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Abstract. In [1] the author gives a description of Poisson
brackets on some algebras of quantum polynomials Oq, which is
called the general algebra of quantum polynomials. The main of
this paper is to present a generalization of [1] through a description
of Poisson brackets on some skew PBW extensions of a ring A

by the extensions Or,n
q,δ , which are generalization of Oq, and show

some examples of skew PBW extension where we can apply this
description.

1. Introduction

Skew PBW extensions were introduced in [2] and some of its properties
have been studied in [4], [5], [6], [7], among others. Let A and R be rings,
we say that R is a skew PBW extension of A, if the following conditions
hold:

1) A ⊂ R

2) There exist finitely many elements x1, . . . , xn ∈ R such that R is a
left A-free module with basis

Mon{x1, . . . , xn} = {xα1

1 · · ·xαn
n |(α1, . . . , αn) ∈ N}.
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3) For every i = 1, . . . , n there exist an injective ring endomorphism
σi : A → A and a σi-derivation δi : A → A such that

xia = σi(a)xi + δi(a)

for all a ∈ A.
4) For every 1 6 i < j 6 n there exists qij ∈ A left invertible and

a
(t)
ij ∈ A such that

xjxi = qijxixj + a
(0)
ij + a

(1)
ij x1 + · · ·+ a

(n)
ij xn

Under these conditions we will denote R = σ(A)〈x1, . . . , xn〉.
Fix 1 6 r 6 n, we will denote Or,n

q,δ an extension of A such that

1) A ⊂ Or,n
q,δ .

2) There exist finitely many elements x1, . . . , xn, x
−1
1 , . . . , x−1

r ∈ Or,n
q,δ

such that Or,n
q,δ is a left A-free module with basis

Mon{x±1 , . . . , x
±
r , xr+1, . . . , xn} = {xα1

1 · · ·xαn
n |(α1, . . . , α) ∈ Z},

where Z = Z
r × N

n−r.
3) For every i = 1, . . . , n there exist a derivation δi : A → A such that

xia = axi + δi(a)

for all a ∈ A.
4) For every 1 6 i < j 6 n there exists qij ∈ Z(A) invertible and

a
(t)
ij ∈ Z(A) such that

xjxi = qijxixj + a
(0)
ij + a

(1)
ij x1 + · · ·+ a

(n)
ij xn

5) xix
−1
i = x−1

i xi = 1 for i = 1, . . . , r.

In the present paper we shall assume that Or,n
q,δ satisfies the following

conditions
1) δ1 = 0.
2) For every i fixed, i = 1, . . . , n and (m1, . . . ,mn) ∈ Z \ {(0, . . . , 0)},

(

1−
∏n

j=1,j 6=i q
mj

ij

)

∈ A∗.

3) δt(qij) = δt(a
(m)
ij ) = 0 for all m = 0, · · · , n and i, j, t = 1, · · · , n.

4) a
(0)
1j = 0 for all j = 1, . . . , n. If 1 6 i 6 r and i < j then a

(m)
ij = 0

for all m = i, · · · , n.
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We will denote p̄ij = pij − a
(0)
ij .

Remark 1.1. We will consider the deglex order over Mon(Or,n
q,δ ) :=

Mon{x±1 , . . . , x
±
r , xr+1, . . . , xn} that is defined by [2] as

xα � xβ =























xα = xβ or

xα 6= xβbut|α| > |β| or

xα 6= xβ , |α| = |β|but∃i

withα1 = βi, . . . , αi−1 = βi−1andαi > βi

where xα, xβ ∈ Mon(Or,n
q,δ ). Each element f ∈ Or,n

q,δ \{0} can be represented
in a unique way as f = ηv0x

v0 + · · ·+ηvkx
vk , with ηvl ∈ A\{0}, 1 6 l 6 k,

and xvk ≻ · · · ≻ xv0 ; we take deg(f) = deg(xvk) := |vk|
1. We will denote

it(f) = ηvkx
vk the leader term of f .

Lemma 1.2. For all z ∈ Or,n
q,δ , i, j = 1, . . . , n, and m = 0, . . . , n we have

that qijz = zqij and a
(m)
ij z = za

(m)
ij .

Proof. It is enough to see that qijxt = xtqij and a
(m)
ij xt = xta

(m)
ij for all t.

By the definition of Or,n
q,δ we have that xtqij = qijxt + δt(qij) = qijxt and

xta
(m)
ij = a

(m)
ij xt + δt(a

(m)
ij ) = a

(m)
ij xt.

Lemma 1.3. Let xa11 · · ·xann ∈ Mon(Or,n
q,δ ) then

1) For all i = 1, . . . , n there exists pi,a ∈ Or,n
q,δ such that xa11 · · ·xann xi =

(
∏

j>i q
aj
ij

)

xa11 · · ·xai+1
i · · ·xann +pi,a with deg(pi,a) < a1+· · ·+an+1

or pi,a = 0 where a = (a1, . . . , an).
2) For all i = 1, . . . , n there exists pa,i ∈ Or,n

q,δ such that xix
a1
1 · · ·xann =

(
∏

j<i q
aj
ji

)

xa11 · · ·xai+1
i · · ·xann +pa,i with deg(pa,i) < a1+· · ·+an+1

or pa,i = 0 where a = (a1, . . . , an).

Proof. Fix xi ∈ Or,n
q,δ and take xa1t1 · · ·x

aj
tj

∈ Or,n
q,δ such that al 6= 0. We will

prove the first claimed by induction on j.
1) (j = 1, xa1t1 = xbt) We will show this claimed by induction on b, we

can suppose that i < t, in other way, we have the claimed.
(a) (b = 1) By definition, for all i < t we have that xtxi = qitxixt+pi,t,

where deg(pi,t) < 2.

1If α = (α1, . . . , αn) ∈ Z
n then we take |α| = α1 + · · ·+ αn.
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(b) (b + 1) Put i < t. By induction hypothesis there exist pl,b such
that xbtxl = qbltxlx

b
t + pl,b where deg(pl,b) < b+ 1 for all l < t, then

xb+1
t xi = xbt

(

qitxixt + a
(0)
it +

n
∑

l=1

a
(l)
it xl

)

= qitx
b
txixt +

(

a
(0)
it xbt +

n
∑

l=1

a
(l)
it x

b
txl

)

= qitq
b
itxix

b+1
t + qitpi,b + a

(0)
it xbt +

t−1
∑

l=1

a
(l)
it q

b
ltxlx

b
t

+
t−1
∑

l=1

a
(l)
it pl,b +

n
∑

l=t

a
(l)
it x

b
txl

= qb+1
it xix

b+1
t + pi,b+1

where pi,b+1 = a
(0)
it xbt+

∑t−1
l=1 a

(l)
it q

b
ltxlx

b
t +

∑t−1
l=1 a

(l)
it pl,b+

∑n
l=t a

(l)
it x

b
txl and

deg(a
(0)
it xbt), deg(a

(l)
it q

b
ltxlx

b
t), deg(a

(l)
it pl,b), deg(a

(l)
it x

b
txl) < b+ 2

(c) (b = −1, if t6r) We will show that pi,−1=
∑i−1

h=1

∑s(i,−1)
k=1 rh,kxhx

−k
t

with rh,k ∈ 〈a
(m)
ij , qij |i, j = 1, . . . , n, m = 0, . . . , n〉 = G, sub-ring of A,

by induction on 1 6 i 6 r. If i = 1 then x−1
t x1 = x−1

t (x1xt)x
−1
t =

x−1
t (qt1xtx1)x

−1
t = q−1

1t x1x
−1
t and p1,−t = 0. If i > 1 by induction hypoth-

esis we have that

x−1
t xi = x−1

t (xixt)x
−1
t = x−1

t

(

qtixtxi + a
(0)
ti +

i−1
∑

l=1

a
(l)
ti xl

)

x−1
t

= qtixix
−1
t + a

(0)
ti x−2

t +
i−1
∑

l=1

a
(l)
ti x

−1
t xlx

−1
t

= q−1
it xix

−1
t + a

(0)
ti x−2

t +
i−1
∑

l=1

a
(l)
ti q

−1
lt xlx

−2
t +

i−1
∑

l=1

a
(l)
ti pl,−tx

−1
t

since pl,−t =
∑l−1

h=1

∑s(l,−1)
k=1 rh,kxhx

−k
t with deg(pl,−t) < 0 for all l =

1, . . . , i− 1 then deg(pl,−t)x
−1
t < −1 for all l and

pl,−tx
−1
t =

l−1
∑

h=1

s(l,−1)
∑

k=1

rh,kxhx
−k−1
t
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so we have the claimed.
(d) (−(b+ 1), b > 0 if t 6 r) The same way, put i < t, by induction

hypothesis there exist pi,−1, pi,−b as in (c) such that x−1
t xi = q−1

it xix
−1
t +

pi,−1 and x−b
t xi = q−b

i,−txix
−b
t +pi,−b, with deg(pi,−1) < 0 and deg(pi,−b) <

−b+ 1 then

x−b−1
t xi = x−1

t (x−b
t xi) = x−1

t (q−b
it xix

−b
t + pi,−b)

