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ABSTRACT. An algebra L over a field F' is said to be a
Leibniz algebra (more precisely, a left Leibniz algebra) if it satisfies
the Leibniz identity: [[a, b], c| = [a, [b, c]] — [b, [a, c]] for all a,b,c € L.
Leibniz algebras are generalizations of Lie algebras. A subalgebra S
of a Leibniz algebra L is called a core-free, if S does not include a
non-zero ideal. We study the Leibniz algebras, whose subalgebras
are either ideals or core-free.

Introduction

Let L be an algebra over a field F' with the binary operations + and
[-,-]. Then L is called a Leibniz algebra (more precisely, a left Leibniz
algebra), if it satisfies the Leibniz identity

[(l, [bv CH = [[av b]a C] + [ba [CL, CHa

for all a,b,c € L.

If L is a Lie algebra, then L is a Leibniz algebra. Conversely, if L is a
Leibniz algebra such that [a,a] = 0 for every element a € L, then L is a
Lie algebra. Therefore, Lie algebras can be characterized as the Leibniz
algebras in which [a, a] = 0 for every element a.

Leibniz algebras appeared first in the papers by A.M. Bloh [1-3| in
which he called them the D-algebras. However, in that time, these works
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were not in demand, and they had not been properly developed. Only in
two decades, a real interest in Leibniz algebras rose. It is happened due to
the work of by J.L. Loday [4] (see also |5, Section 10.6]), who "rediscovered"
these algebras and used the term Leibniz algebras, since it was Leibniz, who
discovered and proved the Leibniz rule for the differentiation of functions.

A Leibniz algebra which is not a Lie algebra has one specific ideal.
Denote, by Leib(L), the subspace generated by the elements [a,al, a € L.
It is possible to prove that Leib(L) is an ideal of L. Moreover, L/ Leib(L)
is a Lie algebra. Conversely, if H is an ideal of L such that L/H is a Lie
algebra, then Leib(L) < H.

The ideal Leib(L) is called the Leibniz kernel of the algebra L.

One approach to the study of Leibniz algebras, which proved to be
quite efficient especially for infinite dimensional Leibniz algebras, is to
consider Leibniz algebras, all whose subalgebras have some fixed natural
properties. This approach has been very efficient for Lie algebras, while it
became to be used in Leibniz algebras only recently. The Leibniz algebras,
whose subalgebras are Lie algebras and Leibniz algebras with Abelian
subalgebras, were studied in [6]. In paper [7] (see also [8]), the Leibniz
algebras, whose subalgebras are ideals, were studied.

Two ideals are naturally associated with each subalgebra A of a Leibniz
algebra L: the ideal A" which is the intersection of all ideals including A
(i.e., an ideal generated by A); and the ideal Corer,(A) which is the sum
of all ideals that are contained in A.

A subalgebra A of L is called a core-free in L if Corer,(A) = (0).
From the definition, it follows that the core-free subalgebras are natural
antipodes to the concepts of ideals. Therefore, the study of Leibniz algebras,
whose subalgebras are either core-free or ideals, seems to us very natural.
The main results of the current article give a description of such Leibniz
algebras.

The first example of such algebras is Leibniz algebras whose subalgebras
are ideals. As we have noted above, these Leibniz algebras have been
studied in |7]. The main result of this paper is as follows:

If every subalgebra of a Leibniz algebra L is an ideal, then either L is
Abelian or L = Z ® FE where Z < ((L) and E is an extraspecial subalgebra
such that [a,a] # 0 for each element a € E \ ((L).

In particular, [L, L] < {(L), and a derived subalgebra [L, L] has di-
mension 1.

Recall that a Leibniz algebra E is called extraspecial, if ((F) = [E, E]
is a subalgebra of dimension 1.

Note also that a Lie algebra, whose subalgebras are ideals, is Abelian.



182 LEIBNIZ ALGEBRAS WITH TWO TYPES OF SUBALGEBRAS

On the other hand, if L is a simple Leibniz algebra, then every its
proper subalgebra is core-free. We note that, in this case, L is a Lie algebra.

