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ABSTRACT. The Unitary Dual Problem is one of the most
important open problems in mathematics: classify the irreducible
unitary representations of a group. That is, classify all irreducible
representations admitting a definite invariant Hermitian form. Signa-
tures of invariant Hermitian forms on Verma modules are important
to finding the unitary dual of a real reductive Lie group. By a
philosophy of Vogan introduced in [Vog84], signatures of invariant
Hermitian forms on irreducible Verma modules may be computed
by varying the highest weight and tracking how signatures change
at reducibility points (see [Yee05]). At each reducibility point there
is a sign € governing how the signature changes. A formula for ¢
was first determined in [Yee05] and simplified in [Yeel9]. The proof
of the simplification was complicated. We simplify the proof in this
note.

1. Introduction

In the 1930s, .M. Gelfand introduced a broad programme in abstract
harmonic analysis that is a grand generalization of Fourier analysis. The
programme permitted the solution of problems in areas ranging from
topology to mathematical physics by algebraic means. Associate to a
difficult problem an algebraic object (eg. a space of functions) and translate
the problem to an algebraic problem. Decompose the algebraic problem
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into smaller simpler problems, solve the simpler problems, reassemble
the solutions into a solution to the algebraic problem, and then transfer
the solution to a solution to the original problem. To realize Gelfand’s
programme, the Unitary Dual Problem must be solved.

In [Mach8|, Mackey showed how to construct unitary representations of
a group G from unitary representations of a normal subgroup N and G/N.
In [Duf82], Duflo described the unitary dual of an algebraic Lie group
in terms of unitary duals of smaller reductive Lie groups. Thus we wish
to solve the Unitary Dual Problem for real reductive Lie groups, which
is equivalent to classifying irreducible unitary Harish-Chandra modules.
Harish-Chandra modules may be constructed from Verma modules. The
Unitary Dual Problem in the case of real reductive Lie groups is still
unsolved in general.

In the 1970s, Knapp and Zuckerman classified Hermitian representa-
tions of a real reductive group (those admitting a non-degenerate invariant
Hermitian form). Thus the approach to the Unitary Dual Problem has
been the following: calculate signatures of invariant Hermitian forms on
Hermitian representations and determine when the forms are definite.

In [Vog84|, Vogan developed a philosophy for computing signatures of
invariant Hermitian forms. The philosophy depended on computing some
signs which were unknown at the time. The signs were first computed in
[Yee05]. Vogan’s philosophy in the case of Verma modules is the following
(for a full account, see [Yee05| and for a more detailed summary than this
introduction see |Yeel9]). As the highest weight varies, Verma modules
may be thought of as realized on the same vector space. Invariant Hermi-
tian forms on Hermitian Verma modules are unique up to a real scalar.
The radical of the invariant Hermitian form is the unique maximal proper
submodule of the Verma module. Thus if you vary the highest weight
analytically, if the invariant Hermitian forms remain non-degenerate, the
signatures of the forms cannot change. Let h and b be the Cartan subal-
gebra and Borel subalgebra, respectively, from which the Verma modules
are constructed, let g be the Lie algebra for which the Verma module
is a representation, and let AT (g, h) be the positive roots corresponding
to b. Let p be one half the sum of the positive roots and let o = (o%z)
for « € A(g,h). Let A € h* and let Cy_, be the h-module of weight
A — p. Then the Verma module M (\) = U(g) @y ) Cr—, is reducible if
and only if (A\,a") € Z™ for some positive root «. Thus Verma modules
are reducible when the highest weight lies on a reducibility hyperplane
Hy = {) € b*|(N\,a") = n} where a € A*(g,bh) and n € Z*. Thus the
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reducibility hyperplanes partition the highest weights into regions where
the signature cannot change. These regions may be broken up into alcoves
parameterized by the (dual) affine Weyl group. The antidominant Weyl
chamber is a large region not containing any reducibility hyperplanes. By
an asymptotic argument, Wallach was able to determine the signature
of Hermitian forms in this region in [Wal84]. Vogan’s philosophy is now
the following. Cross reducibility hyperplanes one at a time. Then the
signature changes by the signature of the radical of the form as one crosses
a single reducibility hyperplane. The radical is another Verma module
that you can arrange to be “closer” to Wallach’s region. The radical being
a Verma module, the signature on the radical is unique up to a real scalar.
Thus the signature character (see [Yee05] for a definition) of the radical
is either equal to the signature character of the canonical form on the
Verma module or is equal to its negative. This is the sign associated with
the reduction point crossing. In particular, for adjacent alcoves C' and C’
separated by the reducibility hyperplane H, , and for A € C' and X € C’
we have ([Yee05], Lemma 4.3)