= q−b
it x−1

t xix
−b
t +x−1

t pi,−b=q−b
it (q−1

it xix
−1
t + bi,−1)x

−b
t +x−1

t pi,−b

= q−b−1
it xix

−b−1
t + q−b

it bi,−1x
−b
t + x−1

t

i−1
∑

h=1

s(i,−b)
∑

k=1

rh,kxhx
−k
t

= q−b−1
it xix

−b−1
t + q−b

it bi,−1x
−b
t +

i−1
∑

h=1

s(i,−b)
∑

k=1

rh,kx
−1
t xhx

−k
t

= q−b−1
it xix

−b−1
t + q−b

it bi,−1x
−b
t +

i−1
∑

h=1

s(i,−b)
∑

k=1

rh,kq
−1
ht xhx

−b−1
t

+

i−1
∑

h=1

s(i,−b)
∑

k=1

rh,kph,−1x
−b
t

Note that xtrh,k = rh,kxt for all h, k because for all t and g ∈ G, δt(g) = 0
so

pi,−b−1 = bi,−1x
−b
t +

i−1
∑

h=1

s(i,−b)
∑

k=1

rh,kq
−1
ht xhx

−b−1
t +

i−1
∑

h=1

s(i,−b)
∑

k=1

rh,kph,−1x
−b
t

where we have the claimed.
2) (j + 1) We can suppose that ti = i and i < tj+1 because in

other way we can put xaii with ai = 0. By induction hypothesis on
j = 1 there exist pi,tj+1

such that deg(pi,tj+1
) < aj+1 + 1 and x

aj+1

tj+1
xi =

q
aj+1

itj+1
xix

aj+1

tj+1
+ pi,tj+1

, again by induction hypothesis there exist pi,t′ , t′ =

(t1, . . . , tj), such that deg(pi,t′) < a1+· · ·+ai+1 and xa1t1 · · ·xaiti · · ·x
aj
tj
xi =

(
∏j

l=i+1 q
al
itl

)

xa1t1 · · ·xai+1
ti

· · ·x
aj
tj

+ pi,t′ then

xa1t1 · · ·x
aj
tj
x
aj+1

tj+1
xi = xa1t1 · · ·x

aj
tj

(

q
aj+1

itj+1
xix

aj+1

tj+1
+ pi,tj+1

)

=
(

xa1t1 · · ·x
aj
tj
q
aj+1

itj+1
xix

aj+1

tj+1

)

+
(

xa1t1 · · ·x
aj
tj
pi,tj+1

)

= q
aj+1

itj+1

(

xa1t1 · · ·x
aj
tj
xix

aj+1

tj+1

)

+
(

xa1t1 · · ·x
aj
tj
pi,tj+1

)
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= q
aj+1

itj+1

(( j
∏

l=i+1

q
al
itl

)

xa1t1 · · ·xai+1
ti

· · ·x
aj
tj

+ pi,t′

)

x
aj+1

tj+1

+
(

xa1t1 · · ·x
aj
tj
pi,tj+1

)

=

( j+1
∏

l=i+1

q
al
itl

)

xa1t1 · · ·xai+1
ti

· · ·x
aj+1

tj+1
+ q

aj+1

itj+1
pi,t′x

aj+1

tj+1
+xa1t1 · · ·x

aj
tj
pi,tj+1

=

( j+1
∏

l=i+1

q
al
itl

)

xa1t1 · · ·xai+1
ti

· · ·x
aj+1

tj+1
+ pi,t

where deg(q
aj+1

itj+1
pi,t′x

aj+1

tj+1
) 6 deg(pi,t′)+deg(x

aj+1

tj+1
) < a1+· · ·+aj+1+aj+1

and deg(xa1t1 · · ·x
aj
tj
pi,tj+1

) 6 deg(xa1t1 · · ·x
aj
tj
) + deg(pi,tj+1

) < a1 + · · · +

aj + aj+1 + 1 later deg(pit) = deg(q
aj+1

itj+1
pi,t′x

aj+1

tj+1
+ xa1t1 · · ·x

aj
tj
pi,tj+1

) <

a1+ · · ·+ aj+1+1. The second claimed is proved the same way we proved
the first claimed.

2. Derivations over O
r,n
q,δ

Definition 2.1. Let d be a linear operator over Or,n
q,δ such that

d(ab) = d(a)b+ γ(a)d(b) +
∑

s

θsαs(a)βs(b)

for all a, b ∈ Or,n
q,δ , where θs ∈ A and γ, αs, βs are toric automorphisms of

A, i.e. γ(xi) = γixi, αs(xi) = as,ixi, and βs(xi) = bs,ixi for all i = 1, . . . , n
where γi, as,i, bs,i ∈ A.

1) If θs = 0 for all s then d is a γ-derivation.
2) If θs = 0 and γ is the identity of A then d is a derivation.
3) A inner γ-derivation [adγ u]a is defined by

[adγ u]a := ua− γ(a)u

when γ is the identity we denote [adγ u]a = [adu]a.

Lemma 2.2. Let ui = d(xi) then they are a solution of

ujxi + γ(xj)ui − qijuixj − qijγ(xi)uj + θijxixj +Kxi

+K ′xj + θ̂ijpij(x1, . . . , xn)− p̄ij(u1, . . . , un) + a
(0)
ij θ = 0

(1)

where θ̂ij , θij ,K,K ′ ∈ A, K = 0 if δj = 0, and K ′ = 0 if δi = 0.
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Proof. Note that d(1) = d(1 · 1) = d(1) + d(1) +
∑

s θs = 2d(1) + θ, so we
have that

d(xjxi) = d(qijxixj + pij(x1, . . . , xn)) = qijd(xi)xj + qijγ(xi)d(xj)

+ qij
∑

s

θsas,ixibs,jxj + d(a
(0)
ij ) + d(a

(1)
ij x1)+ · · ·+d(a

(n)
ij xn)

= qijd(xi)xj + qijγ(xi)d(xj) +K1xixj

+
∑

s

θsas,iδi(bs,i)xj + p̄ij(u1, . . . , un) + a
(0)
ij d(1)

= qijuixj + qijγ(xi)uj +K1xixj +K2xj+p̄ij(u1, . . . , un)−a
(0)
ij θ.

On the other hand,

d(xjxi) = ujxi + γ(xj)ui +
∑

s

θsas,jxjbs,ixi

= ujxi + γ(xj)ui +
∑

s

θsas,jbs,ixjxi +
∑

s

θsas,jδj(bs,i)xi

= ujxi + γ(xj)ui +K3xi +K4(qijxixj + pij(x1, . . . , xn))

so that (1) holds.

Lemma 2.3. Let z ∈ Or,n
q,δ then ui − [adγ z]xi are solutions of (1).

Proof.

(uj − [adγ z]xj)xi + γ(xj)(ui − [adγ z]xi)− qij(ui − [adγ z]xi)xj

− qijγ(xi)(uj − [adγ z]xj) + θijxixj +Kxi +K ′xj

+ θ̂ijpij(x1, . . . , xn)− p̄ij((u1 − [adγ z]x1), . . . , (un − [adγ z]xn))

+ a
(0)
ij θ

=
(

ujxi + γ(xj)ui − qijuixj − qijγ(xi)uj + θijxixj +Kxi +K ′xj

+ θ̂ijpij(x1, . . . , xn) + a
(0)
ij θ

)

+ (−[adγ z]xj)xi − γ(xj)[adγ z]xi

+ qij([adγ z]xi)xj + qijγ(xi)[adγ z]xj −
n
∑

t=1

a
(t)
ij (ut − [adγ z]xt)

= (ujxi + γ(xj)ui − qijuixj − qijγ(xi)uj + θijxixj +Kxi +K ′xj

+ θ̂ijpij(x1, . . . , xn)− p̄ij(u1, . . . , un) + a
(0)
ij θ) + (−[adγ z]xj)xi

− γ(xj)[adγ z]xi + qij([adγ z]xi)xj + qijγ(xi)[adγ z]xj
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+
n
∑

t=1

a
(t)
ij ([adγ z]xt)

= −zxjxi + γ(xj)zxi − γ(xj)zxi + γ(xj)γ(xi)z + qijzxixj

− qijγ(xi)zxj + qijγ(xi)zxj − qijγ(xi)γ(xj)z

+

n
∑

t=1

a
(t)
ij (zxt − γ(xt)z)

= [−zxjxi + qijzxixj +

n
∑

t=1

a
(t)
ij zxt + a

(0)
ij z] + [γ(xj)zxi − γ(xj)zxi]

+ [−qijγ(xi)zxj + qijγ(xi)zxj ] + [γ(xj)γ(xi)z − γ(xj)γ(xi)z]

+ [γ(xj)γ(xi)z − qijγ(xixj)z −

n
∑

t=1

a
(t)
ij γ(xt)z − a

(0)
ij z]

= [z
(

−xjxi + qijxixj +
n
∑

t=1

a
(t)
ij xt + a

(0)
ij

)

]

+ [γ
(

xjxi − qijxixj −
n
∑

t=1

a
(t)
ij xi − a

(0)
ij

)

z] = 0.