We show also another example which is typical in some sense. Let L be
a cyclic nilpotent Leibniz algebra of dimension 3. That is, L = Fa® Fb® Fe,
where b = [a, a], ¢ = [a,b]. Here, Leib(L) = Fb@® Fec. If A is a subalgebra
of L such that Leib(L) does not include A, then A = L. If A < Leib(L)
and F'c < A, then A is an ideal of L. If A does not include F'¢, then A is
not an ideal, dimp(A) = 1. Therefore, Corer,(A) = (0).

Let L be a Leibniz algebra. The intersection of all non-zero ideals
Mon(L) of L is called the monolith of a Leibniz algebra L. If Mon(L) # (0),
then the Leibniz algebra L is called monolithic, and, in this case, Mon(G)
is the least non-zero ideal of L.

The next proposition shows how the Leibniz algebras, whose subalge-
bras being not ideals are core-free, appear.

Proposition 1. Let L be a monolithic Leibniz algebra. If every subalgebra
of a factor-algebra L/ Mon(L) is an ideal, then every subalgebra of L are
either core-free or ideal.

Indeed, let A be a subalgebra of L such that B = Corer(A) # (0).
Since L is monolithic, Mon(L) < B < A. Since every subalgebra of
L/Mon(L) is an ideal, A is an ideal of L.

Thus, we can see that the following natural cases hold:

e [ is a non-monolithic Leibniz algebra;

e [ is a monolithic Leibniz algebra.

The second case is basic, as is shown by

Theorem 1. Let L be a non-monolithic Leibniz algebra. If every subalgebra

of L, which is not an ideal, is core-free, then every subalgebra of L is an
ideal.

Corollary 1. Let L be a non-monolithic Lie algebra. If every subalgebra
of L, which is not an ideal, is core-free, then L is Abelian.

The monolithic case splits naturally in two subcases:

e Leibniz algebra L has a non-zero center;

e Leibniz algebra L has a zero center.

Recall that the center ((L) of L is defined by the rule:

((L)y={x € L | [x,y] = 0=y, x| for every element y € L} .

The center is an ideal of L. In particular, we can consider the factor-algebra

L/¢(L).
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More precisely, the left (respectively, right) center ¢'°(L) (respectively,
¢ieht(1)) of a Leibniz algebra L is defined by the rule:

(ML) = {w € L | [r,y] = 0 for every clement y € L}.
(respectively,
Cright(L) _ {x cL | [y»l"] =0 for every element Yy < L} )

It is not hard to prove that the left center of L is an ideal, but it
is not true for the right center. Moreover, Leib(L) < ¢'*(L), so that
L/¢*®(L) is a Lie algebra. The right center is an subalgebra of L, and,
in general, the left and right centers are different; they even may have
different dimensions. Paper [9] contains some examples, which are shown
by

Theorem 2. Let L be a Leibniz algebra. Suppose that L includes a sub-
algebra, which is not an ideal, and every subalgebra of L, which is not
an ideal, is core-free. If the center of L is non-zero, then L satisfies the
following conditions:
(i) L is monolithic, and Mon(L) = ((L) = ~3(L), in particular,
dimp(C(L)) = 1
(ii) v2(L) = [L, L] < (2(L) and vy2(L) has dimension 2;
(iii) every subalgebra of L, which is not an ideal, is Abelian;
(iv) every subalgebra of L/((L) is an ideal.
Conversely, if L is a Leibniz algebra satisfying the above conditions,
then every subalgebra of L either is core-free or an ideal.

Corollary 2. Let L be a monolithic non-Abelian Lie algebra having non-
trivial center. Then every subalgebra of L, which is not an ideal, is core-free,
if and only if L is an extraspecial algebra.

The situation, where L has a non-central monolith, was considered in
the following proposition.

Theorem 3. Let L be a monolithic Leibniz algebra whose center is zero.
Suppose that every subalgebra of L, which is not an ideal, is core-free. If
L is not a Lie algebra, then the following conditions hold:

(i) Mon(L) is a minimal ideal of L;

(ii) Mon(L) is a mazimal Abelian ideal of L;

(iii) L =Mon(L) ® A for some Abelian subalgebra A;

(iv) Anng(Mon(L)) = Ann¥*®(Mon(L)) = Mon(L).