chsM(X) = e* N chy M(N) 4 26(C, C")chs M (X — na)

where (C, C") = £1. By induction, the signature character of an arbitrary
Verma module may be expressed as a sum of products of crossing signs
and powers of 2 times the signature in Wallach’s region with a translation
(see |Yee05], Theorem 4.6). The signature character formula was simplified
in [Yeel9] and [LY18] where it was shown that the signatures can be
expressed as sums of Hall-Littlewood polynomial summands evaluated at
q = —1 times a version of the Weyl denominator. Key to simplifying the
signature character formula was a simplification of the reduction point
crossing sign formula. The proof of the sign simplification was somewhat
complicated. We will simplify the proof in the next section.

2. A simplification of the proof of the reduction point
sign formula

First, we restrict ourselves to computing signs when the real form
with respect to which our forms are invariant is the compact real form.
For other forms, the signs may be related to corresponding signs for the
compact real form easily (see Theorem 3.17 of [Yeel9)]).

The following notation will be consistent throughout what follows:

e g is a complex semisimple Lie algebra with compact real form go;
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ho is a Cartan subalgebra of gy with complexification bh;

e b =h P nis a Borel subalgebra of g;

e A(g,bh) is the root system of g with respect to b, IT = {a; }1<i<n is
the base corresponding to b, and s; is the reflection corresponding
to a;;

e A'(g,b) is the system of positive roots in A(g, h) with respect to II
and p is one half the sum of the positive roots;

e for A € b*, M(\) = U(g) @y (s) Cr—p is the Verma module of highest
weight A — p;

e W is the Weyl group of A(g,h);

e H., is the hyperplane {u € b : (u,7Y) = n};

o for we W, A(w) :={a e At(g,h) : w(a) < 0};

e (y is the antidominant Weyl chamber.

In order to explain the purpose of this proof accurately, a few definitions
are also required:

Definition 1 (see |Yee05|, Theorem 5.3.4). Let v € A™(g,h), and let
Y = 8i;,Siy " Si,_, 0y, be an expression with the property that for all
integers 1 < j < k—1:

ht(s;;8i,,,  Sip_ Qi) > Db(8i;, 8,0 S0 iy )

Then let w, = s, -~ s;, 8,
(Note that w, is in general not unique, but all theorems below hold
for any choice of w.).

Definition 2. Let v € A™(g,h),w, be defined as in definition 1, and
w € W. Then we define

S1:={B8eAw;"): |8l =], B#7, and 8,537 € A(w™")}
Sy ={p e A(w;l) 2|B] # |vl, and B, —sgs, B € A(w )}

In [Yee05], it was shown that for a given reducibility hyperplane, the
reduction point crossing sign only depends on the Weyl chamber containing
the point of crossing, so we denote by e(H, ,, w) the crossing sign from
HE, = {Xebs: (M) >n}to Hy, = {Xebi: (\yY) <n}in
the Weyl chamber wCy where v € AT (g,h), n € Z*, and w € W. The
reduction point crossing sign when gg is the compact real form of g is
given as follows:
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Theorem 1 (|Yee05|, Theorem 5.3.4). Let go be the compact real form
of g. Let v be a positive root that does not form a type Go root system
with other roots in A(g,h). If v hyperplanes are positive on wCy ,then

e(Hyp,w) = (_1)#{5€A(w§1):|5\:\’7\,57ﬁ’y and B,s3veA(w1)} )
X (—1)#{B€A(w;1)|ﬁ‘7§|7‘ and ﬂ’_555w5€A(w_1)}‘