Proposition 2.4. Let v = axm1

1 · · ·xmn
n with a ∈ A and m = (m1, . . . ,

mn) ∈ Z such that either γ1 6= 1 and
(

1 − γ1
∏n

j=2 q
mj

j1

)

∈ A∗ or γ1 = 1
and exists mj 6= 0 for j 6= 1. Then there exists w ∈ A∗ with

[adγ wvx
−1
1 ]x1 = v

Proof. Take w =
(

1 − γ1
∏n

j=2 q
mj

j1

)−1
that exists by hypothesis. Note

that γ1w = wγ1 so

[adγ wvx
−1
1 ]x1 = wvx−1

1 x1 − γ1x1wvx
−1
1

= w(v − γ1ax1x
m1

1 · · ·xmn
n x−1

1 )

= w(v − γ1ax
m1

1 x1x
m2

2 · · ·xmn
n x−1

1 )

= w(v − γ1ax
m1

1 qm2

21 xm2

2 x1 · · ·x
mn
n x−1

1 )

= w(v − γ1ax
m1

1 qm2

21 xm2

2 qm3

31 x3 · · · q
mn

n1 xmn
n x1x

−1
1 )

= w

(

v − γ1

n
∏

j=2

q
mj

j1 axm1

1 · · ·xmn
n

)

= w

(

1− γ1

n
∏

j=2

q
mj

j1

)

v = v.

Corollary 2.5. Let v =
∑

t ρtXt ∈ Or,n
q,δ such that ρtXt satisfies the

hypothesis of the above proposition for all t, where Xt ∈ Mon(Or,n
q,δ ). Then
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there exists w ∈ Or,n
q,δ such that

[adγ w]x1 = v.

Proof. We have that [adγ w + w′]z = (w + w′)z − γ(z)(w + w′) = (wz −
γ(z)w) + (w′z − γ(z)w) = [adγ w]z + [adγ w

′]z for all w,w′, z ∈ Or,n
q,δ so

for each ρtXt there exists wt ∈ A such that

[adγ wtρtXtx
−1
1 ]x1 = ρtXt

then

v =
∑

t

ρtXt =
∑

t

[adγ wtρtXtx
−1
1 ]x1 = [adγ

∑

t

wtρtXtx
−1
1 ]x1

= [adγ w]x1.

Theorem 2.6. Let ui = d(xi) ∈ Or,n
q,δ for i = 1, . . . , n.

1) If γ1 6= 1 and
(
∏n

j=2 q
mj

j1 − γ1q1t
)

∈ A∗ for all (0,m2, . . . ,mn) ∈ Z.
Then there exists w ∈ Or,n

q,δ and ρj ∈ A such that

u1 = [adγ w]x1 and uj = ρjxj + [adγ w]xj

for all j 6= 1 where (q1t − q1tγ1)ρt = −θ1t.
2) If γj = 1 for all i = 1, . . . , n. Then there exists w ∈ Or,n

q,δ such that

uj = λjxj + [adw]xj

for all j = 1, . . . , n and some λj = λ(xj) ∈ A.

Proof. 1) By the above corollary there exists w ∈ Or,n
q,δ such that u1 =

[adγ w]x1 so we u1 = [adγ w]x1 so we define ūt = ut − [adγ w]xt where
they hold the equation (1). In

0 = ūtx1 − q1tγ1x1ūt + θ1tx1xt +Ktx1

If ūt =
∑

m∈Z ηmxm1

1 · · ·xmn
n ∈ Or,n

q,δ we have

0 =

(

∑

m∈Z

ηmxm1

1 · · ·xmn
n x1 − γ1q1t

∑

m∈Z

ηmx1x
m1

1 · · ·xmn
n

)

+ θ1tx1xt +Kxt

=
∑

m∈Z

ηm

n
∏

j=2

q
mj

1j x1x
m1

1 · · ·xmn
n − γ1q1t

∑

m∈Z

ηmx1x
m1

1 · · ·xmn
n
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+ θ1tx1xt +Kxt

=

(

∑

m∈Z

ηm

( n
∏

j=2

q
mj

1j − γ1q1t

)

xm1+1
1 · · ·xmn

n

)

+ θ1tx1xt +Kxt.

As Mon(Or,n
q,δ ) is a basis of Or,n

q,δ and
∏n

j=2 q
mj

j1 − γ1q1t ∈ A∗ we have that
ηm = 0 if m 6= (0, . . . , 1, . . . , 0) where 1 is in the tth position, so ūt = ηtxt
and K = 0. In the other hand

0 = ηtxtx1 − q1tγ1x1ηtxt + θ1tx1xt = ((q1t − q1tγ1)ηt + θ1t)x1xt

then (q1t − q1tγ1)ηt + θ1t = 0.
2) Put u1 = u′1 + v1 with v1 ∈ Or,n

q,δ \ A((x1)). By the corollary (2.5)
there exists w ∈ Or,n

q,δ with v1 = [adw]x1, we will denote ūi = ui− [adw]xi
so we have ū1 ∈ A((x1)). Let t 6= 1

ūtx1 − q1tx1ūt = −xtū1 + q1tū1xt − θ1tx1xt −Kxt ∈ A((x1))xt

because if ū1 =
∑

t ρtx
t
1 then xtū1 =

∑

t ρtq
t
1tx

t
1xt. If

ūt =
∑

m∈Z

ηmxm1

1 · · ·xmn
n

then

ūtx1 − x1q1tūt =
∑

m∈Z

ηmxm1

1 · · ·xmn
n x1 − x1q1t

∑

m∈Z

ηmxm1

1 · · ·xmn
n

=
∑

m∈Z

ηm

( n
∏

j=2

q
mj

1j − q1t

)

x1x
m1

1 · · ·xmn
n

= x1
∑

m∈Z

ηm

( n
∏

j=2

q
mj

1j − q1t

)

xm1

1 · · ·xmn
n

multiplying by x−1
1 we have

∑

m∈Z

ηm

( n
∏

j=2

q
mj

1j − q1t

)

xm1

1 · · ·xmn
n ∈ A((x1))xt.

Since
∏n

j=2 q
mj

1j − q1t ∈ A∗ we have ηm = 0 if mi 6= 0 for i 6= 1, t or
if mt 6= 1. Then ūt = ft(x1)xt where ft(x1) ∈ A((x1)). Take t = 2, if
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f2(x1) = λ2 +
∑

t 6=0 ρtx
t
1 then for all t put wt = (1 − qt12)

−1, note that
wtxi = xiwt for all i = 1, . . . , n so

[adwtρtx
t
1]x2 = wtρtx

t
1x2 − x2wtρtx

t
1

= wt(ρtx
t
1x2 − x2ρtx

t
1) = wt(ρtx

t
1x2 − ρtx2x

t
1 − δ2(ρt)x

t
1)

= wt(1− qt12)ρtx
t
1x2 − wtδ2(ρt)x

t
1 = ρtx

t
1x2 − wtδ2(ρt)x

t
1.

Then there exists w′ ∈ A((x1)) \ A or w′ = 0 with ū2 − [adw′]x2 =
λ2x2 + f ′(x1) and f ′(x1) ∈ A((x1)) \A or f ′(x1) = 0.