Conversely, if L is a Leibniz algebra satisfying the above conditions,

then every subalgebra of L either is core-free or an ideal.
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We note also that, in this case, a core-free subalgebra can be not
Abelian. The following example shows this.

Example 1. Let F' be an arbitrary field, and let L be a vector space
over F' with a basis a, b, a1, as. We define the operation [-,-] on L in the
following way:

[a,a] = a1, [a,a1] =a2, |a,a2) =—a1 —aa, [a,b]=0,
[b,a]l = a1 + a2, [b,b] =0, [b,a1]=—a1, [bas]= —ag,
l[a1,a] =0, [a1,b] =0, Jag,a]=0, [az,b]=0,
[a1,a1] =0, J[ai,a2] =0, J[a2,a1] =0, [ag,a2]=0.

It is possible to check that L is a Leibniz algebra, Leib(L) = Fa; +
Fag, Leib(L) = Mon(L), and a factor-algebra L/Mon(L) is Abelian.
Proposition 1 implies that every subalgebra of L, which is not an ideal, is
core-free. But the subalgebra (b, aq) is a not ideal, is not Abelian, and is
core-free.

For the Lie algebras, we obtained the following

Proposition 2. Let L be a monolithic Lie algebra whose center is zero.
Suppose that every subalgebra of L, which is not an ideal, is core-free.
Then Mon(L) is a minimal ideal of L such that Anng,(Mon(L)) = Mon(L)
and the factor-algebra L/ Mon(L) is Abelian. Moreover, every core-free
subalgebra of L is Abelian.

If Mon(L) is Abelian, the description should be more detailed.

Let L be a Leibniz algebra, and let a be a some fixed element of L.
Consider the mapping r, : L + L defined by the rule r,(z) = [z,q],
x € L. It is not hard to see that r, is a linear mapping, fr, = rg,, and
ro+ 1y =reyp for all a,b € L and § € F. Put ¢,(x) =z + [x,a], x € L,
Le., co(x) = i(z) + ro(z), where i is an identity permutation of L. Clearly,
c, is also a linear mapping.

Theorem 4. Let L be a monolithic Lie algebra whose center is zero.
Suppose that every subalgebra of L, which is not an ideal, is core-free. If
the monolith of L is Abelian, then the following conditions hold:

(i) Mon(L) is a minimal ideal of L;

(ii) Mon(L) is a mazimal Abelian ideal of L;

(iii) Annz(Mon(L)) = Mon(L);
(iv) L =Mon(L) & A for some Abelian subalgebra A;

(v) if L = Mon(L) ® C' for some subalgebra C, then there exists an

element v € Mon(L) such that C = ¢,(A). Moreover, ¢, is an
automorphism of the algebra L.
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Preliminary results

We start from the following simple result.

Lemma 1. Let L be a Leibniz algebra, and let A be a non-zero ideal of
L. If every subalgebra of L, which is not an ideal, is core-free, then every
subalgebra of L/A is an ideal.

Proof. Indeed, let x be an element of L such that x ¢ A. We denote, by
X, the subalgebra of L generated by z and A. Then X includes a non-zero
ideal A. Tt follows that Corer,(X) # (0). Hence, X must be an ideal of L.
This means that every cyclic subalgebra of L/A is an ideal. Then each
subalgebra of L/A is an ideal of L/A. O

Let L be a Lie algebra. We define the lower central series of L,

L=m(L)27%L)2...27%(L) ZYas1(L) = ...7(L),

by the following rule: ~(L) = L, (L) = [L, L], and, recursively,
Ya+1(L) = [L,7a(L)] for all ordinals «, and yA(L) = (<, 7u(L) for the
limit ordinals A. The last term ~5(L) is called the lower hypocenter of L.
We have v5(L) = [L, 75(L)]-

If @« = k is a positive integer, then (L) = [L,[L,[L,...,L]...] is
the left normed commutator of k copies of L. Note the following useful
properties of subalgebras and ideals.