In the notation of definition 2, this takes the following more compact,
form:
e(Hypy w) = (—1)F51F75%2, (2)

The simplification of this formula in [Yeel9] is as follows:

Theorem 2 ([Yeel9|, Theorem 4.11). Let gy be the compact real form of
g and let v be a positive root such that v hyperplanes are positive on wCyp.
Then:

L(w)—L(syw)—1
2

e(Hyn,w) = (=1) (3)

We develop a shorter, alternative proof of this simplification. It is easy
to verify that the equation holds for type Gs5. We thus prove that the
exponents equations (2) and (3) are equal when vy does not form a type
G2 root system with any other roots in A(g, h); that is:

U(w) — (syw) = 2(#51 + #52) + 1. (4)

Now we provide a proof of equation (4). First, the following Lemma
will allow us to simplify the sets S7 and Ss:

Lemma 1 ([Yeel9|, Lemma 4.4). Let A(g,h) be a root system not con-
taining any components of type Go and let B,y € AT (g, h).

o If1B] = 1], then sgy = —5,8.

o If |B # |v], then —sgs(B) = —sy(B).

Observing Lemma 1 and the definitions of S; and Sy, all conditions
except for the length of g are the same in both sets. Therefore we can
express them as a single set by removing the length condition:

Definition 3. S := {f € A(w;'): B, —s,(8) € A(w™)}.

Lemma 2. Let A(g,bh) be a root system not containing any components
of type Ga, let v € AT (g,h), wy be defined as in 1 and let w € W be an
element with w™ly < 0 (i.e. v hyperplanes are positive on wCy). Then
S = (S1U S2)U{~}.
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Proof. By using the formulas from 1 we can rewrite S7 and S as

Sy = {/B S A('w»;l) : |ﬁ’ = |’Y‘7 B 7é 7, and [, _S’Yﬁ € A(wil)}v
Sy = {B € Awy") : 8] # |y, and B, —s,8 € Aw™)}.

Then the only root which might possibly be an element of S but not of
S1 or Sy is 7. Since v = wys;, (o, ), we have w;l(fy) = —q, . Therefore
v € A(w;!). Then since v € A(w; ') and —s,y =y € A(w™ '),y € S. O

The purpose of the following Lemma is to prove that if a € S then
—sy(a) ¢ S, unless & = . In the proof of Theorem 3 we will require this
fact to ensure that no double-counting occurs when we use S to count a
certain set of roots. We recall it from [Yeel9] without proof.

Lemma 3 ([Yeel9|, Lemma 4.7). Let v € AT (g,h) and w, be as defined
in Definition 1. Then

Alw; ) N =syA(wit) = {7}

From Lemma 2 and a well-known equivalent definition of the length
function, it follows that equation (4) is equivalent to the equation

#A(w ") — #A(w T sy) = 245 — 1. (5)

We now begin the proof of equation (5). Our method will be to first
construct an injection f: A(w™ts,) < A(w™!), and then use S to count
the points outside of im f. (It will turn out that g € S corresponds to
B, —s3 outside of im f.) First we construct f:

Lemma 4. Let v € AT (g,h) and w € W with w'y < 0 (i.e. so that v
hyperplanes are positive on wCy). Define

B if € Alw™)

o8) ifB¢Aw). O

frA(w™hsy) = Alw™) : f(B) = {

Then im f C A(w™') and f is injective.

Proof. First we prove inclusion. Let 8 € A(w™!s,). If 3 € A(w™?) then
trivially f(3) € A(w™1), so consider the case that 3 ¢ A(w™!).