Take ũl = ūl − [adw′]xl = gl(x1)xl + g′l(x1), (g′l(x1) ∈ A((x1)) \A or
g′l(x1) = 0), because if w′ =

∑

t atx
t
1 then

[adw′]xl =
∑

t

atx
t
1xl −

∑

t

xlatx
t
1

=
∑

t

atx
t
1xl −

∑

t

atq
t
1tx

t
1xl −

∑

t

δl(at)x
t
1

and ũ2 = λ2x2 + g′2(x1).
By the equation (1) for (t = 1) if ũ1 =

∑

t atx
t
1 then

0 = λ2x2x1 + g′2(x1)x1 + x2ũ1 − q12ũ1x2 − q12x1λ2x2 − q12x1g
′
2(x1)

+ θ12x1x2 +Kx1

= [λ2q12x1x2 +
∑

t

x2atx
t
1 −

∑

t

q12atx
t
1x2 − q12λ2x1x2 + θ12x1x2]

+ [g′2(x1)x1 + q12x1g
′
2(x1) +Kx1]

=

(

λ2q12x1x2 +
∑

t

atx2x
t
1 −

∑

t

q12atx
t
1x2 − q12λ2x1x2 + θ12x1x2

)

+

(

g′2(x1)x1 − q12x1g
′
2(x1) +Kx1 +

∑

t

δ2(at)x
t
1

)

=

(

∑

t

at(q
t
12 − q12)x

t
1x2 + θ12x1x2

)

+

(

g′2(x1)x1 − q12x1g
′
2(x1) +Kx1 +

∑

t

δ2(at)x
t
1

)

.

Then t = 1, θ12 = 0, and ũ1 = ax1. For this equations if g′2(x1) 6= 0 put
it(g′2(x1)) = bvx

v
1 with v 6= 0 then

0 = bvx
v+1
1 − q12bvx

v+1
1 = bv(1− q12)x

v+1
1
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so bv = 0 but this is not possible. Thus g′2(x1) = 0.
Take 3 6 t and ũ1 = a1x1.

0 =
(

gt(x1)xt + g′t(x1)
)

x1 + xta1x1 − q1ta1x1xt

− q1tx1
(

gt(x1)xt + g′t(x1)
)

+ θ1tx1xt +Kx1

=
(

gt(x1)xtx1 + a1xtx1 − q1ta1x1xt − q1tx1gt(x1)xt + θ1tx1xt
)

+
(

g′t(x1)x1 + δt(a1)x1 − q1tx1g
′
t(x1) +Kx1

)

=
(

gt(x1)xtx1 − q1tx1gt(x1)xt + θ1tx1xt
)

+
(

g′t(x1)x1 + δt(a1)x1 − q1tx1g
′
t(x1) +Kx1

)

= θ1tx1xt +
(

g′t(x1)x1 + δt(a1)x1 − q1tx1g
′
t(x1) +Kx1

)

.

Then θ1t = 0 and if g′t(x1) 6= 0 we can take it(g′t(x1)) = bvx
v
1 with bv 6= 0.

Of this equation we can claim that bv(1− q1t) = 0 then bv = 0 but this is
not possible so g′t(x1) = 0.

In the other hand, if gt(x1) =
∑

t ctx
t
1

0 = gt(x1)xtx2 + xtλ2x2 − q2tλ2x2xt − q2tx2gt(x1)xt + θ2tx2xt

+Kx2 +K ′xt + θ̂2tp2t(x1, . . . , xn)− p̄2t(ũ1, . . . , ũn) + a
(0)
2t θ

= gt(x1)xtx2 + (λ2xtx2 − λ2q2tx2xt)− q2tx2gt(x1)xt + θ2tx2xt +Kx2

+K ′xt + θ̂2tp2t(x1, . . . , xn)− p̄2t(ũ1, . . . , ũn) + δt(λ2)x2 + a
(0)
2t θ

= gt(x1)
(

q2tx2xt + p2t(x1, . . . , xn)
)

− q2tx2
∑

t

ctx
t
1xt + θ2tx2xt

+ λ2p2t(x1, . . . , xn) +Kx2 +K ′xt + θ̂2tp2t(x1, . . . , xn)

− p̄2t(ũ1, . . . , ũn) + δt(λ2)x2 + a
(0)
2t θ

= q2t

(

∑

t

ctx
t
1x2xt −

∑

t

ctx2x
t
1xt

)

+ θ2tx2xt + gt(x1)p2t(x1, . . . , xn)

+
∑

t

δ2(ct)x
t
1xt +Kx2 +K ′xt + (θ̂2t + λ2)p2t(x1, . . . , xn)

− p̄2t(ũ1, . . . , ũn) + δt(λ2)x2 + a
(0)
2t θ

= q2t

(

∑

t

ct(1− qt12)x
t
1x2xt

)

+ θ2tx2xt + gt(x1)p2t(x1, . . . , xn)

+
∑

t

δ2(ct)x
t
1xt +Kx2 +K ′xt + (θ̂2t + λ2)p2t(x1, . . . , xn)

− p̄2t(ũ1, . . . , ũn) + δt(λ2)x2 + a
(0)
2t θ.
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Of this last equation we have that ct(1− qt12) = 0 for t 6= 0 so ct = 0 since
(1 − qt12) ∈ A∗, thus gt(x1) = λt of this way ut − [adw + w′]xt = ũt =
λtxt.

3. Poisson brackets on O
r,n
q,δ

Definition 3.1. A Poisson bracket { · , · } is a Z-bilinear function on Or,n
q,δ

such that
1) { · , · } is a Lie bracket.
2) {ab, c} = {a, c}b+ a{b, c} for all a, b, c ∈ Or,n

q,δ .
3) 0 = {a, b}+ {b, a} for all a, b ∈ Or,n

q,δ .

Remark 3.2. If ∂ is a derivation on Or,n
q,δ then for all i = 1, . . . , r

we have 0 = ∂(1) = ∂(xix
−1
i ) = ∂(xi)x

−1
i + xi∂(x

−1
i ) then ∂(x−1

i ) =
−x−1

i ∂(xi)x
−1
i .

Proposition 3.3. Let be given a Poisson bracket {a, b} on an extension
Or,n

q,δ of A. Then there exists ξ, ξj ∈ A such that {xi, xj} = ξ[xi, xj ] +
δi(ξ)xi − δi(ξ)xj − δi(ξj) with δj(ξj) = 0 for all j, i = 1, . . . , n, where
[a, b] := ab− ba.

Proof. By theorem (2.6) for all a ∈ Or,n
q,δ there exists λa(xi) ∈ A and

w(a) ∈ Or,n
q,δ with

{xi, a} = λa(xi)xi + [adw(a)]xi.

So we have

0 = {xi, xi} = λi(xi)xi + [adw(xi)]xi.

Put w(xi) =
∑k

m=0 ηvmx
vm1

1 · · ·x
vmn
n , we will see that w(xi) ∈ A((xi))

for i = 1, . . . , r or w(xi) ∈ A[xi] for i = r+ 1, . . . , n. If w(xi) = 0 we have
the claimed, in the other hand,

0 = λi(xi)xi −
k

∑

m=0

xiηvmx
vm1

1 · · ·xvmn
n +

k
∑

m=0

ηvmx
vm1

1 · · ·xvmn
n xi

= λi(xi)xi −
k

∑

m=0

δi(ηvm)x
vm1

1 · · ·xvmn
n −

k
∑

m=0

ηvmxix
vm1

1 · · ·xvmn
n

+

k
∑

m=0

ηvmx
vm1

1 · · ·xvmn
n xi
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= λi(xi)xi −
k

∑

m=0

δi(ηvm)x
vm1

1 · · ·xvmn
n

−

k
∑

m=0

(

ηvm

∏

s<i

q
vms

si x
vm1

1 · · ·x
vmi

+1
i · · ·xvmn

n + pvm,i(x1, . . . , xn)

)

+
k

∑

m=0

(

ηvm

∏

s>i

q
vms

is x
vm1

1 · · ·x
vmi

+1
i · · ·xvmn

n + pi,vm(x1, . . . , xn)

)

=

k
∑

m=0

ηvm

(

∏

s>i

q
vms

is −
∏

s<i

q
vms

si

)

x
vm1

1 · · ·x
vmi

+1
i · · ·xvmn

n

+ λi(xi)xi −
k

∑

m=0

δi(ηvm)x
vm1

1 · · ·xvmn
n +

k
∑

m=0

pi,vm(x1, . . . , xn)

− pvm,i(x1, . . . , xn),

where deg(pvm,i), deg(pi,vm) < vm1
+ · · · + vmn + 1 < |vk| + 1 for all

m = 0, . . . , k. By the last equation we have
(
∏

s<i q
vks
si −

∏

s>i q
vks
is

)

ηvk = 0
and since ηvk 6= 0 then vkl = 0 for l 6= i, because if there exists vkl 6= 0 for
some l 6= i then

∏

s<i q
vms

si −
∏

s>i q
vms

is ∈ A∗ by definition of Or,n
q,δ , so this

implies that ηvk = 0, but this is not possible. Later pi,vk = pvk,i = 0 and

0 =
k−1
∑

m=0

ηvm

(

∏

s>i

q
vms

is −
∏

s<i

q
vms

si

)

x
vm1

1 · · ·x
vmi

+1
i · · ·xvmn

n + λi(xi)xi

−
k−1
∑

m=0

δi(ηvm)x
vm1

1 · · ·xvmn
n +

k−1
∑

m=0

pi,vm(x1, . . . , xn)

− pvm,i(x1, . . . , xn).