Corollary 3. Let L be a Leibniz algebra, and let A be a non-zero ideal

of L. If every subalgebra of L, which is not an ideal, is core-free, then
73(L) < A

Proof. Indeed, as we have noted above, a Leibniz algebra, whose subalge-
bras are ideals, is Abelian or nilpotent and belongs to the 2-nilpotency
class. O

Corollary 4. Let L be a non-monolithic Leibniz algebra. If every subal-
gebra of L, which is not an ideal, is core-free, then v3(L) = (0) .

Proof. Indeed, let & be a family of all non-zero ideals of L. Then Corol-
lary 3 implies that v3(L) < S for each non-zero ideal S of L. Since L is
non-monolithic, NG = (0). It follows that v3(L) = (0). O

Corollary 5. Let L be a non-monolithic Leibniz algebra. If every subal-
gebra of L, which is not an ideal, is core-free, then its center is non-zero.
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Lemma 2. Let L be a Leibniz algebra whose center is non-zero. Suppose
that every subalgebra of L, which is not an ideal, is core-free. If C' is a
non-zero core-free subalgebra of L, then C' is Abelian.

Proof. Since C'is core-free, then C' N (L) = (0). Assume that C' contains
a non-zero element ¢ such that ¢; = [c,¢] # 0. Using Corollary 3 of
Lemma 1, we obtain that [c, ¢, c]] € ((L). On the other hand, since C' is
a subalgebra, [c, [c, c]] € C, so that [c, ¢, c]] € CN (L) = (0). It follows
that (¢) = Fc @ Fep. The fact that C' is core-free implies that every its
subalgebra is core-free. It follows that the subalgebra (c1) = F¢; is not
an ideal of L. Then there exists an element x such that [z,c1] € (c1). By
Lemma 1, a subalgebra (c1,((L)) = (c1) ® (L) = Fep @ ((L) is an ideal
of L. This implies that [z,c1] € Fiey & ((L), i.e., [z,c1] = acy + z, where
a € F, z € ((L). Clearly, z # 0. Using again Lemma 1, we obtain that
the subalgebra (¢, ((L)) = (¢) ® ((L) = Fe® Fep @ ¢(L) is an ideal of L.
Then [z,c] = fc+ ye1 + 21, where 3,7 € F, 21 € ((L). We have

[[x, c], c] = [Bc+yer + 21, ¢] = Ber.
On the other hand,

[[z,c,d = [z,[c,d] = e, [z, d]] = [, e1] = [¢, Be + ver + 2]
=ac; +2z— e = (a— P + 2.

Thus, we obtain fSc; = (o — f)e1 + z or (a — 28)c; = z. By the above
consideration, the element z is non-zero, so that (a — 2f3)¢; is a non-zero
element of ((L). But this contradicts the equality C' N (L) = (0). This
contradiction shows that [y, y] = 0 for each element y € C'. It follows that
(y) = Fy for each element y € C.

If dimp(C) = 1, all is proved. Therefore, we will suppose
that dimp(C') > 1. Let {cx|A € A} be the basis of C. By the above proof,
(cx) = Fcy. Lemma 1 shows that (¢, (L)) = Fex®((L) is an ideal of L. It
follows that [cy, c,] € Fex®((L), i.e., [y, ¢u] = oy + 22 for some elements
o € F, z € ¢(L). By the same reason, [cy, ¢,] = T¢,+23 for some elements
T € F, z3 € ((L). Thus, we have ocy — 7¢, = 20 — 23 € CN((L) = (0).
The fact that the elements cy,c, are linearly independent implies that
o =7 = 0. This means that [cy, c,] € ((L). On the other hand, since C' is
a subalgebra, [cy,c,] € C, so that [y, ¢,] € C N (L) = (0). It is true for
each pair of indices A, i, and it follows that a subalgebra C'is Abelian. [J
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Proof of Theorem 1

