

Theorem 3. Let polynomials f, g ∈ K[x1, . . . , xn] be coprime and alge-
braically independent. Then the rational function f/g is not closed if and
only if there exist algebraically independent irreducible polynomials p and
q and a positive integer k > 2 such that f = (α1p + β1q) . . . (αkp + βkq)
and g = (γ1p+ δ1q) . . . (γkp+ δkq) for some (αi : βi), (γj : δj) ∈ P

1, with
(αi : βi) 6= (γj : δj), i, j = 1, k.

Proof. Suppose f
g

is not closed. Take its generative function p
q

with ir-
reducible polynomials p and q (this is possible by Corollary 1). Then
f
g

= F (p
q
) for some rational function F (t) ∈ K(t) with degF (t) = k > 2.

Note that the polynomials p and q are algebraically independent because
in other case the polynomials f and g were algebraically dependent which
contradicts to our assumptions. Write

F (t) =
a0(t− λ1) . . . (t− λs)

b0(t− µ1) . . . (t− µr)

with λi 6= µj , i.e., with coprime nominator and denominator. It is clear
that k = degF (t) = max{s, r}. After substitution of t by p

q
we obtain

f

g
=
a0(p− λ1q) . . . (p− λsq)q

r−s

b0(p− µ1q) . . . (p− µrq)
.

Put (αi : βi) = (1 : −λi) for i = 1, s, (γj : δj) = (1 : −µj) for j = 1, r. If
r 6 s, then put (γj : δj) = (0 : 1) for j = r + 1, . . . , s. If r > s, then put
(αi : βi) = (0 : 1) for i = s+ 1, . . . , r. We obtained

f

g
=
a0(α1p+ β1q) . . . (αkp+ βkq)

b0(γ1p+ δ1q) . . . (γkp+ δkq)
,
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which means that up to multiplication by a non-zero constant f = (α1p+
β1q) . . . (αkp+ βkq) and g = (γ1p+ δ1q) . . . (γkp+ δkq).

Suppose now that f and g have the form as in the conditions of this
Theorem. Let us show that the rational function f

g
is not closed. As

f = (α1p + β1q) . . . (αkp + βkq) and g = (γ1p + δ1q) . . . (γkp + δkq), one
has

f

g
=

(α1p+ β1q) . . . (αkp+ βkq)

(γ1p+ δ1q) . . . (γkp+ δkq)
=

(α1
p
q

+ β1) . . . (αk
p
q

+ βk)

(γ1
p
q

+ δ1) . . . (γk
p
q

+ δk)
,

i.e., f
g

= F (p
q
) for the rational function F (t) = (α1t+β1)...(αkt+βk)

(γ1t+δ1)...(γkt+δk) . Since

(αi : βi) 6= (γj : δj), i, j = 1, k, we conclude that degF (t) > 2, which

means that f
g

is not closed (equivalently, by Theorem 2, the pencil αf+βg
contains infinitely many reducible hypersurfaces).

Example 1. Let p and q be irreducible algebraically independent polyno-

mials in K[x1, . . . , xn], n > 2. Then ϕ = pl

qm is a closed rational function
for coprime l and m.

Indeed, suppose the converse holds. Then by Theorem 3 there exists
irreducible polynomials p1 and q1, an integer k > 2 such that

pl

qm
=

(α1p1 + β1q1) . . . (αkp1 + βkq1)

(γ1p1 + δ1q1) . . . (γkp1 + δkq1)
, (αi : βi) 6= (γj : δj), i, j = 1, k.

Since αip1+βiq1 and γjp1+δjq1 are coprime for all i and j, it follows that
pl = (α1p1+β1q1) . . . (αkp1+βkq1) and qm = (γ1p1+δ1q1) . . . (γkp1+δkq1).
Since p and q are algebraically independent, as in the proof of Theorem 1
we conclude that αp1 + βq1 6= K for all (α : β) ∈ P

1. Therefore, (α1 :
β1) = · · · = (αk : βk), (γ1 : δ1) = · · · = (γk : δk), and

pl = a0(α1p1 + β1q1)
k, qm = b0(γ1p1 + δ1q1)

k

for some a0, b0 ∈ K
∗. Since p and q are irreducible, we obtain, up to

multiplication by a non-zero constant, α1p1+β1q1 = pl
′

and γ1p1+δ1q1 =
qm

′

, i.e., k > 2 divides both l and m. This is impossible, since l and m are

coprime. We obtained a contradiction, which proves that pl

qm is a closed
rational function.

3. Products of irreducible polynomials

Theorem 4. Let p1, . . . , pk ∈ K[x1, . . . , xn] be irreducible algebraically
independent polynomials. If gcd(m1,m2, . . .mk) = 1 then the polynomial

pm1

1 pm2

2 . . . pmk

k + λ

is irreducible for all but finitely many λ ∈ K.
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Proof. Show at first that the polynomial pm1

1 pm2

2 . . . pmk

k is closed. Sup-
pose to the contrary it is not closed and let pm1

1 pm2

2 . . . pmk

k = F (h)
for some closed polynomial h and F (t) ∈ K[t], degF (t) > 2. Let
F (t) = α(t − µ1) . . . (t − µs) be the decomposition of F (t) into linear
factors. Then

pm1

1 pm2

2 . . . pmk

k = α(h− µ1) . . . (h− µs), µi ∈ K, α ∈ K
∗.

Since the polynomials h − µi are closed and since we assumed that the
polynomial pm1

1 pm2

2 . . . pmk

k is not closed, one concludes that s > 2. Sup-
pose there exists µi 6= µj , assume without loss of generality µ1 6= µ2.
As all pi are irreducible, it is clear that h − µ1 = α1p

s1
i1
. . . psm

im
and

h − µ2 = α2p
t1
j1
. . . ptrjr for pi1 , . . . , pim , pj1 , . . . , pjr ∈ {p1, . . . , pk}. Since

µ1 6= µ2, the polynomials h− µ1 and h− µ2 are coprime. Therefore, the
sets {pi1 , . . . , pim} and {pj1 , . . . , pjr} are disjoint. From (h − µ1) − (h −
µ2) + (µ1 − µ2) = 0 it follows that

α1p
s1
i1
. . . psm

im
− α2p

t1
j1
. . . ptrjr + (µ1 − µ2) = 0,

which means that the set {p1, . . . , pk} is algebraically dependent. We
obtained a contradiction. Therefore, µ1 = · · · = µs and pm1

1 . . . pmk

k =
α(h − µ1)

s, s > 2. From the unique factorization of the polynomial
pm1

1 . . . pmk

k it follows that s|m1, . . . , s|mk which is impossible by our
restriction on numbers m1, . . . ,mk. This contradiction proves that the
polynomial pm1

1 . . . pmk

k is closed. Therefore, by Remark 5 the polynomial
pm1

1 . . . pmk

k + λ is irreducible for all but finitely many λ ∈ K.

The authors are grateful to Prof. A. Bodin who has observed on some
intersection of this paper with his preprint [2] (in fact, the statement of
Theorem 2 is equivalent to Theorem 2.2 from [2] in zero characteristic,
but the proofs of these results are quite different).
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