So ηvk−1
= 0, if ηvk−1

6= 0 then vk−1l = 0 for l 6= i because
(

∏

s<i q
vk−1s

si −
∏

s>i q
vk−1s

is

)

∈ A∗ if there exist vk−1l 6= 0 for some l 6= i. By recurrently

way we can claim that ηvm = 0 if there exists vml
6= 0 for some l 6= i, then

we have the claimed. Since w(xi) =
∑

t∈Z ξitx
t
i, where ξit = 0 if t < 0 and

i > r, then

0 = λi(xi)xi − xi
∑

t∈Z

ξitx
t
i +

∑

t∈Z

ξitx
t+1
i = λi(xi)xi −

∑

t∈Z

δi(ξit)x
t
i
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then δi(ξit) = 0 for t 6= 1 and λi(xi) = δi(ξi1). Put i < j, w(xi) =
∑k

l=0 ξivilx
vil
i , and w(xj) =

∑r
l=0 ξjvjlx

vjl
j , so

0 = {xj , xi}+ {xi, xj} = λi(xj)xj+[adw(xi)]xj+λj(xi)xi+[adw(xj)]xi

= λi(xj)xj + λj(xi)xi +
k

∑

l=0

ξivilx
vil
i xj − xj

k
∑

l=0

ξivilx
vil
i +

r
∑

l=0

ξjvjlx
vjl
j xi

− xi

r
∑

l=0

ξjvjlx
vjl
j

= λi(xj)xj + λj(xi)xi + ξivikx
vik
i xj − ξivikxjx

vik
i + ξjvjrx

vjr
j xi

− ξjvjrxix
vjr
j +

k−1
∑

l=0

ξivilx
vil
i xj −

k−1
∑

l=0

ξivilxjx
vil
i +

r−1
∑

l=0

ξjvjlx
vjl
j xi

−

r−1
∑

l=0

ξjvjlxix
vjl
j −

k−1
∑

l=0

δj(ξivil )x
vil
i −

r−1
∑

l=0

δi(ξjvjl )x
vjl
j − δj(ξivik )x

vik
i

− δi(ξjvjr )x
vjr
j

= λi(xj)xj + λj(xi)xi + ξivikx
vik
i xj − ξivik q

vik
ij x

vik
i xj + ξjvjr q

vjr
ij xix

vjr
j

− ξjvjrxix
vjr
j +

k−1
∑

l=0

ξivilx
vil
i xj−

k−1
∑

l=0

ξivil q
vil
ij x

vil
i xj+

r−1
∑

l=0

ξjvjl q
vjl
ij xix

vjl
j

−
r−1
∑

l=0

ξjvjlxix
vjl
j −

k
∑

l=0

δj(ξivil )x
vil
i −

r
∑

l=0

δi(ξjvjl )x
vjl
j − ξivikpvik ,j

+ ξjvjr pi,vjr −

k−1
∑

l=0

ξivilpvil ,j +

r−1
∑

l=0

ξjvjlpi,vjl

= λi(xj)xj + λj(xi)xi + ξivik (1− q
vik
ij )x

vik
i xj + ξjvjr (q

vjr
ij − 1)xix

vjr
j

+

k−1
∑

l=0

ξivil (1− q
vil
ij )x

vil
i xj +

r−1
∑

l=0

ξjvjl (q
vjl
ij − 1)xix

vjl
j

−

k
∑

l=0

δj(ξivil )x
vil
i −

r
∑

l=0

δi(ξjvjl )x
vjl
j −

k
∑

l=0

ξivilpvil ,j +

r
∑

l=0

ξjvjlpi,vjl

where deg(pvil ,j) < vil + 1 < vik + 1 and deg(pi,vjl ) < vjl + 1 < vjr + 1

for all l. Since 0 = ξivik (1 − q
vik
ij )x

vik
i xj + ξjvjr (q

vjr
ij − 1)xix

vjr
j , we have

vjr = vik and vjr ∈ {0, 1}, later pvik ,j , pi,vjr ∈ A+Ax1 + · · ·+Axn. The
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same way

0 = λi(xj)xj + λj(xi)xi + ξivik−1
(1− q

vik−1

ij )x
vik−1

i xj

+ ξjvjr−1
(q

vjr−1

ij − 1)xix
vjr−1

j +

k−2
∑

l=0

ξivil (1− q
vil
ij )x

vil
i xj

+
r−2
∑

l=0

ξjvjl (q
vjl
ij − 1)xix

vjl
j −

k
∑

l=0

δj(ξivil )x
vil
i −

r
∑

l=0

δi(ξjvjl )x
vjl
j

−
k

∑

l=0

ξivilpvil ,j +
r

∑

l=0

ξjvjlpi,vjl .

Then 0 = ξivik−1
(1 − q

vik−1

ij )x
vik−1

i xj + ξjvjr−1
(q

vjr−1

ij − 1)xix
vjr−1

j , since

vik−1
, vjr−1

6 0, ξjvjk−1
, ξivir−1

6= 0, and (1 − q
vik
ij ), (q

vjk
ij − 1) ∈ A∗ if

vik−1
, vjr−1

6= 0 then we can claim that vik−1
, vjr−1

= 0. Of recurrently
form we can claim that w(xt) = ξt1xt+ξt0 with ξt1, ξt0 ∈ A and δt(ξt0) = 0
for all t = 1, . . . , n. Again put i < j

0 = {xj , xi}+ {xi, xj} = λi(xj)xj+[adw(xi)]xj+λj(xi)xi+[adw(xj)]xi

= λi(xj)xj + λj(xi)xi + ξi1xixj + ξi0xj − xjξi1xi − xjξi0

+ ξj1xjxi + ξj0xi − xiξj1xj − xiξj0

= λi(xj)xj + λj(xi)xi + ξi1xixj + ξi0xj

−
(

δj(ξi1)xi + ξi1qijxixj + ξi1pij(x1, . . . , xn)
)

−
(

ξi0xj + δj(ξi0)
)

+
(

ξj1qijxixj + ξj1pij(x1, . . . , xn)
)

+ ξj0xi −
(

δi(ξj1)xj + ξj1xixj
)

−
(

δi(ξj0) + ξj0xi
)

= ξi1xixj − ξi1qijxixj + ξj1qijxixj − ξj1xixj

+ λi(xj)xj + λj(xi)xi − δj(ξi1)xi − δj(ξi0)− ξi1pij(x1, . . . , xn)

+ ξj1pij(x1, . . . , xn)− δi(ξj1)xj − δi(ξj0).

So (ξi1 − ξj1)(1− qij) = 0 as 1− qij ∈ A∗ then ξ1j = ξ1i = ξ. Later

0 = (λi(xj)− δj(ξ))xj +
(

λj(xi)− δi(ξ)
)

(xi)xi − δj(ξi0)− δi(ξj0)

and λi(xj) = δj(ξ), λj(xi) = δi(ξ), δj(ξi0) = −δi(ξj0). Note that

{xi, xj} = λj(xi)xi + [ad ξxj + ξj0]xi = λj(xi)xi + ξxjxi + ξj0xi

− xiξxj − xiξj0

= δi(ξ)xi + ξxjxi + ξj0xi − ξxixj + δi(ξ)xj − ξj0xi − δi(ξj0)

= ξ[xi, xj ] + δi(ξ)xi − δi(ξ)xj − δi(ξj0).
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Lemma 3.4. Let { · , · } be a Poisson bracket on Or,n
q,δ where δi = 0 for

all i = 1, . . . , n. Then there exists ξ ∈ A such that {xi, a} = ξ[xi, a] for
all i = 1, . . . , n and a = xb1t1 · · ·x

bn
tn

∈ Or,n
q,δ monomial.

Proof. Let ξ ∈ A such that {xi, xj} = ξ[xi, xj ] for all i, j = 1, . . . , n

which is given by proposition (3.3) and a = xb1t1 · · ·x
bl
tl

with br 6= 0 for
all r = 1, . . . , l. Fix i = 1, . . . , n, we will show, by induction on l, that
{a, xi} = ξ[a, xi].