Let & be a family of all non-zero ideals of L. Since L is non-monolithic,
NG = (0). Moreover, Corollary 4 of Lemma 1 implies that y3(L) = (0).
In particular, {(L) is non-zero. If every cyclic subalgebra of L is an ideal,
then every subalgebra of L is an ideal. Therefore, we assume that L
includes a cyclic subalgebra (a), which is not an ideal. Then (a) must be
core-free. Lemma 2 implies that (a) is Abelian, and, therefore, (a) = Fa.
In particular, (a) has dimension 1. Lemma 1 implies that a subalgebra
({(a) + S)/S of the factor-algebra L/S is an ideal of L/S for each ideal
S € &. Since L/S is nilpotent and ideal, ({a) + S)/S has dimension 1.
Lemma 2.4 in [10] implies that ((a)+5)/S < ((L/S) for each ideal S € 6.
Then [z, al,[a,z] € S for every element x € L. Since it is true for each
S € 6, [z,al,[a,z] € NG = (0). This means that a € {(L), that follows
from the fact that a subalgebra (a) is an ideal of L. We have obtained a
contradiction. This contradiction proves that every cyclic subalgebra of L
is an ideal.

Corollary 6. Let L be a Leibniz algebra. Suppose that every subalgebra
of L, which is not an ideal, is core-free. If the center of L is non-zero and
dimp(C(L)) > 1, then every subalgebra of L is an ideal.

Proof. Since dimp(¢(L)) > 1, ((L) includes two non-zero subspaces Z1,
Zy such that Z; N Zy = (0). It follows that L is not monolithic, and we
can apply Theorem 1. ]

Proof of Theorem 2

If we suppose that dimg(¢(L)) > 1, then Corollary 6 shows that every
subalgebra of L is an ideal, and we obtain a contradiction. This contra-
diction shows that dimg(¢(L)) = 1. Corollary 6 shows that L must be
monolithic. An obvious inclusion Mon(L) < ((L) together with the fact
that dimp(¢(L)) = 1 imply that Mon(L) = ((L). Lemma 1 shows that
every subalgebra of L/((L) is an ideal. Using now Theorem A in [7], we
obtain that ((L/{(L)) includes [L/{(L),L/¢(L)] and [L/¢(L),L/{(L)]
has dimension 1. Furthermore, the equality Mon(L) = {(L) implies that
¢(L) < [E, I}, and the equality [L/¢(L), L/¢(E)] = [, L)C(L)/¢(L) im-
plies that [L/{(L),L/{(L)] = [L, L]/¢(L), so that [L, L] has dimension 2,
and ((L/C(L)) > [L,L]/¢(L). Therefore, (2(L) > [L, L] = v2(L). Condi-

tion (iii) follows from Lemma 2, and condition (iv) follows from Lemma 1.
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Conversely, let L be a Leibniz algebra satisfying conditions (i) - (iv).
Then conditions (i) and (iv) together with Proposition 1 imply that every
subalgebra of L, which is not an ideal, is core-free.

Corollary 7. Let L be a Leibniz algebra. Suppose that L includes a
subalgebra, which is not an ideal, and every subalgebra of L, which is not
an ideal, is core-free. If v3(L) = (0), then L is an extraspecial Leibniz
algebra. Conversely, if L is an extraspecial Leibniz algebra, then every
subalgebra of L, which is not an ideal, is core-free.

Proof. Since v3(L) = (0), a factor-algebra L/((L) is Abelian. The fact
that L includes a subalgebra, which is not an ideal, implies that L is non-
Abelian. In turn, this implies that L # ((L) and [L, L] # (0). Corollary 3
implies that dimp(¢(L)) = 1. Since [L,L] # (0) and [L,L] < ((L),
[L, L] = ¢(L). This means that L is an extraspecial Leibniz algebra.
Conversely, let L be an extraspecial Leibniz algebra, and let A be
a subalgebra of L such that B = Corer(A) # (0). Since L is nilpotent,
Lemma 2.4 in [10] implies that BN¢(L) # (0). The fact that dimp(¢(L)) =
1 implies that ((L) < B < A. For each arbitrary subalgebra D, we have
¢(L) < Dor DN¢(L) = (0). In the first case, D is an ideal. In the second
one, in view of the above consideration, we obtain that D is core-free. [

Lemma 3. Let L be a Lie algebra, whose subalgebras are ideals. Then L
is Abelian.