Since # is in the domain, w=!(s,(8)) < 0, so s,(8) € A(w™!) is
equivalent to s,(8) > 0. We expand w™'s,(/3) into the form

w(8) — 281y <o) )

(7,7)
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Since 8 ¢ A(w™1),w™(B) > 0, and by assumption w!(y) < 0,
therefore inequality (7) requires that (3,v) < 0, from which it follows that
sy(B) > > 0 as required.

Next we prove injectivity. Let 81,82 € A(w™!s,). In the cases that
f(B1) = B, f(B2) = B2 and f(B1) = sy(B1), f(B2) = s4(B2) it is obvious
that f(B1) = f(B2) implies that 51 = Sa.

For the remaining case, without loss of generality assume that f(/5;) =
p1 and f(B2) = sy(B2) = p1. This generates an immediate contradiction
since by the conditions of f, 82 & A(w™!) but w™s, (1) = w1 (B2) < 0.
Therefore f is injective. 0

With this lemma we are prepared to prove the main theorem:

Theorem 3. Let v € At (g,h),wy = 5,84, - - - 85, be defined as in Defini-
tion 1 and w € W have the property that w™'~y < 0 (i.e. v hyperplanes
are positive on wCy). Let S be defined as in Definition 3. Then

#A(w) = #A(w s,) + 245 — 1

so that if go is the compact real form, then

L(w)—L(syw)—1
2

&(Hyyw) = (~1)

Proof. By Lemma 4, A(w™1s,) SEAN A(w™), so #A(w™1sy) = #im f.
Now let us consider the set A(w 1)\ im f. We will show that for every a in
this set, —s, () is contained in the set as well, and one of « or —s,(a) € S.
Since Lemma 3 implies that with the exception of o = v exactly one
of a, —sya € S, this procedure will establish that #(A(w™) \ im f) =
2485 — 1.

If o € A(w™')\im f, then we must have o ¢ A(w™'s,), since otherwise
f(a) = ais in im f. We must also have that s, (a) & A(w™1s,). If it were
possible that s, € A(w™!s,), then we would have either f(s,a) = s,a,
which contradicts the fact that a ¢ A(w™!'s,), or f(sya) = «, which
contradicts the assumption that o ¢ im f. Therefore sy & A(w™'s,) as
well.

Since w™ls,(sy(a)) = w™(a) < 0, the condition s, (a) ¢ A(w™Ls,)
requires s,(a) < 0. Then since o ¢ A(w™1s,) we have w™!(—s,(a)) <0,
and —s,(a) > 0 s0 —s,(a) € A(w™1).

Thus we have shown that if & € A(w™!)\im f, then —s,(a) € A(w™?).
In fact, —sya € A(w™!) \ im f since s,(—s,a) = —a ¢ A(w™'s,) and
—sya ¢ A(w™Ls,) since wlsy(—sya) = —w™la > 0. The remaining step
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in the proof is to show that if & € A(w™") \ im f then either o € A(w3!)
or —sy(a) € A(w;l).

If o € A(w;') and o # =, then o € S and —sya ¢ S by Lemma 3.
Otherwise assume that « ¢ A(w;l). We can expand w;l(—sw(a)) as:

w;l(—sy(a)) = _w;lw'ysikw;la = —sikwgla.

Since w, la > 0 and the only positive root sent to a negative root by
si, 18 v, , this expression is negative unless wila = a;, . However this is
impossible since w; ! is a bijection and w;l(—v) = q;,, but a € A(w™)
so a cannot be a negative root. Therefore —s,(a) € A(wy 1) and so
—sy(a) € S while a ¢ S.

We have established a correspondence 8 <+ {8, —s,3} between roots
in S and roots in A(w™1) \ im f. Since exactly one of 3, —s,3 € S unless

5 = by Lemma 3, the set S counts 2#.S — 1 roots. Therefore
#A(w™h) = #im [+ #(A(w ) \im f) = #A(w's,) + 245 — 1

from which the formula for e(H, ,, w) follows. O]
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