1) (a = xnt ) For this case we will do induction on n.
(a) (a = xt) we have {xt, xi} = ξ[xt, xi] by the above proposition.
(b) (a = xn+1

t )

{xn+1
t , xi} = {xnt , xi}xt + xnt {xt, xi} =

(

ξ[xnt , xi]
)

xt + xnt
(

ξ[xt, xi]
)

= ξ
(

−xix
n+1
t + xnt xixt − xnt xixt + xn+1

t xi
)

= ξ[xn+1
t , xi]

(c) (a = x−1
t , if t 6 r)

{x−1
t , xi} = −x−1

t {xt, xi}x
−1
t = −ξx−1

t

(

[xt, xi]
)

x−1
t

= ξ
(

−x−1
t (xtxi − xixt)x

−1
t

)

= ξ(x−1
t xi − xix

−1
t ) = ξ[x−1

t , xi]

(d) (a = x−n−1
t , if t 6 r)

{x−1−n
t , xi} = {x−n

t , xi}x
−1
t + x−n

t {x−1
t , xi}

= ξ
(

([x−n
t , xi])x

−1
t + x−n

t ([x−1
t , xi])

)

= ξ
(

−xix
−n−1
t + x−n

t xix
−1
t − x−n

t xix
−1
t + x−1−n

t xi
)

= ξ[x−n−1
t , xi].

2) (a = xb1t1 · · ·x
bl
tl
)

{a, xi} = {xb1t1 · · ·x
bl
tl
, xi} = {xb1t1 , xi}x

b2
t2
· · ·xbltl + xb1t1{x

b2
t2
· · ·xbltl , xi}

= ξ
(

([xb1t1 , xi])x
b2
t2
· · ·xbltl + xb1t1 ([x

b2
t2
· · ·xbltl , xi])

)

= ξ
(

−xia+ xb1t1xix
b2
t2
· · ·xbltl − xb1t1xix

b2
t2
· · ·xbltl + axi

)

= ξ[a, xi].

So we have the claimed. By theorem (2.6)

0 = {xi, a}+ {a, xi} = λa(xi)xi + [adw(a)]xi + {a, xi}

= λa(xi)xi + [adw(a)]xi − ξ[ad a]xi = λa(xi)xi + [adw(a)− ξa]xi

but if we take w(a)− ξa as w(xi) in the proof of the above proposition, we
can show that w(a)−ξa ∈ A((xi)) (if i = 1, . . . , r) or w(a)−ξa ∈ A[xi] (if



“adm-n2” — 2020/7/8 — 9:54 — page 294 — #154

294 Poisson brackets on some skew PBW extensions

i = r + 1, . . . , n) for all i = 1, . . . , n then w(a)− ξa = l with l ∈ A. Then
[adw(a)]xi = [ad ξa + l]xi = [ad ξa]xi + [ad l]xi = (ξaa) + (lxi − xil) =
ξ[xi, a] and λa(xi) = 0 for all i = 1, · · · , n.

Theorem 3.5. Let { · , · } be a Poisson bracket on Or,n
q,δ . If A is a commu-

tative ring, δi = 0 for all i = 1, . . . , n, and { · , · } is a A-bilinear function,
then there exists ξ ∈ A such that {a, b} = ξ[a, b] for all a, b ∈ Or,n

q,δ .

Proof. Let a, b ∈ Or,n
q,δ and ξ ∈ A such that {xi, X} = ξ[xi, X] for all

i = 1, . . . , n, where X ∈ Mon{Or,n
q,δ }, ξ is given by lemma (3.4). If b =

∑k
r=0 ηvrx

vr1
1 · · ·x

vrn
n since { · , · } is a A-bilinear function and xic = cxi +

δi(c) = cxi for all c ∈ A and i = 1, . . . , n, it is enough to see this when
a = xa1t1 · · ·xaltl with at 6= 0. We will show this by induction on l.

1) (a = xnt ) For this case we will do induction on n.
(a) (a = xt) By the above lemma we have that

{xt, b} = {xt,
k

∑

r=0

ηvrx
vr1
1 · · ·xvrnn } =

k
∑

r=0

ηvr{xt, x
vr1
1 · · ·xvrnn }

=

k
∑

r=0

ηvrξ[xt, x
vr1
1 · · ·xvrnn ] = ξ

k
∑

r=0

ηvr [xt, x
vr1
1 · · ·xvrnn ]

= ξ[xt, b].

(b) (a = xn+1
t )

{xn+1
t , b} = {xnt , b}xt + xnt {xt, b} = ξ

(

[xnt , b]xt + xnt [xt, b]
)

= ξ
(

xnt bxt − bxn+1
t + xn+1

t b− xnt bxt
)

= ξ[xn+1
t , b].

(c) (a = x−1
t )

{x−1
t , b} = −x−1

t {xt, b}x
−1
t = ξ

(

−x−1
t [xt, b]x

−1
t

)

= ξ[x−1
t , b].

(d) (a = x−1−n
t )

{x−1−n
t , b} = {x−n

t , b}x−1
t + x−n

t {x−1
t , b}

= ξ
(

[x−n
t , b]x−1

t + x−n
t [x−1

t , b]
)

= ξ
(

x−n
t bx−1

t − bx−n−1
t + x−n−1

t b− x−n
t bx−1

t

)

= ξ[x−n−1
t , b].
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2) (a = xa1t1 · · ·xaltl )

{a, b} = {xa1t1 · · ·xaltl , b} = {xa1t1 , b}x
a2
t2

· · ·xaltl + xa1t1 {x
a2
t2

· · ·xaltl , b}

= ξ

(

[xa1t1 , b]x
a2
t2

· · ·xaltl + xa1t1 [x
a2
t2

· · ·xaltl , b]

)

= ξ

(

xa1t1 bx
a2
t2

· · ·xaltl − ba+ ab− xa1t1 bx
a2
t2

· · ·xaltl

)

= ξ[a, b].

Lemma 3.6. Let B = σ(A)〈x1, . . . , xn〉 be a skew PBW extension of A
with

1) σi is the identity of A for all i = 1, . . . , n.

2) qij , a
(t)
ij ∈ Z(A) for all 1 6 i, j 6 n and t = 0, . . . , n.

3) δ1 = 0

4) δt(qij) = δt(a
(m)
ij ) = 0 for all m = 0, · · · , n and i, j, t = 1, · · · , n.

5) p1j = 0 for all j = 1, · · · , n.
then there exists O1,n

q,δ with the same properties.

Proof. We will see that BS−1 exists, showing the Ore conditions on S, and
it is an extension of A of type O1,n

q,δ for some set S. Let S := {xm1 |m ∈ N},
S is a multiplicative set of B. We will see that S is a right (left) Ore set.

(a) (Right) Take P ∈ B and s ∈ S with sP =0, if P =
∑

t∈Z btx
t1
1 · · ·xtnn

and s = xl1 we have 0 =
∑

t∈Z btx
l
1x

t1
1 · · ·xtnn then bt = 0 for all t ∈ Z

then P = 0 and Ps = 0.
(b) (Left) If Ps = 0,

0 =
∑

t∈Z

btx
t1
1 · · ·xtnn xl1 =

∑

t∈Z

bt

n
∏

j=2

q
tj
1jx

t1+l
1 xt22 · · ·xtnn

since qij ∈ A∗ then bt = 0 for all t ∈ Z and sP = 0.
(c) (Right) Let P =

∑

t∈Z btx
t1
1 · · ·xtnn ∈ B and xl1 ∈ S then

Pxl1 =
∑

t∈Z

bt

n
∏

j=2

q
tj
1jx

t1+l
1 xt22 · · ·xtnn = xl1

(

∑

t∈Z

bt

n
∏

j=2

q
tj
1jx

t1
1 x

t2
2 · · ·xtnn

)

.

(d) (Left) Let P =
∑

t∈Z btx
t1
1 · · ·xtnn ∈ B and xl1 ∈ S then

xl1P =
∑

t∈Z

btx
l
1x

t1+l
1 xt22 · · ·xtnn =

(

∑

t∈Z

bt

n
∏

j=2

q
tj
j1x

t1
1 x

t2
2 · · ·xtnn

)

xl1.

Then BS−1 and S−1B exist, so BS−1 ∼= S−1B. We will see that
D = BS−1 is an extension of A of type O1,n

q,δ and holds the conditions.
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1) A →֒ B →֒ D.

2)
xi

1

a

1
=

xia

1
=

axi + δi(a)

1
=

axi

1
+

δi(a)

1
=

a

1

xi

1
+

δi(a)

1
for a ∈ A.

3) Let i < j, then

xj

1

xi

1
=

xjxi

1
=

qijxixj + a
(0)
ij + a

(1)
ij x1 + · · ·+ a

(n)
ij xn

1

=
qij

1

xi

1

xj

1
+

a
(0)
ij

1
+

a
(1)
ij

1

x1

1
+ · · ·+

a
(n)
ij

1

xn

1
.