This lemma is almost obvious.

Proof of Corollary 2

As above, we obtain that Mon(L) = ((L) and dimp(¢(L)) = 1.
Lemma 1 shows that every subalgebra of L/((L) is an ideal. Then
Lemma 3 implies that a factor-algebra L/((L) is Abelian. It follows
that [L, L] < ((L). Since L is not Abelian, the equality dimp(¢(L)) =1
implies that [L, L] = (L), so that L is an extraspecial Leibniz algebra.

Lemma 4. Let L be a monolithic Leibniz algebra whose center is zero.
Suppose that every subalgebra of L, which is not an ideal, is core-free. If L
is not a Lie algebra, then Mon(L) is a minimal ideal of L and a mazimal
Abelian ideal of L, and the factor-algebra L/ Mon(L) is Abelian.

Proof. Since L is not Lie algebra, its Leibniz kernel Leib(L) is non-zero.
Recall that the left center of L includes Leib(L). It follows that Leib(L) is
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Abelian. The inclusion M = Mon(L) < Leib(L) implies that M is Abelian.
The factor-algebra L/ Leib(L) is a Lie algebra. Lemma 1 shows that every
subalgebra of this factor-algebra must be an ideal. Using Lemma 3, we
obtain that L/ Leib(L) is Abelian. Since ((L) = (0), L # Annp(M).

Let A be a maximal Abelian ideal of L including Leib(L). Suppose
that A # M. The application of Lemma 1 shows that every subalgebra
of L/M 1is an ideal. Theorem A in |7| shows that L/M is nilpotent. It
follows that A has a finite series

O)=My<M=M <M<M=A

of L-invariant subalgebras, where the factors Ms/Ms and Ms/M; are
L-central. Using Proposition 1.3 in [11], we obtain that A includes an L-
invariant subalgebra D such that A = M & D. In particular, DN M = (0).
On the other hand, L is a monolithic Leibniz algebra, and we obtain a
contradiction. This contradiction shows that A = M. O

Lemma 5. Let L be a monolithic Leibniz algebra whose center is zero.
Suppose that every subalgebra of L, which is not an ideal, is core-free. If
L is not a Lie algebra, then L = Mon(L) @ A for some Abelian subalgebra
A. Moreover, Anng,(Mon(L)) = Ann¥(Mon(L)) = Mon(L).

Proof. By its definition, M = Mon(L) is a minimal ideal of L. Lemma 4
shows that the factor-algebra L/M is Abelian. It follows that [z,y] € M
for every pairs of elements z,y € L. The inclusion Mon(L) < Leib(L) and
the fact that the left center of L includes Leib(L) yield [M, L] = (0). It
follows that Anny (M) = Ann'$(M). Since (0) = M N ¢(L), there exists
an element d such that d ¢ Anny(M). Put

[d, M] = {[d, a]|a € M}.

Clearly, [d, M] is a subspace of M. Since M is Abelian, [d, M] is a subal-
gebra of L. Let x be an arbitrary element of L. For each element a € A,
we have

[xv [d7 aH = [[xvd]>a] + [dv [xva“'

By the above remark, [z,d] € M. Therefore, [[z,d],a] = 0, because M is
Abelian. Since M is an ideal, [x,a] € M, so that [d, [z, a]] € [d, M] and
[z,[d,a]] € M. Further, we have

Hdv a]’ I‘] = [da [a’ ZEH - [CL, [da x]]
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Again, [a,[d,z]] = 0 and [a,z] € M. Therefore, [d,[a,z]] € [d, M] and
[[d,a],z] € M. This means that [d, M] is an ideal of L. The choice of
d shows that [d, M] is a non-zero ideal. Since M is a minimal ideal, we
obtain that M = [d, M].

Let again = be an arbitrary element of L. As we noted above, [d, z] € M.
The equality M = [d, M| shows that there exists an element b € M such
that [d,z] = [d,b]. It follows that [d,x —b] = 0, so that = —b = ¢ €
Ananight(d). Then z =b+ce M + A, where A = Ananight(d).

Letae ANM = Ann?fht(d). For an arbitrary element x € L, we have

[d7 [CL, .T]] = Hd’ a]’ ZE] + [a” [d’ 33]]

The choice of a shows that [d,a] = 0. Since a € M < Leib(L) < (L),
[a,[d,z]] = 0, so that [d, [a,x]] = 0. Since [a,z]| = 0, [[a,z],d] = 0. This

means that Ann}r\ifht(d) is an ideal of L. The fact that M is a minimal

ideal implies that either Ann}r\i/[ght(d) =M or Ann}r\i/[ght(d) = (0). The choice
of an element d shows that the equality Anngi/fght(d) = M is impossible,
so that (0) = Ann?&ght(d) =AnNM.

Finally, suppose that Ann'¢™ (M) = K # M. We have noted above that
Ann'" (M) = Annp (M). Tt follows that K is an ideal of L. The obvious
inclusion M < K implies that K = M @& (K NA). Being a subalgebra of an
Abelian algebra A, K N A is also Abelian. If u, v be an arbitrary elements
of K, then u = a1 + ¢1, v = ag + ¢, where ay,as € M, ¢1,c90 € KN A.
We have

[u,v] = [a1 + c1,a2 + c2] = [a1, az] + [a1, c2] + [c1, @] + [c1, c2] = 0.

Then an ideal K is Abelian. On the other hand, Lemma 4 shows that
M is a maximal Abelian ideal of L, and we obtain a contradiction. This
contradiction proves that Ann'e®(M) = M. O

Proof of Theorem 3

Conditions (i), (ii) follow from Lemma 4. Conditions (iii), (vi) follow
from Lemma 5.

Proof of Proposition 2

Let M be a monolith of L. By its choice, M is a minimal ideal of L.
By Lemma 1, every subalgebra of L/M is an ideal of L/M. Lemma 3
shows that L/M must be Abelian.
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Suppose that A = Anny (M) # M. Consider firstly the case where M
is Abelian. Choose an element d € A\ M. Put D = (a, M). Since a factor-
algebra L/M is Abelian, D is an ideal of L. The fact that d € Anny (M)
implies that a subalgebra D is Abelian. Since ((L) = (0), L # Anng(M).
By Lemma 2.3 in [12|, we obtain that D includes an L-invariant subalgebra
C such that D = M & C'. Since D # M, C' is non-zero, and we obtain a
contradiction.

Suppose now that M is non-Abelian. Then A N M = (0), and, again,
we obtain a contradiction. This contradiction shows that Anny (M) = M.

Proof of Theorem 4

Let M be a monolith of L. By its choice, M is a minimal ideal of L.
By Proposition 2, Anny (M) = M. In particular, it follows that M is a
maximal Abelian ideal of L. Proposition 2 shows also that the factor-
algebra L/M is Abelian. It follows that [z,y] € M for every pairs of
elements =,y € L. Since (0) = M N (L), there exists an element d such
that d ¢ Anng(M). Put

[d, M] = {[d, a]jla € M}.

Clearly, [d, M] is a subspace of M. Since M is Abelian, [d, M] is a subal-
gebra of L. Let x be an arbitrary element of L. For each element a € A,
we have

Hda (l],l‘} + [[xv d]aa] + [[avm]>d] =0or Hdv a],x] = _[[CL?x]?d} = [dv [CL?:UH'

By the above remark, [z,d] € M. Therefore, [[z,d],a] = 0, because
M is Abelian. Thus, we obtain [[d, a|, z] + [[a,z],d] = 0 or [[d,a], z] =
—[[a,z],d] = [d, [a, x]]. Since M is an ideal, [a,z] € M, so that [d, [a,z]] €
[d, M], and [[d,a],z] € M. This means that [d, M] is an ideal of L.

The choice of d shows that [d, M] is a non-zero ideal. Since M is a
minimal ideal, we obtain M = [d, M].