4) Let

∑

t∈Z btx
t1
1 · · ·xtnn

xl1
∈ B, note that

1

x1

a

1
=

a

1

1

x1

(

1

x1

(

x1

1

a

1

)

1

x1
=

1

x1

(

a

1

x1

1

)

1

x1

)

then
∑

t∈Z btx
t1
1 · · ·xtnn

xl1
=

(

x1

1

)−l∑

t∈Z btx
t1
1 · · ·xtnn
1

=
∑

t∈Z

bt

1

(

x1

1

)t1−l

· · ·

(

xn

1

)tn

.

5) If P =
∑

t∈Z

bt

1

(

x1

1

)t1−l

· · ·

(

xn

1

)tn

=
0

1
then

0

1
=

(

x1

1

)l

P =
∑

t∈Z btx
t1
1 · · ·xtnn
1

then there exists xl1 ∈ S with

0 =
∑

t∈Z

btx
t1
1 · · ·xtnn xl1 =

∑

t∈Z

bt

n
∏

j=2

q
tj
1jx

t1+l
1 · · ·xtnn .

As
∏n

j=2 q
tj
1j ∈ A∗ then bt = 0 for all t ∈ Z so if we denote

xi

1
:= xi, then

Mon{x±1
1 , x2, . . . , xn} is a A-basis of D. Note that if we put δ̄i(

a

1
) =

δi(a)

1

then δ̄i

(

a
(t)
ij

1

)

, δ̄i

(

qij

1

)

= 0 for all i, j = 1, . . . , n and t = 0, . . . , n, and

δ̄1 = 0.

Lemma 3.7. Let { · , · } be a Poisson bracket over a ring A then {al, ar} =
0 for all a ∈ A and l, r ∈ N.
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Proof. Take l = 1 and r = 1 then {a, a} = 0, now {a, al+1} = {a, a}al +
a{a, al} = 0 by induction, later {ar, al+1} = {ar, al}a + al{ar, a} =
−al{a, ar} = 0.

Proposition 3.8. Let B = σ(A)〈x1, . . . , xn〉 be a skew PBW extension
of a commutative ring A such that

1) σi is the identity of A for all i = 1, . . . , n.
2) δi = 0 for all i = 1, . . . , n.
3) For every i fixed, with i = 0, . . . , n and (m1, . . . ,mn)∈Z\{(0, . . . , 0},

(

1−
∏n

j=1,j 6=i q
mj

ij

)

∈ A∗.
4) p1j = 0 for all j = 1, · · · , n.

and { · , · } a Poisson bracket on B then there exists a Poisson bracket
{ · , · }0 on O1,n

q,δ such that { · , · }0|B = { · , · }.

Proof. Let D = O1,n
q,δ , which is given by lemma (3.6). Put s ∈ B and

define gs(xt) = {xt, s} for t = 1, . . . , n, gs(x
−1
1 ) = −x−1

1 {x1, s}x
−1
1 , and

gs(x
a1
t1

· · ·xantn ) = gs(x
a1
t1
)xa2t2 · · ·xantn + xa1t1 gs(x

a2
t2

· · ·xantn ).

of recurrently form.
By the universal property of basis there exists an A-homomorphism

on D to itself, gs with gs|B = { , s}. We will prove that this is a derivation.
Since a gs is an A-homomorphism then it is enough to see this to products
of monomials. Let p = xa1t1 · · ·xasts and q = xb1l1 · · ·x

br
lr

, we see the claimed
by induction on s.

1) Let s = 1, we will do induction on r.
(a) (r = 1) We will denote p = xai and q = xbj .
i. (i < j) We have

gs(x
a
i x

b
j) := gs(x

a
i )x

b
j + xai gs(x

b
j).

ii. (xai , x
b
j ∈ B) Then

gs(x
a
i x

b
j) := {xai x

b
j , s} = {xai , s}x

b
j + xai {x

b
j , s} = gs(x

a
i )x

b
j + xai gs(x

b
j).

iii. (xb1 6∈ B, xaj ∈ B, 1 6 j) Note that for all r ∈ A we have

x−1
1 r = x−1

1 (rx1)x
−1
1 = x−1

1 (x1r)x
−1
1 = rx−1

1

and
xjx

−1
1 = x−1

1 (x1xj)x
−1
1 = x−1

1 (qj1xjx1)x
−1
1 = qj1xjx

−1
1
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then for all b ∈ Z
− and a ∈ N, xajx

b
1 = q−ab

j1 xb1x
a
j = c−1xb1x

a
j where

c ∈ Z(B),

c−1gs(x
a
j )x

−b
1 + c−1xaj gs(x

−b
1 ) = gs(c

−1xajx
−b
1 ) = gs(x

−b
1 xaj )

= gs(x
−b
1 )xaj + x−b

1 gs(x
a
j )

and

gs(x
a
jx

b
1) = gs(c

−1xb1x
a
j ) = c−1

(

gs(x
b
1)x

a
j + xb1gs(x

a
j )
)

= c−1
(

−xb1gs(x
−b
1 )xb1x

a
j+xb1gs(x

a
j )
)

= −xb1gs(x
−b
1 )c−1xb1x

a
j+c−1xb1gs(x

a
j )

= −xb1gs(x
−b
1 )xajx

b
1 + c−1xb1gs(x

a
j ) = xb1

(

−gs(x
−b
1 )xaj + c−1gs(x

a
j )x

−b
1

)

xb1

= xb1
(

x−b
1 gs(x

a
j )− c−1xaj gs(x

−b
1 )

)

xb1 = gs(x
a
j )x

b
1 − c−1xb1x

a
j gs(x

−b
1 )xb1

= gs(x
a
j )x

b
1 − xajx

b
1gs(x

−b
1 )xb1 = gs(x

a
j )x

b
1 + xaj gs(x

b
1).

(b) Let q = xl11 x
l2
2 · · ·xlnn and p = xb1 then

gs(pq) = gs(x
l1+b
1 xl22 · · ·xlnn ) := gs(x

l1+b
1 )xl22 · · ·xlnn + xl1+b

1 gs(x
l2
2 · · ·xlnn )

=
(

gs(x
b
1)x

l1
1 + xb1gs(x

l1
1 )

)

xl22 · · ·xlnn + xl1+b
1 gs(x

l2
2 · · ·xlnn )

= gs(p)q + xb1
(

gs(x
l1
1 )x

l2
2 · · ·xlnn + xl11 gs(x

l2
2 · · ·xlnn )

)

= gs(p)q + pgs(q).

2) (q = xl11 x
l2
2 · · ·xlnn , p = xa1t1 · · ·xasts ). Let T ∈ D such that

xt22 · · ·xtnn q = T , later

gs(pq) = gs(x
a1
t1
xa2t2 · · ·xasts q) = gs(x

a1
t1
T ) = gs(x

a1
t1
)T + xa1t1 gs(T )

= gs(x
a1
t1
)xa2t2 · · ·xasts q + xa1t1 gs(x

a2
t2

· · ·xasts q)

= gs(x
a1
t1
)xa2t2 · · ·xasts q + xa1t1

(

gs(x
a2
t2

· · ·xasts )q + xa2t2 · · ·xasts gs(q)
)

=
(

gs(x
a1
t1
)xa2t2 · · ·xasts + xa1t1 gs(x

a2
t2

· · ·xasts )
)

q + pgs(q)

= gs(p)q + pgs(q).

We will define { · , · }0 of recurrently form on the basis of D. Put p ∈ D

and define
1) fp(X) = −gX(p) for X ∈ Mon{x1, . . . , xn}.
2) fp(x

−a
1 ) = −x−a

1 fp(x
a
1)x

−a
1 , a > 0.

And for xb1l1 · · ·x
br
lr

∈ Mon{x±1 , x2, . . . , xn}

fp(x
a1
t1

· · ·xantn ) = fp(x
a1
t1
)xa2t2 · · ·xantn + xa1t1 fp(x

a2
t2

· · ·xantn ).
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By the universal property of the basis f has a extension to an A-homomor-
phism f in all D, now we will take {a, b}0 := fa(b) and we will prove it is
a bracket Poisson on D.