Let again = be an arbitrary element of L. As we noted above, [d, 2] € M.
The equality M = [d, M] shows that there exists an element b € M such
that [d, x] = [d, b]. It follows that [d, x—b] = 0, so that z—b = ¢ € Anny,(d).
Then z =b+ce M+ A, where A = Anny(d).

Let a € AN M = Anny(d). For an arbitrary element x € L, we have

[[a,z],d] + [[d,al], z] + [[z,d],a] = 0.

The choice of a shows that [d,a] = 0. By the above remark, [z,d] €
M. Therefore, [[x,d],a] = 0, because M is Abelian. Thus, we obtain
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[[a,z],d] = 0, and this implies that Annys(d) is an ideal of L. The choice
of an element d shows that the equality Annys(d) = M is impossible, so
that (0) = Anny/(d) = AN M.

The equality L = M & C implies that d = ¢ + b for some elements
ceC,be M. Then ¢ =d—b. If a is an arbitrary element of M, then the
equality M = [d, M] implies that there is an element v € M such that
—b = [d,v]. It follows that ¢ = d + [d, v], that is, ¢ = ¢, (d). As we have
noted above, the mapping c, is linear. Let x,y be arbitrary elements of L.
We have

co([z,y]) = [=,y] + [z, 9], v] = [z, 9],

because [z, y] € M, and the ideal M is Abelian. Further, we have

[co(2),co(y)] = [ + [z, 0],y + [y, V]
= [z, y] + [[z,v], 4] + [, [y, v]] + [[2, v], [y, v]]
= [2,y] + [z, v],y] + [z, [y, v]]

and
[z, 0], 9] + [ly, 2], 0] + [[v, 4], 2] = 0.
Again, [[y,z],v] = 0. So, we obtain

[, v], 9] + [[v, 9], 2] = 0

[z, 0], 9] = =[lv, yl, 2] = [, [v, yl] = =, [y, v]].

It follows that [c,(z),c,(y)] = [z, y] = cyv([z,y]). Hence, the mapping c,
is a homomorphism.

Let x,y be two arbitrary elements of L. Suppose that x £ y. If
z,y € M, then cy(z) = o+ [z,v] =z # y = y + [y,v] = cu(y). If
x € M,y ¢ M, then c,(z) =z € M, c,(y) = y+ [y,v] ¢ M, so that
cy(x) # cy(y). Finally, let z,y ¢ M. We have z = uj + by, y = ug + bo,
where ui,ug € M, by,ba € A. Then [z, v] = [b1,v], [y, v] = [b2,v]. Suppose
that c,(x) = ¢, (y), ie.,

T+ [z, y] = uy 4+ by + [b1,v] = y + [y,v] = uz + by + [b2, v].

It follows that by — by = ug —ug + [be, v] — [b1, v]. The equality ANM = (0)
implies that by — bo = 0 and by = by. Then [by,v] = [ba,v], and we
obtain that us — w1 = 0 and uy; = ue. Thus, z = y, and we obtain a
contradiction, which proves that c,(z) # ¢, (y). Hence, the mapping ¢, is
a monomorphism.
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Let x be an arbitrary element of L, x = u1 + b1, where uqy € M, by € A,
and y = by + uy — [b1,v]. Then

cy(y) =y + [y,v] = b1 +ur — [br,v] + [b1 +ul — [b1, ], 7]
=b; +uy — [by,v] + [b1,v] = b1 +u; = .

Hence, the mapping c, is an epimorphism and, therefore, an automorphism.
We get
L=cy(L)=cy(M)@®c,(A) =M @ c,(A).

If x € A, then [d,a] = 0 and [c,cy(x)] = [cy(d), cp(z)] = [d,x] = 0.
It follows that c,(A) < Anngz(c). In turn, it follows that Anny(c) =
cy(A) ® (M N Anng(c)). Clearly, [¢, M] = [d, M]. It follows that (0) =
Annjys(c) = M N Anng(c). Thus, Annz(c) = ¢, (A). Since the subalgebra
C' is Abelian, C' < Anny(c). This inclusion together with the equality
L = M & Anny,(c) imply that C' = Annp,(c) = ¢, (A).
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