1) ({a, b}0 + {b, a}0 = 0) Since {a, b}0 is a A-bilinear function, it is
enough to see this when a, b ∈ D are monomials, put a = x−l

1 a′ and b =
x−r
1 b′ where 0 6 l, r, a′ = xa11 · · ·xann ∈ B, b′ = xb11 · · ·xbnn ∈ B. We have

{a, b}0 + {b, a}0 := fa(b) + fb(a) = fa(x
−r
1 b′) + fb(x

−l
1 a′)

:=
(

fa(x
−r
1 )b′ + x−r

1 fa(b
′)
)

+
(

fb(x
−l
1 )a′ + x−l

1 fb(a
′)
)

:=
(

−x−r
1 fa(x

r
1)b+ x−r

1 fa(b
′)
)

+
(

−x−l
1 fb(x

l
1)a+ x−l

1 fb(a
′)
)

:=
(

x−r
1 gxr

1
(a)b− x−r

1 gb′(a)
)

+
(

x−l
1 gxl

1
(b)a− x−l

1 ga′(b)
)

=
(

x−r
1 gxr

1
(x−l

1 a′)b− x−r
1 gb′(x

−l
1 a′)

)

+
(

x−l
1 gxl

1
(x−r

1 b′)a− x−l
1 ga′(x

−r
1 b′)

)

= x−r
1

(

gxr
1
(x−l

1 )a′ + x−l
1 gxr

1
(a′)

)

b− x−r
1

(

gb′(x
−l
1 )a′ + x−l

1 gb′(a
′)
)

+ x−l
1

(

gxl
1
(x−r

1 )b′ + x−r
1 gxl

1
(b′)

)

a− x−l
1

(

ga′(x
−r
1 )b′ + x−r

1 ga′(b
′)
)

= x−r
1

(

−x−l
1 gxr

1
(xl1)x

−l
1 a′ + x−l

1 gxr
1
(a′)

)

b

− x−r
1

(

−x−l
1 gb′(x

l
1)x

−l
1 a′ + x−l

1 gb′(a
′)
)

+ x−l
1

(

−x−r
1 gxl

1
(xr1)x

−r
1 b′ + x−r

1 gxl
1
(b′)

)

a

− x−l
1

(

−x−r
1 ga′(x

r
1)x

−r
1 b′ + x−r

1 ga′(b
′)
)

:=
(

−x−l−r
1 {xl1, x

r
1}ab+ x−l−r

1 {a′, xr1}b
)

−
(

−x−l−r
1 {xl1, b

′}a+ x−l−r
1 {a′, b′}

)

+
(

−x−r−l
1 {xr1, x

l
1}ba+ x−r−l

1 {b′, xl1}a
)

−
(

−x−r−l
1 {xr1, a

′}b+ x−r−l
1 {b′, a′}

)

=
(

−x−r−l
1 {xl1, x

r
1}ab− x−l−r

1 {xr1, x
l
1}ba

)

+
(

x−r−l
1 {a′, xr1}b+ x−r−l

1 {xr1, a
′}b

)

+
(

x−l−r
1 {xl1, b

′}a+ x−r−l
1 {b′, xl1}a

)

−
(

x−r−l
1 {a′, b′}+ x−r−l

1 {b′, a′}
)

=
(

−x−r−l
1 {xl1, x

r
1}ab+ x−l−r

1 {xr1, x
l
1}ba

)

= 0.

2) ({a, a}0 = 0) Let a = xl1a
′ where a′ =

∑

t ηtx
t1
1 · · ·xtnn ∈ B and

l 6 0 then

{a, a}0 := fa(x
l
1a

′) =
∑

t

ηtfa(x
l
1(x

t1
1 · · ·xtnn ))
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:=
∑

t

ηt
(

fa(x
l
1)x

t1
1 · · ·xtnn + xl1fa(x

t1
1 · · ·xtnn )

)

= fa(x
l
1)a

′ + xl1fa(a
′) := −xl1fa(x

−l
1 )xl1a

′ + xl1fa(a
′)

= xl1gx−l
1

(xl1a
′)xl1a

′ − xl1ga′(x
l
1a

′)

= xl1
(

g
x−l
1

(xl1)a
′ + xl1gx−l

1

(a′)
)

xl1a
′ − xl1

(

ga′(x
l
1)a

′ + xl1ga′(a
′)
)

= xl1gx−l
1

(xl1)a
′a+ x2l1 gx−l

1

(a′)xl1a
′ − xl1ga′(x

l
1)a

′ − x2l1 ga′(a
′)

=
(

xl1gx−l
1

(xl1)a
′a− x2l1 ga′(a

′)
)

+
(

x2l1 gx−l
1

(a′)xl1a
′ − xl1ga′(x

l
1)a

′
)

=
(

x2l1 gx−l
1

(x−l
1 )xl1a

′a−x2l1 ga′(a
′)
)

+
(

x2l1 gx−l
1

(a′)xl1a
′+x2l1 ga′(x

−l
1 )xl1a

′
)

:= x2l1
(

{x−l
1 , x−l

1 }aa− {a′, a′}
)

+ x2l1
(

{a′, x−l
1 }+ {x−l

1 , a′}
)

a = 0.

3) ({ab, c}0 = {a, c}0b+ a{b, c}0) It can be proved the same way we
proved that gX(·) is a derivations for all X ∈ Mon{x1, . . . , xn}.

Theorem 3.9. Let B = σ(A)〈x1, . . . , xn〉 be a skew PBW extension of
A as above and { · , · } a poisson bracket on B, then there exists ξ ∈ A

such that {a, b} = ξ[a, b] for all a, b ∈ B.

Proof. Since { · , · } is a Poisson bracket on B then there exists a poisson
bracket { · , · }0 on O1,n

q,δ with { · , · }0|B = { · , · } which is A-bilinear func-
tion, by theorem (3.5) there exists ξ ∈ A such that {a, b}0 = ξ[a, b] for all
a, b ∈ O1,n

q,δ so if a, b ∈ B then {a, b} = {a, b}0 = ξ[a, b].

4. Some examples

In this section we will show some algebras where we can give a charac-
terization of the poisson brackets.

1) The algebra of q-differentiable operators. Dq,h[x, y]. Let q, h ∈ K,
q 6= 0 considerK[y][x;σ, δ],σ(y) := qy and δ(y) := h. By definitions of skew
polynomial ring, it is the K-algebra defined by the relation xy = qtx+ h.
If we put h = 0 and ql − 1 ∈ K

∗ for all l ∈ N we have that xr = rx and
yr = ry for all r ∈ K.

2) The algebra of linear partial q-dilatation operators. For a fixed
q ∈ K − {0}, the K-algebra of linear partial q-dilatation operators
with polynomial coefficients, respectively, with rational coefficients,
is K[t1, . . . , tn][H

(q)
1 , . . . , H

(q)
m ], respectively K(t1, . . . , tn)[H

(q)
1 , . . . , H

(q)
m ]

n 6 m, subject to the relations:

tjti = titj , 1 6 i < j 6 n,
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H
(q)
i ti = qtiH

(q)
i , 1 6 i 6 n,

H
(q)
j ti = tiH

(q)
j , i 6= j,

H
(q)
i H

(q)
j = H

(q)
j H

(q)
i , 1 6 i 6 n.

If we take n = m = 1 and ql − 1 ∈ K
∗ for all l ∈ N.

3) Multiplicative analogue of the Weyl algebra. The K-algebra On(λij)
is generated by x1, . . . , xn subject to the relations:

xjxi = λijxixj , 1 6 i < j 6 n,

where λij ∈ K− {0}. If we take n > 1 and λij as N independent, i.e. for
all i = 1, . . . , n and m ∈ N

n − {(0, . . . , 0) , 1−
∏

j 6=i λ
mj

ij ∈ K
∗.

4) 3-dimensional skew polynomial algebra A. It is given by the relations

yz − αzy = λ, zx− βxz = µ, xy − γyx = v

such that λ, µ, v ∈ K+Kx+Ky +Kz, and α, β, γ ∈ K− {0}. If we take
λ, µ = 0 and α, β, γ, N-independent.

5) Quantum Space Sq. Let K be a commutative ring and let q = [qij ]
be a matrix with entries in K

∗ such that qii = 1 = qijqji for all 1 6 i, j 6 n.
The K-algebra Sq is generated by x1, . . . , xn, subject to the relations

xixj = qijxjxi.

If we take n > 1 and qij N-independent.
6) Witten’s deformation of U(SL(2,K)). Let ξ = (ξ1, . . . , ξ7) a 7-tuple

of parameters, it is generated by x, y, z subject to relations

xz − ξ1zx = ξ2x, zy − ξ3yz = ξ4y, yx− ξ5xy = ξ6z
2 + ξ7z.

If we take ξ7, ξ6, ξ2 = 0 and ξ1, ξ3, ξ5 ∈ K
∗ and N-independent.

7) Quantum symplectic space. Oq(SP(K2n)). For every nonzero element
q ∈ K, one defines this quantum algebra Oq(SP(K2n)) to be the algebra
generated by K and the variables y1 · · · , yn, x1, . . . , xn subject to the
relations

yjxi = q−1xiyj , yiyj = yiyj , 1 6 i < j 6 n,

xjxi = q−1xixj, xjyi = qyixj , 1 6 i < j 6 n,

xiyi − q2yixi = (q2 − 1)

i−1
∑

l=1

qi−lylxl, 1 6 i 6 n.

If we take n = 1 and q N-independent.
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